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Magnetization of Gd diffused YBa2Cu3O7−x superconductor:
Experiment and theory
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The magnetization of Gd diffused YBa2Cu3O7−x is measured by a vibrating sample magnetometer (VSM) at selected
temperatures (5, 25, 50, 77 K). The experimental results for the magnetization are analyzed in the critical state frame-
work involving Kim–Anderson field dependence Jc(H) = Jc0/(1+ |H|/H0)

n of critical current density and equilibrium
magnetization Meq. It is found that the inclusion of the equilibrium magnetization becomes more important at higher tem-
peratures. At 77 K, the shape of the isothermal M–H hysteresis curve is governed by the equilibrium magnetization. Some
superconducting parameters are determined by fitting the calculated curves to the experimental data.
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1. Introduction
The critical state model has often been employed to study

critical magnetic field, Meissner expulsion, trapped flux, hys-
teresis losses, and characteristic lengths from magnetization
measurements. The investigations of equilibrium magnetiza-
tion in the mixed state of high-Tc superconductors, which ex-
hibit reversible behavior in an extremely wide range of mag-
netic fields, provide the valuable information about different
parameters such as the lower critical field Hc1, upper crit-
ical field Hc2, and the thermodynamic critical field Hc.[1–3]

These parameters can give straightforward information about
the other superconducting parameters such as the supercon-
ducting coherence length and magnetic penetration depth.

Investigations on REBa2Cu3O7−x (RE is rare earth ele-
ments such as Nd, Sm, Eu, Gd) superconductors have shown
that these materials each show higher Tc, higher Jc in the mag-
netic field, and larger irreversible field, than YBa2Cu3O7−x

(YBCO).[4–6] Both Y and Ba sites in YBCO compound are
substituted by the rare earth elements. The correlations of
solution energies (of Lu, Ho, Gd, Eu, and La) with ion size
are observed for trivalent rare earth ion substitution of bar-
ium. Substitutions of large rare earth ions are energetically
more desirable at Ba site.[7] Koshizuka et al.[8] have shown
that RE/Ba substitution into bulk REBa2Cu3O7−x (REBCO)
superconductors was highly attractive since the substitutions
could work as pinning centres in the magnetic field. Generally,
other rare earth elements such as RE =Y, Nd, Sm, Er, Eu, etc.
with the identical crystal structure can replace the Gd sites.
However, the difference between the ionic radii of R occurs

differently in the electronic state on the CuO2 plane and affects
the transition temperature Tc.[9] Commonly, the features of
grain boundaries in YBCO are unlike those of bulk materials.
This discrepancy leads to weak intergrain links and limits crit-
ical currents in a superconductor.[10] It was reported[11,12] that
the doping of YBCO with Gd and Ca resulted in the substan-
tial enhancement of the grain boundary critical current density
Jc. The magnetic property of superconductor is also interest-
ing because a secondary peak, the so-called fish-tail peak of
magnetization hysteresis loop on Gd-doped YBCO sample,
has been identified.[13–15] However, much work [16,17] on Y
substituted by rare-earth elements (denoted as Y1−xRExBCO)
has been devoted to the relationship between the magnetic or-
dering and superconductivity.

In the present paper, the magnetization measurements
each as a function of applied field up to 3 T on Gd diffused
YBCO are carried out at different temperatures. The equilib-
rium property of this specimen is extracted from M–H loops.
Equilibrium (reversible) magnetization Meq curves versus ap-
plied field Ha are obtained employing Kim–Anderson critical
state model with taking the equilibrium surface current into
account. Some superconducting parameters are obtained by
comparing the calculated results based on the critical state
model with the experimental data measured at four selected
temperatures.

2. Experiment
Superconducting YBCO samples were prepared by the

solid state reaction method from high-purity starting powders
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Y2O3, BaCO3, and CuO. The powders were thoroughly mixed
in the desired proportions and then heated in air for 24 h at
900 ◦C in a square muffle furnace with heating and cooling
rate of 5 ◦C·min−1 and 1 ◦C·min−1, respectively. After cool-
ing to room temperature, the powder was ground and pressed
under 400 MPa into pellets with 13 mm in diameter. Then,
these pellets were sintered at 930 ◦C in air for 24 h, followed
by oxygenation at 500 ◦C.

