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Confined states and spin polarization on a topological insulator thin
film modulated by an electric potential∗

Liu Yi-Man(刘一曼), Shao Huai-Hua(邵怀华), Zhou Xiao-Ying(周小英), and Zhou Guang-Hui(周光辉)†

Department of Physics and Key Laboratory for Low-Dimensional Structures and Quantum Manipulation (Ministry of Education),
Hunan Normal University, Changsha 410081, China

(Received 9 November 2012; revised manuscript received 17 December 2012)

We study the electronic structure and spin polarization of the surface states of a three-dimensional topological insulator
thin film modulated by an electrical potential well. By routinely solving the low-energy surface Dirac equation for the
system, we demonstrate that confined surface states exist, in which the electron density is almost localized inside the well
and exponentially decayed outside in real space, and that their subband dispersions are quasilinear with respect to the
propagating wavevector. Interestingly, the top and bottom surface confined states with the same density distribution have
opposite spin polarizations due to the hybridization between the two surfaces. Along with the mathematical analysis, we
provide an intuitive, topological understanding of the effect.
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1. Introduction
The topological insulator, a new phase of quantum matter,

exhibits many interesting properties,[1,2] such as topologically
protected surface or edge states, being free of backscatter-
ing, and spin-momentum locked massless Dirac cones. From
these key features, it is possible to realize a number of new
spintronic[3,4] and quantum computing[5,6] applications. The
two-dimensional (2D) topological insulator (TI) phase was
predicted to occur in HgTe quantum wells (QWs),[7] and was
soon confirmed experimentally.[8] Stimulated by the quan-
tum spin Hall effect (QSHE) in 2D TI, three-dimensional
(3D) TIs have been predicted theoretically[9] and verified
experimentally[10] in Bi2Se3 crystal. In a 3D TI, spin-orbit
coupling opens an energy gap in the bulk, and results in gap-
less surface states which are protected by time-reversal sym-
metry. These 3D TIs have robust and simple surface states
consisting of a single Dirac cone at the Γ -point. Much ef-
fort has concentrated on studying the unique features of the
TI surface states.[11–15] However, in reality all the transport
properties of the surface states are often affected by the con-
ducting bulk states because of the unavoidable doping that is
introduced by impurities and crystal lattice defects. Growing
ultrathin TI films, where the bulk conduction is reduced by en-
hancing the surface-to-volume ratio, is a possible way to deal
with this problem.[16,17]

Many of the nontrivial physical properties of TI thin films
have been proposed theoretically, such as the quantum spin
Hall[18,19] and quantum anomalous Hall effects,[20] strongly
increased thermoelectric performance at low temperatures,[21]

and excitonic superfluidity.[22] For a 3D TI thin film, finite-size
confinement will lead to the interaction between the top and
bottom surfaces. The hybridization develops an energy gap in
the spectrum of the surface states,[18] which can be controlled
by tuning the thickness of the film.[23,24] When the thickness
is within 5–10 quintuple layers (QLs), the top and bottom sur-
faces of the thin film typically start to hybridize.[16] Recently,
the full Landau-level spectrum of a 3D TI film and Hall con-
ductivity were calculated by Zyuzin and Burkov.[25] While a
peculiar phase diagram for the quantum Hall effect without
Landau levels was predicted in a 3D TI thin film with an ex-
change field under an applied magnetic field.[26]

In this paper, we study the electronic structure and spin
polarization on a 3D TI thin film modulated by an electrical
potential well, i.e., like a p–n–p junction on the film surface as
shown in Fig. 1. By routinely solving the low-energy 2D Dirac
equation for the system, we demonstrate that there are con-
fined surface states, in which the electron is almost localized
inside the well and the electron density exponentially decays
outside in real space, and their subband energy dispersions are
quasilinear with respect to the propagating wavevector. Elec-
trons at the bottom of certain energy subbands, however, are
trapped in the well since their group velocity vanishes. Fur-
ther, with the appreciating height of the potential, a parabolic
energy subband exists because of the interplay of the exter-
nally applied potential and the hybridization between the top
and bottom surfaces. For ky > 0, a large proportion of elec-
trons occupy the top surface of the film; in contrast, for ky < 0,
most electrons occupy the bottom surface. Interestingly, top
and bottom surface states with the same density distribution
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have opposite spin polarization. The spin-surface locking is
the unique characteristic of the surface state of 3D TI. In our
work, the spin-surface locking is broken due to the hybridiza-
tion between the top and bottom surfaces. The physical expla-
nations for these findings are given.
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Fig. 1. (color online) Schematic illustration of the ultrathin TI film
with a QW. A back gate of voltage V0 is applied at two regions with
x < 0 and x >W . Electrons are confined in the QW, and the electric
current flows along the y direction.

