
Chin. Phys. B Vol. 22, No. 7 (2013) 077304

Contact effect in the dynamic electron transport
of a two-probe mesoscopic conductor∗
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Based on the self-consistent electron dynamic transport theory for multi-probe mesoscopic systems, we calculate
the distribution of internal potential, charge density, and ac conductance of a two-probe mesoscopic conductor with wide
trapezoid reservoirs, and study the contact effect. The results show that including the contact effect can make a significant
difference to the frequency-dependent electron transport properties. In the nonzero frequency case, the internal potential
and the charge density are complex with extremely small imaginary parts. Importantly, the imaginary part of the charge
density gives rise to a real ac conductance (admittance), which corresponds to the charge-relaxation resistance.
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1. Introduction
The study of time-dependent electron transport in

mesoscopic conductors is a rapidly developing field of
research.[1–11] One of the studied systems is a one-dimensional
(1D) structure connected to wide reservoirs which are bi-
ased with frequency-dependent voltages; in this case, the
electron–electron (e–e) interaction plays a key role in ensur-
ing the charge (current) conservation and the gauge invari-
ance under potential shifts.[12–14] In view of the e–e interac-
tion, Büttiker et al.[1,3,5,6] have developed an electron trans-
port theory for mesoscopic systems by employing continu-
ous and discrete internal potential models; this is an impor-
tant advance in mesoscopic physics and warrants further de-
velopment. Blanter et al. adopted the random phase ap-
proximation (RPA) to calculate the ac conductance in the
presence of the e–e interaction.[15] Sablikov et al. used the
Hartree–Fock approximation to investigate the internal poten-
tial and electron-density distributions in a quantum wire.[16]

Sablikov and Polyakov studied the one-dimensional e–e in-
teraction using the Bosonization technique.[17] Hence, the
frequency-dependent conductance, the internal potential, and
the electron-density distributions in mesoscopic systems have
been investigated under low-frequency conditions. However,
possible applications of mesoscopic electronic devices in fu-
ture all involve higher frequencies; then the detailed knowl-
edge of the time-dependent transport properties of mesoscopic
structures is required. The front say, the e–e interaction,
and the electronic coherence have been shown to be impor-
tant in time-dependent mesoscopic transport. In the prelim-
inary studies, the e–e interaction is frequently treated un-
der low frequencies or modeled by introducing a frequency-

independent geometric capacitance.[1,3,5] In addition, in the
transition region from a macroscopic lead to the mesoscopic
transport system, there exists a contact region composed of
macro leads and nanostructures. The accumulation favorites
of electrons have significant effects on the transport proper-
ties of the system, hence, the contacts also play an important
role in the conductance due to its significant interaction with
the conductors.[13–15,18,19] However hitherto the effect of con-
tacts on the ac transport in a mesoscopic structure has not yet
been further investigated. In this paper, a two-probe meso-
scopic conductor with trapezoid contacts is studied, as shown
in Fig. 1, we will discuss the effect of contacts on the inter-
nal potential, charge density, and frequency-dependent con-
ductance.
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Fig. 1. Schematic diagram of a two-probe mesoscopic conductor with
two trapezoid reservoirs, |xL|= xR = L.

2. Model and theory
The model we consider here is shown schematically in

Fig. 1. Two large reservoirs (contacts) occupy the left and the
right half-spaces of the x–y plane, x < −d and x > d, respec-
tively, and a conductor of double-barrier structure of length
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2d centers on the x axis. The dashed line box labeled by Ω

in Fig. 1 includes the whole conductor and parts of the reser-
voirs, and it is large enough to cover all the regions with vary-
ing distributions of potential and charge. This means that all
the electric-field lines come from and end at the charge inside
Ω . Then, the width of the trapezoid contact, namely the tran-
sition regions between the reservoirs and the 1D leads, can be
written as

|w(x)|=


2D, |x| ≥ L,

2
∣∣∣∣D−a

L−d
(|x|−L)+D

∣∣∣∣ , d ≤ |x| ≤ L,

2a, |x| ≤ d.

