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Spin-1 Blume Capel model with longitudinal random crystal
and transverse magnetic fields: A mean-field approach
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The spin-1 Blume–Capel model with transverse Ω and longitudinal external magnetic fields h, in addition to a lon-
gitudinal random crystal field D, is studied in the mean-field approximation. It is assumed that the crystal field is either
turned on with probability p or turned off with probability 1− p on the sites of a square lattice. Phase diagrams are then
calculated on the reduced temperature crystal field planes for given values of γ = Ω/J and p at zero h. Thus, the effect of
changing γ and p are illustrated on the phase diagrams in great detail and interesting results are observed.
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1. Introduction
The spin-1 Blume–Capel (BC) model includes both bi-

linear exchange interaction and crystal field terms. The com-
petition between these quantities leads to both the first-order
phase transition and a tricritical point. The model is the most
interesting, the lowest spin system exhibiting these properties,
and therefore has attracted a great deal of attention over the
years. After its discovery, it evolved to study many physical
systems with different behaviors. The BC model with random
crystal field (RCF) is one such a model, and is used, for exam-
ple, in studying the critical behavior of He3–He4 mixtures in
random media.[1] Other models include the transverse exter-
nal magnetic field, transverse Ising model (TIM), which was
originally introduced by de Gennes as a pseudo spin model for
hydrogen-bonded ferroelectrics.[2]

Randomness may change the critical behavior of a sys-
tem considerably, therefore, the RCF effects on the BC model
were studied using many approximate techniques. For exam-
ple, the effects of random bonds and RCF interactions were
studied in terms of the effective field theory (EFT) with corre-
lations to obtain the phase diagrams of the model.[3] The three
distinct types of phase diagrams were calculated within the
mean-field approximation (MFA) with RCF, and then different
critical behaviors were obtained[4] and its additional ferromag-
netic phases and transition lines were obtained by Carneiro et
al.[5] The effects of RCF on the tricritical behaviors were in-
vestigated by the use of EFT with correlations.[6] The RCF ef-
fects were investigated on the phase diagrams within the MFA
to calculate the phase diagrams.[7] The phase diagrams of the
RCF model were obtained by the use of EFT with correlations
and comparisons between the EFT, and the MFT results were
given.[8] The correlated effective-field (CEF) treatment of the
model was carried out on a square lattice and the probability

dependence of the tricritical points was studied.[9] The mean-
field (MF) version of the spin-1 Ising model for an RCF with a
Gaussian probability distribution was examined.[10] The phase
diagrams of the model were studied using cluster expansion
theory, and the influence of RCF on the phase diagrams at a
given concentration of the crystal field was investigated.[11]

The phase diagrams of the model in a uniform magnetic field
were investigated in the MFT, and the effect of the randomness
on the first-order surfaces of the (∆ ,T,H) phase diagram was
analyzed.[12] The dependence of the phase diagrams on the
RCF was investigated for the spin-1 BC model on the Bethe
lattice in terms of the recursion relations for the coordination
number Z = 4, which corresponds to the square lattice.[13]

The different versions of the spin-1 RCF model were also
studied. The phase diagrams of the two-dimensional BC
model with RCF was studied within the framework of a real-
space renormalization-group approximation.[14] The Blume–
Emery–Griffiths (BEG) model in an RCF in two and three di-
mensions was studied through a real-space renormalization-
group approach and MF approximation, respectively.[15] The
random anisotropy BEG model was studied in the pair approx-
imation of the cluster variation method extended to disordered
systems.[16]

The transverse field Ising model (TIM) has been used to
describe a variety of physical systems. As mentioned above, it
was introduced as a pseudo spin model for hydrogen-bonded
ferroelectrics, which provides a good description of some of
the real anisotropic magnetic materials in a transverse field.
An EFT was proposed and used for deriving the phase dia-
grams of the spin-1 Ising model in the presence of an applied
transverse field.[18] The TIM with spin-1 and mixed spins was
studied using the discretized path integral representation and
the two-spin cluster approximation to obtain the free energy
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and the critical transverse field of these approximations.[19]

The phase diagrams and the tricritical behavior of the TIM
with spin-1 were studied using the EFT and the differential-
operator technique on the honeycomb lattice, where general
expressions for evaluating the second-order phase-transitions
and tricritical points in the presence of a crystal field were
obtained.[20] The same model was also considered with the
dilution of the nearest-neighbor interaction to study the phase
diagrams within the framework of the EFT with correlation on
a honeycomb lattice.[21] Using the EFT with a probability dis-
tribution technique that accounts for the self-spin correlation
functions, the phase diagrams and the tricritical points of the
transverse spin-1 Ising model with a longitudinal crystal field
were investigated on the square lattice,[22] and the influence
of site dilution on the tricritical behavior was also studied.[23]