The organization of the rest of the paper is as follows:
In Section 2, we present and explain the model Hamiltonian,
where the bound state phase in the band spectrum is found and
analyzed through directly solving the low-energy Dirac equa-
tion for the system. In Section 3, we present some numerical
examples for the bound states with a discussion of the spatial-
distribution of electron density and spin polarization. Finally,
we summarize the results in Section 4 .

2. Model and formalism
We consider the following effective surface Hamiltonian

for a 3D TI thin film in the presence of an electrostatic poten-
tial as

H = vF𝜏
z(𝑧×𝜎) ·𝑝+∆t𝜏

x +V (x), (1)

where vF is the surface Dirac Fermi velocity, 𝑝 = (px, py) is
the momentum vector, ∆t is the hybridization matrix element
(assume ∆t > 0) which arises from the intersurface interaction
between two opposing surfaces of the film and creates a gap
in the energy dispersion, and 𝜎 and τ are Pauli matrices indi-
cating the real spin and the surface pseudospin degrees of free-
dom, respectively. The potential V (x)=V0[θ(−x)+θ(x−W )]

with height V0 > 0 is induced by the four identical aligned back
gates attached onto the top and bottom of the film, respectively,
(see Fig. 1). So the top and bottom surfaces have an identical
interface, where a potential well on both surfaces with width
W is formed.[27] The system whose physics are described by
Eq. (1) allows us to have an analytical solution for the eigen-
states and sheds light on some of the general features of the
problem.

Because of the momentum conservation in the y direction
for the system, we look for the following general form of the
corresponding complex four-component spinor wavefunction

ψγ(x,y) = φγ(x)eikyy, γ = A,B,C,D, (2)

where ψA and ψB are the envelope functions for the spin-up
and spin-down electrons of the top surface, respectively, while

ψC and ψD are of the bottom surface. Substituting wave-
function (2) into the eigenequation corresponding to Hamil-
tonian (1), we obtain the coupled equations as follows:

− dφA

dξ
+βφA +∆φD = (ε−u)φB, (3)

dφB

dξ
+βφB +∆φC = (ε−u)φA, (4)

dφC

dξ
−βφC +∆φB = (ε−u)φD, (5)

− dφD

dξ
−βφD +∆φA = (ε−u)φC, (6)

where for simplicity, we have introduced the dimensionless
physical quantities: ε = EW/h̄vF with electron energy E,
u =V (x)W/h̄vF, ∆ = ∆tW/h̄vF, β = kyW , and ξ = x/W .

Decoupling Eqs. (3)–(6), one obtains

d2φB

dξ 2 +
u′

ε−u
dφB

dξ
+
[
(ε−u)2 +

u′β
ε−u

−β
2−∆

2
]
φB

+
u′∆

ε−u
φC = 0, (7)

d2φC

dξ 2 +
u′

ε−u
dφC

dξ
+
[
(ε−u)2− u′β

ε−u
−β

2−∆
2
]
φC

+
u′∆

ε−u
φB = 0, (8)

where u′ is the derivative of the potential, namely, the Dirac δ

function in our model.
The feature of the solutions for Eqs. (7) and (8) depends

on u and β . Generally, the solutions are of three types:[28] (i)
bound waves in the well for massless fermions arising only
from the values of V0 and ky above the energy-dependent cut-
off, and decaying exponentially outside the well; (ii) traveling
waves describing free electrons and holes, as well as mixed
states that occur due to the Klein tunneling of electrons to
holes outside the well; and (iii) tunneling waves which are
oscillatory outside the well whereas in the well they are com-
binations of exponentials with exponents, which correspond
to holes that undergo ordinary tunneling across the potential
well. However, only the type (i) solution occurs in the region
of E − ky space where there are no-hole states available out-
side the well. This suppresses the Klein tunneling, since it
depends on the electron–hole conversion at the interface. In
this work, we focus on the type (i) solution, which describes
electron states confined across the potential well. This type of
solution describes the electron states localized inside the well
and exponentially decays outside the well. The energies are
in the region restricted by the curves (E−V0)

2 < h̄2v2
Fk2

y +∆ 2
t

and E2 > h̄2v2
Fk2

y +∆ 2
t in E–ky space.

