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Density-functional theory study of the effect of pressure on
the elastic properties of CaB6
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Under high pressure, the long believed single-phase material CaB6 was latterly discovered to have a new phase tI56.
Based on the density-functional theory, the pressure effects on the structural and elastic properties of CaB6 are obtained.
The calculated bulk, shear, and Young’s moduli of the recently synthesized high pressure phase tI56-CaB6 are larger than
those of the low pressure phase. Moreover, the high pressure phase of CaB6 has ductile behaviors, and its ductility increases
with the increase of pressure. On the contrary, the calculated results indicate that the low pressure phase of CaB6 is brittle.
The calculated Debye temperature indicates that the thermal conductivity of CaB6 is not very good. Furthermore, based on
the Christoffel equation, the slowness surface of the acoustic waves is obtained.
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1. Introduction
Pressure has a great effect on the properties of a mate-

rial. Under high pressure, some materials only change their
lattice parameters without changing their basic atomic net-
work, while some other materials exhibit surprising struc-
tural changes.[1–7] CaB6 is a member of the MB6 (M =
metal element) family, which is known for a range of prop-
erties and applications, such as thermionic emitters and
superconductors.[8–10] For a long time, only the cubic crystal
structure (cP7) was found in MB6 family materials. Until re-
cently, a new structure (tI56) of CaB6 under high pressure was
found by Kolmogorov et al.[11] We adopt density-functional
theory (DFT) to study the structural and elastic properties of
different CaB6 phases under different pressures.

2. Calculation methods
Our calculations are performed under the framework of

DFT as implemented in the ABINIT package.[12] Exchange
and correlation effects are treated by the generalized gradient
approximation (GGA).[13] Electron–ion interactions are de-
scribed by the norm-conserving pseudopotentials,[14,15] and
the wave functions are expanded in a plane-wave basis set
with an energy cutoff of 80 Ry. The k-points in the Bril-
louin zone (BZ) of the primitive unit cell are sampled on a
12×12×12 mesh for a cubic phase and on a 6×6×6 mesh
for tetragonal phase. The equilibrium structure is obtained
by optimizing atomic positions until the forces on the atoms
are less than 5 meV/Å. The elastic constants are calculated
within the framework of density-functional perturbation the-
ory (DFPT).[16]

3. Results and discussion
3.1. Atomic structure and bonding properties

The CaB6 crystal under a low pressure has a cubic struc-
ture, which is analogous with CsCl. The [B6] group occu-
pies the positions of the Cl cation; the position of Ca is sim-
ilar to that of Cs. When the pressure is larger than 32 GPa,
the structure of CaB6 transfers to the tI56 phase, whose unit
cell contains as many as 56 atoms. The primitive unit cells
of CaB6 in cP7 and tI56 phases are given in Figs. 1(a) and
1(b), respectively. In order to compare with the experimen-
tal values, the calculated lattice constants of the tI56 phase
under 43.8 GPa are listed in Table 1. The calculated vol-
ume with the Perdew–Burke–Ernzerhof (PBE) functional[17]

is 402.0 Å3, which agrees well with the experimental value
408.4 Å3. However, the calculated volume with the local den-
sity approximation (LDA) functional[18] is 388.1 Å3, which is
much smaller than the experimental value. Therefore, the PBE
functional is adopted for further calculations.

The crystal structures of cubic and tetragonal CaB6 are
optimized without pressure and are listed in Table 2. In the
cP7-CaB6 phase, a calcium has 24 nearest-neighbor boron
atoms. The Ca–B bond length is 3.051 Å, and the B–B bond
length is 1.750 Å. When it comes to the tI56-CaB6 phase, there
are two inequivalent Ca cations in the unit cell. The coordi-
nation number for calcium cation is 20, and the Ca–B bond
lengths vary from 2.644 Å to 2.807 Å. In addition, the B–B
bond lengths vary from 1.647 Å to 2.104 Å. The Ca–B bond
lengths of the tI56-CaB6 phase are much shorter than those of
cP7-CaB6. Therefore, the tI56-CaB6 phase has a more com-
pact structure and a higher density than the cP7-CaB6 phase.
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Fig. 1. (color online) Crystal structures of CaB6 under different pres-
sures. The blue and green spheres are Ca and B atoms, respectively. The
B octahedra are shown in green. (a) The cubic low-pressure phase of
CaB6 (cP7 in Pearson notation, space group Pm-3m). (b) The tetrago-
nal high-pressure phase of CaB6 (tI56 in Pearson notation, space group
I4/mmm).

