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A comparison of the transport properties of bilayer graphene,
monolayer graphene, and two-dimensional electron gas*
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We studied and compared the transport properties of charge carriers in bilayer graphene, monolayer graphene, and
the conventional semiconductors (the two-dimensional electron gas (2DEG)). It is elucidated that the normal incidence
transmission in the bilayer graphene is identical to that in the 2DEG but totally different from that in the monolayer
graphene. However, resonant peaks appear in the non-normal incidence transmission profile for a high barrier in the bilayer
graphene, which do not occur in the 2DEG. Furthermore, there are tunneling and forbidden regions in the transmission
spectrum for each material, and the division of the two regions has been given in the work. The tunneling region covers
a wide range of the incident energy for the two graphene systems, but only exists under specific conditions for the 2DEG.
The counterparts of the transmission in the conductance profile are also given for the three materials, which may be used as

high-performance devices based on the bilayer graphene.
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1. Introduction

A large amount of interest has been aroused in the re-
search on the physical properties of graphene!'?! since the
graphitic sheet of one-atom thickness was experimentally re-
alized by Novoselov et al.l’] The reason is that the electronic
properties of graphenes, including the monolayer, bilayer, and
multilayer graphenes, are drastically different from the con-
ventional semiconductors. Charge carriers in the monolayer
graphene behave like relativistic chiral massless particles with
a “light speed” equal to the Fermi velocity and possess a gap-
less linear spectrum at low energy.!*>! As a result, the mono-
layer graphene exhibits a number of unique electronic and
transport properties, such as Klein tunneling, ! the unconven-

tional quantum Hall effect,[*7-11 a strong electric effect,!'!]

[7,12-15

finite minimal conductivity, I'and the special Andreev

reflection. [16:17]

There are some basic similarities and differences between
the bilayer graphene and the monolayer graphene. On one
hand, the charge carriers in the bilayer graphene are chiral
and described by spinor wavefunctions, similar to the relativis-
tic particles or quasiparticles in the monolayer graphene.[®!8]
On the other hand, in contrast to the charge carriers in
the monolayer graphene, those in the bilayer graphene pos-
sess a parabolic spectrum at low energy, which means that
they are massive Dirac fermions!®!”! with a finite density

of states at zero energy, similar to the conventional unrel-
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ativistic electrons. There have been many studies on the
bilayer graphene about the quantum Hall effects,!!?! band-
gap engineering, [>!%23! transmission,?*>! transportation re-
lated with the Berry phase,!'??%27 and collimation.!®) How-
ever, more studies on the transport properties of the bilayer
graphene may be necessary to understand the massive Dirac
fermions. Some researchers have studied the resonant tunnel-
ing of the electrons in the bilayer graphene, but most of them
focused on the transmission for the normal incidence or for
a very high barrier (V > 2E).I%1828] A5 we know, there is a
transmission gap (as a function of the incident energy) when
the electrons incident obliquely and the energy approaches to
the height of the potential barrier (E ~ V).!?>3%l The conduc-
tance at the Dirac point for a monolayer graphene nanoribbon
is independent of contacts with dense modes.*!! Then, what
about the transport properties in the bilayer graphene in this
case? Can the massive Dirac fermions exhibit any new fea-
tures different from the massless Dirac fermions and the con-
ventional unrelativistic electrons?

To study these questions, we consider the transport prop-
erties of the massive Dirac fermions for an arbitrary incident
angle and wide-range incident energy covering from the high
barrier case (E < V) to the low barrier case (E > V). The trans-
mission and conductance for the bilayer graphene, the mono-
layer graphene, and the conventional semiconductors (here we
take the two-dimensional electron gas as an example) have

been calculated and compared. It is found that the trans-
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port properties of the electrons in the bilayer graphene display
some similarities but also dramatic differences with those in
the other two materials.

2. Model and method

We consider the massive quasiparticles in the bilayer
graphene incidenting upon a two-dimensional (2D) potential
barrier with incident energy E at angle ¢, then they are for-

mally described by an off-diagonal Hamiltonian!®-!?]

_ 0 (ke—iky)?
H__Zme((kx+iky)2 0 )+V(X), (D

where V(x) equals Uy inside the barrier and zero elsewhere.
Since the y component of the electron momentum operator
commutes with the Hamiltonian, the spinor wavefunction can
be written as ¥ (x,y) = (yi(x) yu(x) )T %Y. To simplify the
notation, we express all the quantities in dimensionless units:

x = x/Dy, E — EEw, V — VEy, and Eyy = 1*/ (2meD3).
For Dy = 10 nm, Epg =~ 0.038 meV.