For ξ < 0, we write the solution for two components of
the envelope function of Eqs. (7) and (8) as: φB(ξ ) = A1 eαξ

and φC(ξ ) = B1 eαξ with arbitrary constants A1 and B1, where
the decay constant α is given by α2 = β 2 +∆ 2− (ε − u0)

2

with u0 =V0W/h̄vF. Substituting these expressions for φB and
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φC into Eqs. (3) and (6), we obtain the other two components
of the envelope function

φA =
(α +β )A1 +∆B1

ε−u0
eαξ

and

φD =
(α−β )B1 +∆A1

ε−u0
eαξ .

Meanwhile, inside the well (0 6 ξ 6 1), the solutions are of
the form

φA(ξ ) =
1
ε

[
(D2κ +βC2 +∆G2)cos(κξ )

+(−C2κ +βD2 +∆H2)sin(κξ )
]
, (9)

φB(ξ ) = C2 cos(κξ )+D2 sin(κξ ), (10)

φC(ξ ) = G2 cos(κξ )+H2 sin(κξ ), (11)

φD(ξ ) =
1
ε

[
(H2κ−βG2 +∆C2)cos(κξ )

+(−G2κ−βH2 +∆D2)sin(κξ )
]
, (12)

with arbitrary constants C2, D2, G2, and H2, and the param-
eter κ2 = ε2 − β 2 − ∆ 2. Furthermore, for ξ > 1, the solu-
tions are similar to those for ξ < 0 but with a negative expo-
nent: φB(ξ ) = A3 e−αξ and φC(ξ ) = B3 e−αξ with arbitrary
constants A3 and B3. Consequently,

φA(ξ ) =
(−α +β )A3 +∆B3

ε−u0
e−αξ

and

φD(ξ ) =
(−α−β )B3 +∆A3

ε−u0
e−αξ .

The relationships among all the constants A1, B1, A3, B3, C2,
D2, G2, and H2 are to be determined by the continuity condi-
tions for the wavefunctions at the well boundaries.

By employing the continuity condition at ξ = 0 and ξ =

1, we obtain a transcendental equation for the energy spectrum
of the existed bound states

(κ2− εu0) tanκ = ακ. (13)

Replacing with the original parameters, equation (13) can be
rewritten as

(κ ′2−EV0) tan(Wκ
′/h̄vF) = κ

′
√

2EV0−κ ′2−V 2
0 , (14)

with κ ′ = (E2− h̄2v2
Fk2

y −∆ 2
t )

1/2, which can be solved numer-
ically for given parameters.

On the other hand, it is known that the spin-momentum
locking for the surface of 3D TI under the modulation of po-
tentials is different from that for a pure surface state.[29–31] Is
this characteristic also kept for a 3D TI thin film surface state
under an electrostatic potential? To answer this question, we
rewrite the total wavefunction as

ψ(x,y) = ψ1(x,y)
(

1
0

)
+ψ2(x,y)

(
0
1

)
,

ψi = ai(x,y)
(

1
0

)
+bi(x,y)

(
0
1

)
,

with i=1, 2. Therefore, the three components of electron spin
polarization can be obtained[32]

Px = 〈σx〉= 2∑
i

Re(a∗i bi) = 2φAφB +2φCφD,

Py = 〈σy〉= 2∑
i

Im(a∗i bi) = 0,

Pz = 〈σz〉= ∑
i
(|ai|2−|bi|2)

= |φA|2−|φB|2 + |φC|2−|φD|2.

(15)

From Eq. (15) we find that the property of spin-surface lock-
ing is broken for a 3D TI thin film due to the hybridization
between the top and bottom surfaces, which is different from
the approximate hard-wall boundary picture for the single sur-
face of a 3D TI.[32,33]

3. Results and discussion
In what follows, we present some numerical exam-

ples of energy bands, envelope wavefunctions, and spatial-
distributions of spin polarization for the confined states in the
system with QW width W = 200 nm and film interface cou-
pling strength ∆t = 1 meV[16,25] throughout the paper.

Figure 2 shows the energy E versus the wavevector ky ac-
cording to Eq. (14) for surface states confined in the QW with
potential height V0 = 30 meV. As seen from the (black) solid
lines in the region determined by (E−V0)

2 < h̄2v2
Fk2

y +∆ 2
t and

E2 > h̄2v2
Fk2

y +∆ 2
t , we notice that there are some local energy

minimums symmetrical with respect to ky, which indicate that
electrons at the bottom of the energy subband are trapped in
the well since the group velocity vanishes. Electrons with
ky = ±0.014 nm−1 in the lower inset of Fig. 2 marked by
(red) stars are trapped. Due to the existence of hybridiza-
tion between two surfaces of the film, a parabolic energy sub-
band arises in the spectrum of the bound states. We know that
the hybridization develops an energy gap ∆E = 2∆t at the Γ -
point in the dispersion without electrical confinement.[18,23,24]