(1)

To proceed, we assume that the electrons in the system are
confined by hard-wall boundaries along the y direction but al-
lowed to move along the x direction, then the transverse eigen-
states with eigenvalues given by

εl =
l2π2h̄2

2m∗ew2(x)
, l = 1,2,3, ...

in the system read

ϕl(y) =

√
2
|w(x)|

sin
(

lπ
|w(x)|

(
y+

w(x)
2

))
, (2)

where l refers to the transverse mode number, and m∗e is the ef-
fective mass of electrons. Hence the scattering wave functions
corresponding to the incident electrons with given energy E
and wave number

kl =

√
2m∗e(E− εl)/h̄2

from the left electron reservoir 1 are given by

ψ1l(x,y) = (e iklx + sLL,ll e−iklx)ϕl(y)

= χ
l
1(x)ϕl(y), for x < xL. (3)

For the electron in the right electron reservoir, the trans-
mitted wave function is

ψ1l(x,y) = sRL,ll e iklxϕl(y) = χ
l
1(x)ϕl(y), for x > xR. (4)

Divide the trapezoid contacts into a series of narrow lay-
ers (see Fig. 1, labeled by j = 1, 2, 3, . . .). The wave function
in the j-th layer can be expressed as

ψ
j

1l(x,y) = ∑
l′
(A j

ll′ e
ik j

l′ x +B j
ll′ e
−ik j

l′ x)ϕ j
l (y). (5)

We assume that the width change in the trapezoid contacts is
so slow that the state hopping is ignored, this leads to

ψ
j

1l(x,y) = (A j
l e ik j

l′ x +B j
l e−ik j

l′ x)ϕ j
l (y) = χ

l
1(x)ϕ

j
l (y). (6)

In the 1D region, the wave function of electron may be
expanded as

ψ
I
1l(x,y) = (AI

l e ikI
l′ x +BI

l e−ikI
l′ x)φl(y) = χ

l
1(x)ϕl(y), (7)

where I = 1, 2, . . . represent the regions of the two bar-
riers, the well, and the two 1D leads, respectively, kI

l =√
2m∗e(E−UI)/h̄2− l2π2/4a2, and UI is the double barrier

potential and given by

UI =

{
V0, in the barriers,
0, elsewhere. (8)

Generally, the wave functions need to be matched at the
boundaries with the requirement that amplitudes and deriva-
tives with respect to x are equal across the boundaries. By
eliminating sLL,ll and sRL,ll′ from the resulting equations of
the matching, the wave functions can be determined.

The scattering wave functions ψ2l(x,y) = χ l
2(x)ϕl(y) cor-

responding to the incident from the right electron reservoir 2
can be obtained by replacing x with −x. Neglecting the varia-
tion of the potential with y and z and assuming that the internal
potential function uα(𝑟,ω) in reservoir α is a function of x
only, i.e., uα(𝑟,ω) = uα(x,ω), we obtain the following equa-
tion by integrating over y and z and using

∫
|φl(𝑟)|2 dydz = 1

for the convenience of presentation:[2]

d2

dx2 uα(x,ω)+
1

Sε0

∫
Π(x,x′,ω)uα(x′,ω)dx′

= − 1
Sε0

ρ
ext
α (x,ω), α = 1,2, (9)

where S = |w(x)|h is the cross-section of the two-probe meso-
scopic conductor, and h is the thickness of the system. The
Π(x,x′,ω) is the so-called Lindhard function

Π(x,x′,ω) = e2
∑

γ,δ ,l,l′

∫∫ dE dE ′

hvlvl′
χ

l∗
δ
(x)χ l′

γ (x)χ
l′∗
γ (x′)χ l

δ
(x′)

× f (E)− f (E ′)
E−E ′+ h̄ω + ih̄η† , γ, δ = 1,2, (10)

where vl =
√

2(E− εl)/m∗e , and f (E) is the Fermi–Dirac dis-
tribution function. The ρext

α (x,ω) in the right-hand side of
Eq. (9) is the response of charge in reservoir α to the exter-
nal fields, and reads

ρ
ext
α (x,ω) =

e2

h̄ ∑
δ,γ,l,l′

∫∫ dE dE ′

hvl(E)vl′(E ′)
ρ

ll′
δγ(x)Iγδ (xα)

× f (E)− f (E ′)
(E−E ′+ h̄ω + ih̄η†)(E−E ′)