There are drastic differences between the bilayer
graphene, the monolayer graphene, and the two-dimensional
electron gas (2DEG), though the charge carriers in the three
materials are all restricted in a 2D plane. The electrons
and holes in the 2DEG are normally described by separate
Schrodinger equations, which are not connected in any way.
In contrast, the electrons and holes in the two graphene sys-
tems are interconnected, exhibiting chiral properties. They
are both described by two-component wavefunctions. Fur-
thermore, there are four possible solutions with a given en-
ergy E for the bilayer graphene, among which two correspond
to propagating waves and the other two to evanescent waves.
This is an important difference in the tunneling between the
bilayer graphene and the other two 2D materials. The eigen-
states of the Hamiltonian in Eq. (1) can be written in the fol-
lowing form:

elhr 4 pe=iket 4oy e, x <0,
Y = azeiq"'x—l—bze*iqxx—l—Czeﬁx—‘rdze*ﬁx, 0<x<D, 2)
relhr 4 dye=ox, x> D,
— ekt 2i0 o —ika-2i0 4o p oo x<0,
Yo = $2 (azeiqxx+2i6 —|—b2€71q*'x7219 —cohp eﬁx —ds eiﬁx/hz), 0<x<D, 3)

_teikxx+2i¢ —|—d3eiax/h] ’

where 5o = sgn(Up —E), ky = VEcos ¢, gy = \/|E — Up| cos 0,

o = \JE(1+si?9), B = \/|E—Up| (1+5in°6). hy =
(/1+sin®¢ —sing)?, and hy = (v/1+sin>@ —sin0)>. Co-

efficients r and ¢ are the reflection and the transmission ampli-

tudes, respectively. In terms of the conversion of the perpen-
dicular wave vector, we can get the relationship between the
angles inside and outside the potential barrier

V|E —Up|sin6 = VEsino, “4)

which implies that the electrons can travel through the bar-
rier only if \/E/ |E — Uy|[sin¢| < 1. When Up/ (1 +sin2¢) <
E < Upy/cos® ¢, 6 and the wave vector ¢, are then imaginary,
which correspond to the evanescent propagation inside the bar-
rier.

Matching the continuity conditions for both components
of the wavefunctions and their derivatives, we can obtain the
transmission coefficient by using the transfer matrix method.
After obtaining the transmission coefficient, the conductance
can be derived by integrating the transmission coefficient .7
over one half of the (Fermi) energy surface by using the

Biittiker formulal!8-28]

G(E) =Gy /_7;/; T (E,V2Esing)cospdg, (5)

x>D,

where Gy = e2mevpl / 72, and [ is the length of the system in
the y direction.

We provide the details for the other two 2D materials for
comparison. As is well known, the monolayer graphene is a
two-dimensional gapless semiconductor with a linear disper-
sion relation, [®! and its low-energy quasiparticles are formally
described by the Dirac equation [vpo -p+V (x)]¥(x,y) =
EY¥(x,y), where p is the momentum operator, and vp ~
10% m/s is the Fermi velocity. Similar to the dimensionless
method for the bilayer graphene, all the quantities can be sim-
plified for the monolayer graphene with x — x/Dy, E — EEp,
V — VEmno, Emo = ive /Dy, where Dy is the length unit. (301 For
Doy =10 nm, Epg ~ 56.6 meV. The Dirac spinor wavefunction
can be expressed as

el L pe=ike  x <0,
Vil = { aeid 4 pe ier 0<x<D, ©6)
reiher, x>D,
elfeiht _ pe—if o—ikx x<0,
V=3 s2(aei®elt —pe~ifeiax)  0<x<D, (7)
reifeiker, x> D,
where k, = Ez—kngcos¢ and g, = (E—Uo)z—kgz

|E — Up| cos O are the parallel wave vector components outside
and inside the barrier, respectively. According to the conver-
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sation of the perpendicular wave vector, we can obtain
|E —Up|sin® = Esin¢. (8)

Like the analysis of the bilayer graphene, it is obvi-
ous that the electrons can travel through the barrier only
if |[E/(E—Up)sing| < 1 and the evanescent modes will
appear inside the barrier when Up/(1+sin|¢|) < E <
Up/ (1—sin9)).