The phase diagrams of the spin-1 TIM with the presence of
a crystal field were investigated using the EFT, and a method
calculating the Gibbs free energy numerically at finite temper-
ature was given.[24] The effect of random bond (site) dilution
on the phase transition of a three-dimensional TIM was stud-
ied by cluster variation, along with the perturbation expansion
method.[25] The critical behavior of a TIM thin film with spin-
1 was studied with a correlated EFT treatment.[26] The EFT
was used for studying the spin-1 TIM where the lines of crit-
ical points in the T –Ω plane, as well as the thermal behavior
of all relevant statistical–mechanical quantities, were analyzed
for several lattice structures and compared with the standard
mean-field predictions.[27] A quantum Ising-like spin-1 model
characterized by quadrupolar interaction, coupled to an exter-
nal anisotropic field with both dipole and quadrupole momenta
was analyzed.[28] A spin-1 TIM with longitudinal crystal field
in a longitudinal magnetic field was examined by the EFT, in-
cluding the correlations between different spins that emerge
when expanding the identities.[29]

There are also a few studies that combine the TIM with
the RCF effects. The phase diagram and magnetic properties
of the model are studied using an expansion technique for clus-
ter identities of spin-1 localized spin systems,[30] and the effect
of a longitudinal random crystal field interaction on the phase
diagrams of the mixed-spin TIM consisting of spin-1/2 and
spin-1 is investigated within the finite cluster approximation
based on a single-site cluster theory.[31] Thus, in this work, we
have also combined the spin-1 TIM with the RCF effects to
study the model in terms of a mean-field approximation.[32]

To do this, we obtained the necessary equations in the MFA
first, and then the form of the random distribution of RCF is
applied to these equations to include the RCF for a given trans-
verse magnetic field. The latter is also turned off to study only
the RCF effects. As a result, the phase diagrams of the model
are obtained in the (D/J,kT/J) plane for a given probability

distribution of the crystal field in the range between 0.0 and 1.0
with an increment of ∆ p = 0.1 under the effect of an applied
transverse magnetic field.

The rest of this work is organized as follows. The next
section is devoted to the formulation of the model in terms of
the MFA. The last section includes our illustrations and find-
ings in addition to a brief summary and conclusions.

2. Formulation
We consider the spin-1 BC model Hamiltonian given as

H =−J ∑
〈i, j〉

Sz
i S

z
j−∑

i
Di(Sz

i )
2−h∑

i
Sz

i −Ω ∑
i

Sx
i , (1)

where J is the bilinear exchange interaction between the
nearest-neighbor (NN) spins, h and Ω are the longitudinal
and transverse magnetic fields, respectively, and Di is the site-
dependent crystal field which is distributed according to

P(∆i) = p δ (∆i−∆)+(1− p) δ (∆i), (2)

with ∆i = Di/J. This random distribution of the crystal field,
i.e., equation (2), turns the crystal field either on or off ran-
domly for a given probability p on the sites of the lattice. In
addition, 〈i, j〉 indicates the summation over the NN spins. On
the other hand, Sx

i and Sz
i are the components of the spin-1

operators at site i, which are given in the matrix form as

Sx
i =

1√
2

 0 1 0
1 0 1
0 1 0

 and Sz
i =

 1 0 0
0 0 0
0 0 −1

 . (3)

Using the mean-field approximation, the H in Hamilto-
nian (1) may be expressed in the form

−βHMFA =−β ∑
i

H
(i)

MFA, (4)

where

−βH
(i)

MFA = βqJSzSz
i +βDi(Sz

i )
2 +βhSz

i +βΩSx
i , (5)

with Sz = 〈Sz
i 〉, β = 1/(kT ), k the Boltzmann constant, and q

the number of NN spins.
In order to calculate the components of the order param-

eters, i.e., the dipolar and quadrupolar moments, the partition
function is needed, which is given by the definition as

Zi = Tr(i) exp(−βH
(i)

MFA)

= eλ1 + eλ2 + eλ3 , (6)

where −βH
(i)

MFA can be represented with the matrix below
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−βH
(i)

MFA =

 β (qJSz +Di +h) βΩ/
√

2 0
βΩ/

√
2 0 βΩ/

√
2

0 βΩ/
√

2 β (−qJSz +Di−h)

 , (7)

the eigenvalues of which are the desired λ ’s in Eq. (6). Thus,
the determinant of Eq. (7) yields the eigenvalue equation as

λ
3 +a2λ

2 +a1λ +a0 = 0, (8)

with a0 = β 3Ω 2Di, a1 = β 2(−q2J2S2
z − 2qJhSz +D2

i − h2−
Ω 2), and a2 = −2βDi. The roots of this equation are found
from the mathematical identity