Here, in the range of V0 − ∆t < E < V0 + ∆t, bound states
are allowed for ky = 0. This energy range produces a per-
fect quantized electron branch which is not intercepted by the
free-particle regions. Thus, neither a free-electron nor a free-
hole state can be transformed into a new bound electron state
in this branch regardless of the wavevector ky. If V0 < 2∆t,
there is no cutoff at lower energies due to no intersection of
two delimited curves. The confined states show a quasilin-
ear versus the momentum ky. The larger the values of ky, the
more obvious the linearity will be. This can be demonstrated
by the expression of the dispersion relation. For large val-
ues of ky, we obtained the approximate dispersion branches
E = En = [h̄2v2

F(n
2π2/W 2 + k2

y)+∆ 2
t ]

1/2, where n is an inte-
ger.

The upper inset of Fig. 2 shows the electron proba-
bility density ρ = ψ†ψ for the confined states, with ky =

±0.02 nm−1, indicated by the (red and blue) solid circular
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dots. In this figure, we see that the spatial distributions of ρ

for the two confined states corresponding to the same subband
but with inverse ky completely overlap with each other, which
indicates the degeneracy of the two states. The electron states
are almost localized inside the well and exponentially decayed
outside. The x-dependent distribution ρ is symmetric with re-
spect to the middle of the well because ρ is an even function.
Furthermore, through the analysis for more numerical exam-
ples for the system, we conclude that the probability densities
with the same ky decay faster outside the well as E decreases,
while the probability densities with the same E decay slower
outside the well as ky decreases.
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Fig. 2. (color online) The energy dispersion for the system with
QW width W=200 nm, film interface coupling strength ∆t=1 meV,
and back gate potential height V0=30 meV, where the (blue and
green) dotted lines determined by (E−V0)

2 < h̄2v2
Fk2

y +∆ 2
t and the

(red) dotted line determined by E2 > h̄2v2
Fk2

y +∆ 2
t are the regional

boundary for existing bound states. The upper inset shows the spa-
tial distribution of electron probability densities for the confined
states, indicated by solid circular dots A (red) and B (blue), and the
bottom inset shows a magnification of the box region in which the
(red) stars indicate the local energy minimums.

Figures 3(a) and 3(b) show the x-dependent distribution
of the four-component spinor wavefunctions of the bound
state, indicated by the left (red) solid circular dot A and the
right (blue) solid circular dot B in Fig. 2, where the (blue) solid
line is for φA, (red) dashed line for φB, (green) dotted line for
φC, and (black) dash-dotted line for φD. The vertical (black)
dotted lines indicate the walls of the well. These two states
have the same energy but inverse ky. We can clearly see that
the derivative of the four-component spinor wavefunctions is
not continuous at the barrier boundaries. The distribution of
a single spinor component is asymmetric because it is neither
the even nor odd function of x. A large proportion of electrons
with ky > 0 occupy the top surface of the thin film, while for
ky < 0, most electrons occupy the bottom surface of the film
in the QW region. The proportion of occupied electrons is just
the inverse for the two states A and B. Furthermore, comparing
Fig. 3(a) with Fig. 3(b), the top and bottom surface confined
states with opposite spins have the same distributions of wave-
functions. For example, the spin-down wavefunction φD for

ky =−0.02 nm−1 has the same distribution as that of the spin-
up wavefunction φA for ky = 0.02 nm−1. This characteristic is
determined by the conjugated symmetry of the Hamiltonian.
We rewrite the Hamiltonian as

H(kx,ky) =

[
H11 H12
H21 H22

]
. (15)

The elements of the Hamiltonian have the relation
H11(kx,ky) = H∗22(kx,−ky) in momentum space. This is the
physical origin of the above feature for the four-component
spinor wavefunctions. In addition, further numerical analysis
of the spinor wavefunctions allow us to conclude some inter-
esting results as follows: as E approaches V0, the wavefunction
decays faster outside the well; for ky > 0, the amplitudes of
the two-component spinor wavefunctions of the top surface
increase and those of the bottom surface decrease, while the
situation is reversed for ky < 0. When E ≈ V0, the maxima
of amplitudes is nearly equal to 1. This means that almost all
electrons with ky > 0 occupy the top surface, but occupy the
bottom surface with ky < 0.
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Fig. 3. (color online) The four-component spinor wavefunctions, where
the (blue) solid line is for φA , the (red) dashed line φB, the (green) dot-
ted line φC, and the (black) dash-dotted line φD of the bound state. (a)
and (b) correspond to the left (red) solid circular dot A and the right
(blue) solid circular dot B in Fig. 2.