The electrons of the 2DEG are described by the
Schrédinger equation

(P?/(2m") +V(x)) ¥(x,y) = E¥(x,y),

where m* is the effective mass of an electron and can be
taken as 0.067me (m, is the free-electron mass) for GaAs. For
convenience, we adopt the energy unit Eyy = 2 / (Zm*Dé),
which approximately equals 0.568 meV for Dy = 10 nm.
And the electrons can transport through the barrier only if
E > Up/cos*¢. Though the energy units for the three ma-
terials are different for a unified length unit, it will not affect
the comparison results about the transport properties. The aim
of this work is to investigate the transportation from E < Uy
to E > Uy, which is qualitative but emphasizes on the concrete
values of the incident energy and the potential barrier.

3. Numerical results and discussion

First, we consider the electrons in the bilayer graphene
incidenting upon the potential barrier normally. For the low
barriers (E > Up), so = —1, 8 = ¢ = 0, then ¥ = —¥; both
outside and inside the barrier, and the chirality of the massive
Dirac fermions does not manifest itself. In this case, the trans-
mission coefficient is
-1

2 2\2
E—a)” G2 0p)| . ©)

F= |1+
4k2q2

which oscillates and reaches unity when the phase inside
the barrier satisfies gD = mm. While for the high barriers
(E < Up), s =1, then the solutions for the bilayer graphene
satisfy ¥ = —¥fy outside the barrier and ¥ = ¥ inside the
barrier, which means that the electrons outside the barrier will
transform into holes inside it, or vice versa. According to the
boundary conditions, the corresponding transmission coeffi-
cient is

(K+p%)’

= |1
|

sinh? (BD)| | (10)
which is known to attenuate exponentially with the incident
energy E decreasing, so that the potential barrier can be
viewed as reflecting the massive Dirac fermions completely.
The solid line in Fig. 1(a) shows the transmission of the elec-
trons in the bilayer graphene when ¢ = 0. It is illustrated that

the normal incident massive Dirac fermions will be reflected
completely when E < Uj but can transmit perfectly at resonant
conditions g,D = mn when E > U).
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Fig. 1. (color online) Dependences of the transmission on the inci-
dent energy for the bilayer graphene, the monolayer graphene, and the
2DEG. The height and width of the potential barrier are Uy = 6 and
D =2, respectively, and (a) ¢ = 0°, (b) ¢ = 15°, and (c) ¢ =30°.

It is very interesting to find that the transmission with nor-
mal incidence in the bilayer graphene is identical to that in
2DEQG, as the dotted line shows in Fig. 1(a), no matter for the
low barrier or the high barrier. However, the transmission in
the monolayer graphene is completely different, which reaches
unity at ¢ = 0 with arbitrary high barrier, and is called Klein
tunneling.[®! It is elucidated that though the Dirac fermions in
the bilayer graphene are described by spinor wavefunctions as
those in the monolayer graphene, the transmission with nor-
mal incidence is the same as that of the unrelativistic electrons
in the 2DEG. The result originates from the fact that the elec-
trons in the bilayer graphene and the 2DEG are both massive
and have a parabolic dispersion but those in the monolayer
graphene are massless and possess a linear dispersion.

Second, for the non-normal incidence, it is generally
known that the transmission in the 2DEG still oscillates for
low barriers but decays exponentially for high barriers, and
the expression of the transmission coefficient can be simpli-
fied to the form in Egs. (9) and (10). In our previous work, it
is found that in the monolayer graphene, the transmission has a
gap with the edges E = Uy / (1 £ sin|¢|) due to the evanescent
mode inside the barrier.[?°3% However, the transmission in
the bilayer graphene demonstrates a dramatic difference com-
pared with that in the two materials above. There are resonant
peaks for a high barrier, which exist in the transmission pro-
file of the monolayer graphene but do not appear in that of
the 2DEG. It indicates that the electrons outside the barrier at
oblique incidence can transform into holes inside it (or vice
versa) so as to transport through the barrier perfectly for both
the monolayer graphene and the bilayer graphene, but can only
be reflected at the interface of the barrier for the 2DEG, which
originates from the gapless energy spectrum and the chiral na-
ture of the quasiparticles in the two graphene systems.
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Fig. 2. (color online) Contour plots of the transmission through a potential barrier (with height Uy = 6 and width D = 27x) for (a)
the bilayer graphene, (b) the 2DEG, and (c) the monolayer graphene. The dashed lines in each figure imply the transport conditions,
which are also the division of the tunneling and the forbidden regions.