λn = 2ycos
{

1
3

[
arccos

(
− G

2y3

)
+2nπ

]}
− a2

3
,

n = 0,1,2, (9)

where y = (−W )1/2, W = (3a1 − a2
2)/9, and G = (27a0 −

9a1a2 + 2a3
2)/27. After having found the eigenvalues from

Eq. (9), one can insert them into Eq. (6) to obtain the explicit
form of the partition function. One can now calculate the free
energy from

f =− 1
β

lnZi, (10)

which will be used to obtain the order parameters of the model.
Thus, the dipolar moment, or magnetization, along the z axis
is given as

Sz = 〈Sz
i 〉=−

∂ f
∂h

=
1
β

∂ lnZi

∂h

=
Tr(i)[S

z
i exp(−βH

(i)
MFA)]

Zi

=
1
β

 ∂λ1

∂h
eλ1 +

∂λ2

∂h
eλ2 +

∂λ3

∂h
eλ3

eλ1 + eλ2 + eλ3



=
1
β ′

 ∂λ1

∂H
eλ1 +

∂λ2

∂H
eλ2 +

∂λ3

∂H
eλ3

eλ1 + eλ2 + eλ3

 , (11)

where the last term includes β ′ = βJ and H = h/J, which are
the reduced temperature and longitudinal external magnetic
fields. Similarly, the magnetization along the x axis may be
calculated from

Sx = 〈Sx
i 〉=−

∂ f
∂Ω

=
1
β

∂ lnZi

∂Ω

=
Tr(i)[Sx

i exp(−βH
(i)

MFA)]

Zi

=
1
β

 ∂λ1

∂Ω
eλ1 +

∂λ2

∂Ω
eλ2 +

∂λ3

∂Ω
eλ3

eλ1 + eλ2 + eλ3



=
1
β ′


∂λ1

∂γ
eλ1 +

∂λ2

∂γ
eλ2 +

∂λ3

∂γ
eλ3

eλ1 + eλ2 + eλ3

 , (12)

with γ = Ω/J the reduced transverse field. Finally, the
quadrupolar order-parameter Qz is obtained from

Qz = 〈(Sz
i )

2〉=− ∂ f
∂Di

=
1
β

∂ lnZi

∂Di

=
Tr(i)[(S

z
i )

2 exp(−βH
(i)

MFA)]

Zi

=
1
β


∂λ1

∂Di
eλ1 +

∂λ2

∂Di
eλ2 +

∂λ3

∂Di
eλ3

eλ1 + eλ2 + eλ3



=
1
β ′


∂λ1

∂∆i
eλ1 +

∂λ2

∂∆i
eλ2 +

∂λ3

∂∆i
eλ3

eλ1 + eλ2 + eλ3

 . (13)

We should also note that these equations reduce to the well-
known mean field equations for the order parameters along
the z axis when the transverse field is turned off, i.e., Ω = 0
so Sx = 0. They are given in terms of the reduced quantities as
follows:

Sz =
2eβ ′∆i sinh[β ′(qSz +H)]

1+2eβ ′∆i cosh[β ′(qSz +H)]
,

Qz =
2eβ ′∆i cosh[β ′(qSz +H)]

1+2eβ ′∆i cosh[β ′(qSz +H)]
. (14)

It should be mentioned that in order to include the effects of
the RCF, one has to take the average of the above order param-
eters over the random crystal field distribution, i.e., Eq. (2).

3. Results and discussion
In this section, we illustrate the phase diagrams in the

(∆ ,kT/J) plane for given values of γ when p is varied from
0.0 to 1.0 with the increment of 0.1. In the figures, the second-
order (Tc) and first-order (Tt) phase transition lines are indi-
cated with solid and dashed lines, respectively, and are ob-
tained from the thermal behaviors of magnetization. The tri-
critical point at which the Tc and Tt lines combine are indicated
with solid triangles. It should be noted that the model reduces
to the spin-1 BC model when γ = 0.0 and p = 1.0, the RCF
spin-1 BC model for γ = 0.0 when 0.0 < p < 1.0, and the
spin-1 Ising model with only J when p or ∆ is equal to zero
and γ = 0.0.
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Fig. 1. The phase diagrams on the (∆ ,kT/J) planes for p = 0.0 to 1.0 with the increment of 0.1 when (a) γ = 0.0, (b) γ = 0.25, (c) γ = 0.5,
(d) γ = 1.0, (e) γ = 2.5, and (f) γ = 5.0.