The Gd diffusion in YBCO pellets was carried out using
an ultra-high vacuum electron-beam deposition system to ob-
tain Gd layers with approximately 4 µm in thickness on one
side surface of the sample. The diffusion annealings of sam-
ples, which will hereafter be denoted as Gd900, with the de-
posited Gd layer were executed in air, respectively, at temper-
atures 900, 850, 800, 700, and 600 ◦C for 12 h.

The magnetization properties were measured using a vi-
brating sample magnetometer (VSM) composed of the Quan-
tum Design PPMS system, respectively, at constant temper-
atures such as 5, 25, 50, and 77 K with the magnetic field
along the direction perpendicular to the diffusion-doped sur-
face. All the measurements were performed at a sweep rate
of 5 mT·s−1 upon zero field cooling (ZFC) process. Be-
fore each measurement at different temperature, we heated the
sample above the transition temperature Tc after completing
the isothermal magnetization curve at a selected temperature
to remove the trapped magnetic flux from the sample. All
samples were rectangular and their typical dimensions were
0.5 mm×3.3 mm×2.8 mm for magnetization studies.

3. Theoretical framework of our analysis
We consider a superconducting slab specimen of dimen-

sions larger compared with the penetration depth of magnetic
field λ and a magnetic field is applied parallel to its surface.
Magnetization M for an idealized slab is calculated by

〈M〉= 〈Hi〉−Ha =
1

W

∫ W

0
(H(x)−Ha)dx, (1)

where W is the thickness of the slab, H(x) is the local flux den-
sity permeating the slab along the applied field Ha and the sur-
faces of the slab are situated at−W ≤ x≤W . To calculate B(x)
= µ0H(x) the critical state framework is employed. The mag-
netic flux profile H(x) inside the superconducting slab sample
obeys the Maxwell’s equation

∂H
∂x

=±Jc, (2)

where the signs “+” or “−” is determined by the slope of the
flux density in the specimen. The critical current density Jc(H)

is deduced to be of Kim type,[18,19] which gives the best de-
scription of many observations of hysteretic M–H curves in
high-Tc superconductors and a remarkably good fitting to our

experimental data is obtained, thus

Jc(H,T ) =
Jc0(T )(

1+ |H|
H0(T )

)n , (3)

where H0 and n are phenomenological parameters and Jc0 is
the critical current density at zero magnetic field. Here, the
boundary condition for Eq. (2) is H(x = 0) = H(x =W ) = Ha.
From the symmetry it is sufficient to consider only the half-
part of the slab. The solutions to Eqs. (2) and (3) for the given
boundary condition, respectively, are

H±(x)=−H0+H0
[
(1+|Hs|/H0)

n+1∓ p(1−x/W )
]1/(n+1) (4)

and

H±(x)=−H0+H0
[
2−(1−|Hs|/H0)

n+1∓p(1−x/W)
]1/(n+1),(5)

where

p =
(n+1)Jc0W

H0
, (6)

and the full-penetration field Hp is

Hp = H0(1− p1/(n+1)). (7)

Here Hs describes the magnetic flux density H(x) at the sur-
face x = W − λ . Equation (4) is used when Hs is ascending
(descending) in the +z direction and equation (5) determines
the flux profile in the inner space, 0 ≤ x ≤x0; when Hs after
descending from a large positive value increases beyond Hc1 in
the negative direction. x0 is the plane where H±(x = x0) = 0.
There are two further solutions of Eqs. (2) and (3) which can
be obtained from Eqs. (4) and (5) by replacing H(x) by –H(x)
and Hs by –Hs, respectively.