, (11)

with
ρ

ll′
δγ
(x) = [χ l

δ
(x)]∗χ l′

γ (x),

where Iα

ll′(xα) can be expressed in terms of the wave functions

Iγδ (xα) =
h̄

2im∗e

{
[χ l′

γ (x)]
∗ ∂

∂x
χ

l
δ
(x)

− χ
l
δ
(x)

∂

∂x
[χ l′

γ (x)]
∗

}
×
∣∣∣∣
x=xα

, (12)
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namely,

Iγδ (xα) =
h̄

2ime
[δαγ δβγ I++(xα)+δαγ Sβγ(E

′)I+−(xα)

+ δβδ S∗αγ(E)I
−+(xα)

+ δαγ S∗αγ(E)Sβγ(E
′)I−−(xα)], (13)

with

Io1o2(xα) = i(o1kγ +o2kδ )e i(o2kδ−o1kγ )xα , o1,o2 =±1. (14)

Hence, the dynamic response of charge density in the two-
probe mesoscopic conductor to the external voltage is[2]

ρα(x,ω) = ρ
ext
α (x,ω)+

∫
dx′Π(x,x′,ω)uα(x′,ω). (15)

2.1. Charge density and internal potential

To solve Eq. (9) for uα(x,ω), the following boundary
condition is adopted:

uα(xα ,ω) =

{
1, α = β ,
0, α 6= β .

(16)

To make further progress, taking the limit that η† goes to
zero and using

lim
η†→0

1
x± iη† =−iπδ (x)+P

[
1
x

]
, (17)

where P indicates a principal-value integral, we have

Im[Π(x,x′,ω)]

=
e2

2h̄ ∑
δ ,γ,l

∫
χ∗

δ
(x)χγ(x)χ∗γ (x

′)χδ (x′)[ f (E)− f (E + h̄ω)]

vl(E)vl(E + h̄ω)
dE,

(18)

Im[ρext
α (x,ω)]

=
e2

2h̄2 ∑
δ ,γ,l

∫ ρ ll′
δγ
(x)Iγδ (Xα)

vl(E)vl(E + h̄ω)

f (E)− f (E + h̄ω)

h̄ω
dE. (19)

Then the real parts of Π(x,x′,ω) and ρext
α (x,ω) can be ob-

tained by applying the Kramers–Kronig relation, for instance

Re[ρext
α (ω)] =

2
π

P
∫ vIm[ρext

α (ω)]

v2−ω2 dv. (20)

In numerical calculation, the length, energy, and con-
ductance are measured in units of the Bohr radius a0 =

4πε0h̄2/m∗ee2, ∆ = π2h̄2/2m∗ea2
0, and e2/2h, respectively, and

a = 20, b = 0.6, c = 0.4, d = 2, h = 0.1, V0 = 4. The
channel numbers or modes in different regions of the system
are max[6,6lmax] with lmax = int[|w(x)|

√
2m∗eE/π h̄]. The fre-

quency ω of the voltage is the normalized value, i.e., ω →
h̄ω/∆ .

We present in Fig. 2 the distributions of charge density for
various widths of reservoirs at temperature T = 0, kFa= 1, and

ω = 0.5, where kF is the Fermi wave number. The results show
that the charge driven to the other side of the conductor can
penetrate through the barrier with a small probability, namely
most of the charge carriers are reflected back into the 1D leads
and the reservoir, and there is no charge accumulation beyond
the barrier. The figure clearly shows that the charge density in-
creases with the increasing width of the reservoir, particularly
in the contact region. This indicates that the contact obviously
influences the distributions of charge density. From the curves
in Fig. 2 we can conclude that the potential drop appears in
the transition region between the 1D lead and the contact, as
shown in the inset of Fig. 2.
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Fig. 2. Distribution of real parts of charge and (inset) internal potential.

In the case with kFa = 1, zero temperature, and W = 100,
u1(x) decreases sharply and reaches a plateau in the 1D por-
tion. Note that the distributions of charge and internal potential
are complex; compared with the real part, the imaginary part
is extremely small, as shown in Fig. 3, but the imaginary part
of charge should be taken into account in the following discus-
sion because it gives rise to a real admittance, which actually
corresponds to the charge-relaxation resistance.[6]
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Fig. 3. Distribution of imaginary parts of charge and internal potential.