Next, a numerical example for the spatial distribution of
spin polarization according to Eq. (15) for V0 = 30 meV is
shown in Fig. 4. Figures 4(a) and 4(b) correspond to state
A and B shown by the (red and blue) solid circular dots in
Fig. 2, respectively. One can see that the electron spin is al-
ways polarized in the x–z plane, which is perpendicular to
the surface plane of the film. The x component spin polar-
ization Px changes suddenly at x = 0 and x = W because of
the step electrostatic potential at the two boundaries along the
x direction, and its spatial distribution is always symmetri-
cal due to the symmetry of the system itself. The Hamil-
tonian in the momentum space has the inversion symmetry
H(−kx,ky) = H∗(kx,ky), which is reflected in Px. However,
the z-component spin polarization Pz, which is caused by the
hybridization between the top and bottom surfaces, is asym-
metrically distributed. On the other hand, comparing Fig. 4(a)
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with Fig. 4(b), the x-component spin polarization has the same
x-dependent distribution for the two states, while the z compo-
nent is inverse. That is to say, if we write the spin polarization
as PA

z for state A and PB
z for state B, respectively, we have

PA
z = −PB

z . This result agrees with the above discussion for
the spinor wavefunctions in Fig. 3. Here, PA

z =−PB
z indicates

that the electron states on the surface of the 3D TI thin film are
of certain chirality due to time reversal symmetry. Meanwhile,
the spatial distribution of spin polarization oscillates periodi-
cally. The periodicity is related to the energy subband. There
are n maximum values for both Px and Pz if the bound state is
in the n-th subband. Through further numerical examples, we
note that the amplitudes of Px and Pz increase remarkably as E
tends to V0 with the same ky, while they will decrease as ky de-
crease with the same E. Hence, we may output spin-polarized
electrons by using a 3D TI thin film with back gates.
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Fig. 4. (color online) The spatial distribution of spin polarization for the
bound state. (a) and (b) correspond to the left (red) solid circular dot A
and the right (blue) solid circular dot B in Fig. 2.
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Fig. 5. (color online) The energy dispersion for the system with QW
width W = 200 nm, film interface coupling strength ∆t = 1 meV, and
back gate potential height V0 = 50 meV, where the (blue and green) dot-
ted lines determined by (E −V0)

2 < h̄2v2
Fk2

y +∆ 2
t and the (red) dotted

line determined by E2 > h̄2v2
Fk2

y +∆ 2
t are the regional boundaries for

the existing bound states.

Moreover, we tune the back gate voltage to enhance the
barrier potential V0 = 50 meV. The energy spectrum is shown

in Fig. 5. Comparing with Fig. 2, we can see that the re-
gion of the bound state phase can be changed by adjusting
the gate voltage. However, the gate potential does not influ-
ence the time-reversal symmetry of the system; the spectrum
is always symmetric with respect to wavevector ky. The elec-
trons with ky =±0.012 nm−1 and ky =±0.02 nm−1 in Fig. 5,
marked by (red) stars, are trapped. One can also see that there
are more local minimums in the dispersion relation as V0 in-
creases. This indicates that more electron states are trapped in
the QW. However, the number of local minimums does not in-
crease and the energy dispersion is no longer quasilinear when
V0 is hundreds of milli electron volts. Furthermore, if V0 trends
to infinity, then the energy region V0− (h̄2v2

F +∆ 2
t )

1/2 < E <

V0+(h̄2v2
F+∆ 2

t )
1/2 for confined states exists impossibly. Only

region E <V0−(h̄2v2
F+∆ 2

t )
1/2 corresponds to free holes in the

system due to Klein tunneling. The tunneling effect depends
on the electron–hole conversion at the junction lines x = 0 and
x =W .

4. Summary
In summary, we have demonstrated that it is possible to

confine Dirac fermions on the surface of a 3D TI thin film by
means of applying back gates to induce the electrostatic po-
tentials on the film. By routinely solving the low-energy 2D
Dirac equation for the system, we obtained the subband spec-
trum of confined surface states, in which the electron density
distribution can be changed by tuning the gate voltage and the
thickness of the film. We may output spin-polarized electrons
by using a 3D TI thin film with back gates. These interesting
findings for electrically controlled nanostructures based on a
3D TI surface can be testable in the present experimental tech-
nique, and may provide a further understanding of 3D TI sur-
face states.
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