The role of lower critical filed Hc1 in magnetizing the
type II superconductor has been investigated.[20–23] Celebi et
al.[21–23] reported that the magnetization curve is somewhat
complicated due to non-zero value of Hc1, while the effective
field at the sample surface may be described by

Hs =
Meq

µ0
= Ha− IM, (8)

where IM describes the diamagnetic Meissner surface current
flowing along the direction perpendicular to Ha, and Meq de-
notes the equilibrium (reversible) Abrikosov diamagnetism.
Over the range 0≤ Ha ≤ Hc1, IM = Ha, and Hs = 0 for all pre-
vious histories of applied field, hence for all configurations of
H(x). For Hc1 < Ha < Hc2, we use the simple approximation,

IM =
Hk+1

c1
Hk

a
, (9)

where k is Meissner exponent and regarded as a temperature-
dependent parameter. The full cycle of M versus Ha can
be obtained employing the method presented by Chen and
Goldfarb.[24]

The magnetization curve obtained using the original crit-
ical state approximation is symmetric about M = 0, with mag-
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nitude Ms = ( f/2)Jc0W . Here f defines the geometric fac-
tor (1/2 for a slab, 1/3 for a cylinder). If the effective Meq

(H) is involved, the B(x) field profiles retain their shapes but
are shifted to a value given in Eq. (8) on the surface.[25] Ex-
pressing the magnetization in the increasing and decreasing
form by M↑(H) and M↓(H) respectively, we have M↑(H) =

Meq(H)− ( f/2)JcW and M↓(H) = Meq(H)+ ( f/2)JcW , and
the hysteresis curves are symmetric about Meq(H). Therefore,
Meq(H) and Jc(H) can be written as

Meq(H) =
1
2
(M↑(H)+M↓(H)) (10)

and

Jc(H) =
1

2 f W
(M↓(H)−M↑(H)). (11)

Equation (11) has been used extensively to obtain Jc(B) from
the magnetization hysteresis ∆M(H) = (M↓(H)−M↑(H)) at
Ha = Ba/µ0.

4. Result and discussion

In Fig. 1 (empty symbols), we display magnetization
curves of the same sample measured at several temperatures.

Under a constant applied external field, magnetization de-
creases as temperature increases, whereas the curves vary
gradually not only in magnitude but also in general shape. The
entire magnetization loop measured at 10 K exhibits a very
small downward shift (to diamagnetic quadrant) but neither
reversible nor semi-reversible behavior. While the descend-
ing branch of M–H hysteresis at 25 K shifts towards the dia-
magnetic quadrant, the loci of M–H curves at 50 K and 77 K
travel entirely with diamagnetic quadrants of magnetization.
This behavior can be explained as the fact that the diamagnetic
moment (equilibrium magnetization) produced by the shield-
ing Meissner current IM circulating along the surface of in-
dividual grains contributes to the irreversible magnetization
in a direction opposite to the paramagnetic moment gener-
ated by the flux retaining currents circulating inside the vol-
ume of each grain. We note that the magnetization curve at
77 K exhibits a nearly reversible behavior and also the dia-
magnetic moment descends very rapidly with Ha decreasing
in the range 0 < Ha < Hc1, thereby allowing the paramagnetic
moment produced by the flux retaining-induced current to oc-
cur manifestly.
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Fig. 1. (color online) Experimental magnetization loops (empty symbols) and corresponding theoretically-predicted curves (solid
lines) of the investigated Gd-diffused YBCO slabs at (a) 5 K, (b) 25 K, (c) 50 K, and (d) 77 K. Theoretical values are calculated using
Eqs. (1)–(9), whereas parameters employed in calculations are given in Table 1.
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The experimental data in Fig. 1 can successfully be fit-
ted to Eqs. (1)–(9) (solid lines), where the generalized Kim’s
model can reproduce the observed magnetization curves ex-
cellently over the whole experimental field range and at all
temperatures of interest. We have ignored the demagnetiza-
tion effect in the calculation. In our work we have used these
formulas and a general computer program in which a variety of
simple expressions for Jc(B) are adopted. The fitting parame-
ters are also given in Table 1. In this calculation, the control-
lable parameters are H0, n, Hp, k, and Hc1. All parameters are
considered as being temperature-dependent. The lower criti-
cal field Hc1 is adopted to produce the equilibrium magneti-
zation. We have determined the full penetration field Hp from
the measured hysteresis curve which is defined as the external
field required for first penetration of flux lines to the central
axis of the sample. This value also accords with the coales-
cence point of the initial magnetization curve and the ascend-
ing parts of the fully magnetized curve at the same external
field. The exponent n for critical current and k for Meissner
current are assessed to be the best fitting to the experimen-
tal curve. We estimate that these parameters should also be
temperature-dependent. The surface barrier current is ignored
since measurements do not reveal the influence of any signifi-
cant surface barrier current such as a straight line in the traver-
sal M–H loops between the upper and the lower branches.[26]