In the case with T = 0, kFa = 0.5, and ω = 0.5, some
positive and negative peaks in the charge distribution appear
around the barriers, as shown in Fig. 4; they correspond to the
junction capacitances produced by the barriers. It is similar to
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the results given in Fig. 2, the charge accumulation increases
with the increasing width of the reservoir. The internal char-
acteristic potential is shown in the inset of Fig. 4, the potential
drop occurs on the left barrier and keeps on 1/2 in the 1D part,
and on the right barrier it begins to decrease to zero.
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Fig. 4. Distribution of real parts of charge and (inset) internal potential.

2.2. Frequency-dependent conductance matrix

In the presence of a voltage with frequency ω applied on
the reservoirs, the external conductance matrix with elements
corresponding to the current response of the system to the volt-
age can be written as

Re[Gext
αβ

(ω)] =
e2

2h̄ ∑
δ ,γ,l

∫ dE
vl(E)vl(E + h̄ω)

× Iγδ (xα)Iδγ(xβ )
f (E)− f (E + h̄ω)

ω
, (21)

Im[Gext
αβ

(ω)] = −2ω

π
P
∫ Re[Gext

αβ
(ω)]

v2−ω2 dv. (22)

This conductance matrix does not conserve the current, since
∑α Gext

αβ
(ω) 6= 0, so we must consider the current response to

the internal potential, which leads to

Gint
αβ

(ω) =
∫

gα(x,ω)uβ (x,ω)dx, (23)

where gα(x,ω) is a local current response function, and has
the form

Im[gα(x,ω)]

= − e2

2h̄ ∑
δ ,γ,l

∫ I(
δγ

Xα)ρ
ll′
δγ
(x)[ f (E)− f (E + h̄ω)]

vl(E)vl(E + h̄ω)
dE, (24)

Re[gα(x,ω)] =
2
π

P
∫ vIm[gα(x,ω)]

v2−ω2 dv. (25)

With the above expressions, the final formula for the to-
tal frequency-dependent conductance matrix element of the
mesoscopic conductor is given by[2]

Gαβ (ω) = Gext
αβ

(ω)+Gint
αβ

(ω), α, β = 1,2. (26)

Figures 5 and 6 show the conductance matrix element as
a function of the frequency of voltage for various widths of

reservoirs at T = 0 and kFa = 0.5. Here it should be pointed
that the conductance is also complex, the imaginary part refers
to the phase difference between the current and the voltage,
this means that there are two different responses to the exter-
nal time-dependent voltage, i.e., inductive-like and capacitive-
like, which depend on the sign (plus or minus) of the conduc-
tance matrix elements.
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Fig. 5. Frequency-dependent conductance matrix element G11(ω).
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Fig. 6. Frequency-dependent conductance matrix element G21(ω).

In Fig. 5, we can find from the profiles of conductance
that the real part of G11(ω) decreases with the increase of
the frequency; the imaginary part of G11(ω) is nonzero and
displays a single-peak structure. And the imaginary part of
G11(ω) is inductive-like.

In Fig. 6, G21(ω) shows an irregularly oscillation within
the region 0 < ω < 1, after which it decreases. It is noted
that in the time-dependent case, the current distribution is non-
uniform due to the e–e interaction. In the low-frequency case,
the conductance is capacitive-like; but with increase of the fre-
quency, the inductive-like conductance is observed.

Importantly, by changing the width of the reservoir, a sig-
nificant difference in the frequency-dependent electron trans-
port properties is found in Figs. 5 and 6, it shows that there
exists a quantum coherence between the devices and the con-
tacts in electron transport.

3. Conclusion
In conclusion, we have studied the dynamic electron

transport properties of a two-probe mesoscopic conductor with
wide trapezoid reservoirs, and calculated the charge density,
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the internal potential, and the frequency-dependent conduc-
tance by including the contact effect in a self-consistent man-
ner. The results show that in the nonzero frequency case, the
internal potential and the charge density are complex with ex-
tremely small imaginary parts. Compared with the real part,
although the imaginary part is extremely small, the imaginary
part of charge should be taken into account, because it gives
rise to a real admittance, which corresponds to the charge-
relaxation resistance. The conductance matrix elements are
also complex, the imaginary part refers to the phase difference
between the current and the voltage, and its plus–minus corre-
sponds to two different responses to the voltage, i.e., inductive-
like and capacitive-like. Importantly, the contact effect is very
noticeable.
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