Figure 2 further reveals the dependences of the transmis-
sion on the incident energy and the incident angle for the three
materials. It is found that there are tunneling and forbidden re-
gions in each figure, and they are divided by the dashed lines
clearly. In fact, the dashed lines in the figure represent the
transport conditions involving the incident energy and the inci-
dent angle, which satisfy E = Up/ (1£sin® ¢) for the bilayer
graphene, E = Up/ (1£|sin¢g|) for the monolayer graphene,
and E = Up/ cos? ¢ for the 2DEG. When the incident energy
or the incident angle is tuned outside the tunneling region, no
electronic states will be contained inside the barrier, which
makes the transmission coefficient attenuate exponentially and
leads to the forbidden region in the transmission spectrum.

Owing to the pseudospins and the charities of the quasi-
particles, the tunneling region covers from E < Up to E > U
for the two graphene systems, while it only exists when E > Uy
for the 2DEG. For the case of E < Uy, the electrons in the
monolayer graphene can be tuned to transmit perfectly as like
the barrier is transparent in many situations. However, those
in the bilayer graphene can transport with a high transmis-
sion coefficient only when the incident energy and the inci-
dent angle satisfy strict conditions, which correspond to the
narrow resonant regions in the lower part of Fig. 2(a). The
resonant regions are so narrow that the transmission in the
bilayer graphene through the high barrier may be used for a
high-performance energy or wave filter.

For E > Uy, the shape of the tunneling region for the bi-
layer graphene is the same as that for the 2DEG but different
from that for the monolayer graphene, which results from the
parabolic energy spectrum of the former two materials and the
linear energy spectrum of the latter. The transmissions for this
case in the former two materials are still totally different: for
the wide-angle incidence (still inside the tunneling region), the
transmission coefficient is very high as the incident energy £
increases in the bilayer graphene, while oscillates as a function
of E in the 2DEG, which is also shown in Fig. 1(c).

Figure 3 presents the conductance verse the Fermi energy
E for the three materials. It is apparent that the conductance
profiles of the three materials have dramatic differences. For
the monolayer graphene, there is a forbidden region near the

Dirac point, that is the region of almost zero conductance cor-
responding to the transmission gap.?>3% For the 2DEG, the
conductance approaches zero for high barriers and increases
as the Fermi energy increases for low barriers, which agrees
with the forbidden region for E < Up and the tunneling re-
gion for E > U in Fig. 2(b). As a comparison, when E < U,
there are some sharp oscillations in the conductance for the
bilayer graphene, which originate from the line-type resonant
regions in the transmission spectrum. The oscillations are so
sharp (especially the falling-edge) that they may be used as a
high-performance sensor sensitive to the Fermi energy. When
E > Uy, the conductance is similar to that for the 2DEG, just
bigger than the latter, which agrees with the analysis about the
transmission spectrum in Fig. 2, that is, the shapes of the two
materials are identical but the transmission coefficient of the
former is higher than that of the latter.
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Fig. 3. (color online) Conductance as a function of the Fermi energy
for bilayer graphene, monolayer graphene, and 2DEG. The height and
width of the potential barrier are Uy = 6 and D = 27, respectively.

4. Conclusion

In summary, we investigated the transport properties of
the electrons through a potential barrier in bilayer graphene
and compared them with those in monolayer graphene and
the conventional semiconductors (the 2DEG) to understand
the nature of the massive Dirac fermions. It is found that the
transmission with normal incidence in the bilayer graphene is
identical to that in the 2DEG but totally different from that
in the monolayer graphene for both high (£ < Up) and low
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(E > Up) barriers. However, when the electrons in the bilayer
graphene transport through the high barrier non-normally, res-
onant peaks appear, which exist in the transmission profile of
the monolayer graphene but will not occur in that of the 2DEG.
The transport properties elucidated above originate from the
parabolic energy spectrum and the chiral nature of the massive
Dirac fermions, respectively. There are tunneling and forbid-
den regions in the transmission spectra for the three materi-
als, and the division of the two regions has been given in this
work. For the two graphene systems, the tunneling region cov-
ers from E < Uy to E > Uy, while it only exists when E > Uy
for the 2DEG. And in the E > Uy case, the shape of the tun-
neling region for the bilayer graphene is the same as that for
the 2DEG but different from that for the monolayer graphene.
The counterpart of the resonant peaks through the high bar-
rier is the sharp oscillations in the conductance profile of the
bilayer graphene when E > Uy, which may be used as an ex-
cellent device sensitive to the Fermi energy.
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