Geometric barrier effects are also ignored[26–29] since the de-
magnetization factors for all our samples are all very small
and these are important only at low field.[30] We do not think
that the coexistence of superconductivity and paramagnetism
is due to paramagnetic Gd ions[17] since we do not observe
the sign changing in diamagnetic moment (negative to posi-
tive) at a certain value of external field as the magnetic field
ascends after zero magnetic field. Although there are many
factors affecting the magnetic behavior of granular supercon-
ductor specimen such as the size, shape, and orientation of
the grain, anisotropy of current flow, flux pinning property of
grain, matrix and coupling property of grain, etc., the pro-
posed model is sufficient to reproduce the experimental data
extremely well and also to determine some important super-
conducting parameters, such as those in Table 1.

Table 1. Fitting parameters describing the field-dependent critical
current density according to the Kim–Anderson model: Jc(H) =
Jc0/(1+ |H|/H0)

n including equilibrium magnetization Meq defined by
Eqs. (8) and (9).

T /K n Hc1/A·cm−1 H0/A·cm−1 Hp/A·cm−1 k

5 0.43 789.4 300.2 4838.7 0.0008

25 0.45 90.9 181.5 2721.6 0.45

50 0.5 30.3 420.1 1210.2 0.81

77 0.86 5.2 159.1 978.0 3

Theoretical contributions of equilibrium magnetization to
the critical state magnetization at 5 K and 77 K can be visu-
ally assessed by comparing each pair of adjacent curves illus-
trated in Figs. 2(a) and 2(b). We note that the presence of
the equilibrium magnetization can considerably enhance the
scale of the magnetization curve and also changes its shape.
The model used for the equilibrium magnetization is plotted
in Fig. 3 along with the experimental values obtained from
Eq. (10). The equilibrium (reversible) magnetization curve
Meq (H) has an 180◦-rotation symmetry containing a linear
interval between Hc1 and −Hc1 and peaks around them. One
can infer that there is strong diamagnetism around lower criti-
cal field. The observed Meq(H) maxima around Hc1 imply that
there can be an additional loss mechanism which has a large
function around ±Hc1. The loss can be caused by depinning
of the vortices pinned to the sample surface, since surface pin-
ning makes H > Hc1 at the flux entrance and H < Hc1 at the
flux exit held. Thus, ac losses could occur even without de-
fects serving as internal pinning centers.
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Fig. 2. (color online) The calculated curves with empty circles in
panels (a) and (b) are the same as those in Figs. 1(a) and 1(d), re-
spectively. The empty rectangular curves in panels (a) and (b) rep-
resent the calculations with the same inputs as their partners but
with Hc1 = 0, hence with no equilibrium contribution to the mag-
netization.
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Fig. 3. Experimental and theoretical equilibrium magnetization
curves each as a function of applied field for different tempera-
tures. Parameters are the same as those in Fig. 1. To obtain the
equilibrium magnetization curve from M–H loops, equation (10) is
used.

5. Conclusions
The values of DC magnetization in Gd diffused YBCO

prepared by a solid state reaction method are measured at
various temperatures using vibrating sample magnetometer in
magnetic fields up to 3 T. In order to clarify equilibrium mag-

netization influence on M–H curve, which plays an important
role in the mixed state of high-Tc superconductors, the exper-
imental magnetization hysteresis loops are fitted employing
critical state model. The fitted curves in the Kim–Anderson
model, Jc(H) = Jc0/(1+ |H|/H0)

n, in the case of Hc1 6= 0 and
thus Meq(H) 6= 0 are in good consistency with the experimen-
tal data, so that certain material parameters could be success-
fully obtained. It is concluded that the Gd diffusion causes a
mixed state property ruled by Meissner surface current whose
efficiency decreases with the decrease of the induced magnetic
field inside the superconductor. As shown from the fitting data
in Table 1, the Meissner exponent, k, increases with tempera-
ture increasing. This reduces the effect of the Meissner surface
current.
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