Figure 1(a) is obtained for γ = 0.0, i.e., the RCF spin-1
BC model. When p = 0.0, which also means that the crystal
field is turned off for all sites, the Tc line is just a straight line.
When p = 1.0, the model is only a spin-1 BC model with all
sites under the effect of a constant crystal field. The phase line
is the one with the Tc- and Tt-lines combined at the tricritical
point, which is a very well-known behavior. The higher p is,
the higher the temperatures of the Tc-lines are when ∆ > 0.0.
It is exactly the opposite for ∆ < 0.0, and all of the Tc-lines
combine at ∆ = 0.0 as expected. They become constant in
temperature for higher |∆ | values. The Tt-lines are shorter and
are seen at lower negative ∆ for lower p, which terminates at
the isolated points. The temperatures of the isolated points are
higher for higher p’s. When p =0.9 and 1.0, they terminate at
the tricritical points. The temperature of the latter is higher, as
seen from the figure. In the ∆ < 0.0 region, no Tc-line exists

for p = 1.0 and a straight Tc-line at low temperature combined
with the Tt-line at the critical end point is found for p = 0.9,
which is similar to Fig. 2 of Ref. [5]. It is also clear that all
the Tt-lines emerge from the same ∆ at zero temperature. Note
also that our Fig. 1(a) is quite different from the Fig. 2 of the
Bethe lattice treatment of the same model in Ref. [32]. This
may be caused by the application procedure of the RCF on a
given lattice. In this paper, we take an average over the prob-
ability distribution for the calculation of the order parameters.
However, in the Bethe lattice case, one starts from the central
spin, where the CF is either turned on with p or off with 1− p,
and then goes to the second-spin, i.e., the nearest-neighbor of
the central one, and again turns on or off the crystal field with
same p and 1− p, respectively, and so on. The latter includes
randomness in a more realistic way than the previous one.
Thus the obvious difference in the phase diagrams appears.
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Figure 1(b) is obtained for γ = 0.25, which presents similar
behaviors as the previous figure. But now, the temperatures
of the critical lines are lower in comparison, which is more
obvious for higher p’s at lower negative ∆ ’s. The Tc-line for
p = 0.9 when ∆ < 0.0 vanishes, and therefore the critical end
point disappears. The Tt-lines do not emerge from the same
∆ at zero temperature for each p. Instead, they emerge from
lower negative ∆ values for lower p’s. They are also shortened
and the Tt-line for p = 0.1 even vanishes. Figures 1(c) and (d)
are obtained for γ = 0.5 and γ = 1.0, respectively. Upon in-
creasing the values of γ , the temperatures of the critical lines
further decrease. The Tt-lines for p = 0.2 to 0.3 when γ = 0.5
and the Tt-lines for p = 0.2 to 0.6 when γ = 1.0 vanish. Fig-
ure 1(e), obtained for γ = 2.5, shows that the Tc-lines from 0.5
to 1.0 terminate at zero temperature at finite negative ∆ . The
tricritical point for p = 0.9 vanishes. However, we see two
tricritical points for p = 1.0. The stable and unstable ones are
indicated with upward and downward triangles, respectively.
Figure 1(f), obtained for γ = 5.0, shows that all the Tt-lines
disappear and only the Tc-lines are left in the phase diagram,
which is similar to Fig. 1 of Ref. [23]. No more critical lines
are seen in the negative ∆ values and all the Tc-lines termi-
nate at zero temperature at lower finite positive ∆ values for
higher p’s. Thus, as γ increases, all the lines shift to the posi-
tive ∆ values, as seen from all the phase diagrams. The lower
the p is, the more a shift to the right is illustrated. All these
figures show that there is a strong competition between γ and
negative ∆ . The lower p means that a lower number of sites
are under the influence of ∆ . Therefore, the critical lines are
at higher temperatures for lower p, since the competition is
weak between γ and negative ∆ . For higher p, the competition
is strong, thus the Tc-lines bend towards the right and termi-
nate at zero temperature at some finite values of ∆ for higher
γ .

4. Conclusion
In summary, we have examined the spin-1 Blume–Capel

model with transverse and longitudinal external magnetic
fields, in addition to a longitudinal random crystal field, in the
mean-field approximation. We also assumed that the crystal
field was either turned on with a probability p or turned off
with a probability 1− p on the sites of a square lattice. The

calculated phase diagrams revealed that there is strong com-
petition between γ and negative ∆ values, which leads to the
disappearance of the critical lines for ∆ < 0. The competition
still exists for positive ∆ , but now the Tc-lines are shifted to
higher ∆ values. It is found that the model exhibits tricritical
points, stable and unstable ones, critical end points and iso-
lated points. Finally, we should note that there is no work in
the literature with which we can directly compare our results
for the RCF spin-1 TIM.
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