Table 1. Calculated lattice constants and volume of the conventional
cell of CaB6 in tI56 phase at 43.8 GPa, where ∆a and ∆c are the relative
errors of calculated lattice constants compared with the experimental
data.

(a = b)/Å c/Å Volume/Å3 ∆a/% ∆c/%
Expt.[11] 6.779 8.887 408.4

LDA 6.656 8.760 388.1 –1.81 –1.43
PBE 6.735 8.862 402.0 –0.65 –0.28

In order to reveal the bonding properties of CaB6, the dif-

ferences between the crystal charge and the atomic charge are
depicted in Fig. 2. The positive value mainly locates between
boron atoms, which indicates the robust covalent binding be-
tween boron atoms. Since cP7-CaB6 is made out of boron oc-
tahedra, these boron atoms form B-squares in the (001) plane
(Fig. 2(a)). One can see that the electron charge densities on
the B–B bond, which bridge neighbor B-squares, are higher
than those on the bonds in the B-squares. The reason is that the
former bond length is smaller (1.67 Å) than the latter (1.75 Å).
As depicted in Fig. 2(b), the boron atoms in tI56-CaB6 form
octagons in the (001) plane. Since the bond length between
B atoms alone the (010) direction (1.68 Å) is smaller than
that alone the (110) direction (1.75 Å), the charge densities
of the former are higher than those of the latter. There is ionic
bonding between Ca2+ and B2−

6 polymeric anion in the cP7-
CaB6 phase.[19] Based on the Bader charge analysis,[20–23]

the ionic formulas of the cP-CaB6 and tI56-CaB6 phases are
Ca+1.53(B6)

−1.53 and Ca+1.34(B6)
−1.34, respectively. Addi-

tionally, CaB6 is a member of the large MB6 family, which
has an ionic interaction between the metal cation M and the
anionic group B6.[24–26] Therefore, there is ionic bonding be-
tween the B group and Ca in both phases.

Table 2. Calculated atomic positions for CaB6 with symmetries Pm-3m and I4/mmm by PBE functional without pressure, where WP
refers to the Wyckoff position.

Phase (a = b)/Å c/Å Atom WP Multiplicity x y z
cP7 4.149 4.149 B f 6 0.2017 0.5000 0.5000

(Pm-3m) Ca a 1 0.0000 0.0000 0.0000

tI56 7.151 9.363 B l 16 –0.3024 0.1252 0.0000
(I4/mmm) B m 16 –0.2230 –0.223 0.3400

B n 16 0.0000 0.2081 0.4120
Ca e 4 0.0000 0.0000 0.2500
Ca d 4 0.0000 0.5000 0.2500
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Fig. 2. (color online) Deformation charge density (difference between the crystal charge and the atomic charge) of CaB6 in cP7 phase
at 0 GPa (a) and tI56 phase at 43.8 GPa (b) in the (100) plane (see Fig. 1). The boron atoms (the green spheres) in the plane are plotted
out. Contours are added with intervals 0.003e/a3

0 and 0.005e/a3
0 for panels (a) and (b), respectively, where e is the electron charge,

and a0 is the Bohr radius. Contours with black (white) lines indicate positive (negative) values.
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3.2. Elasticity-relevant properties

The elastic constants describe the response of a material
to an externally applied stress.[27] Additionally, the mechan-
ical stability and stiffness of the material are closely related
with the elastic constants. Cubic crystal structures have three
independent elastic constants C11, C12, and C44. Tetragonal
crystal structures have six independent elastic constants C11,
C12, C13, C33, C44, and C66. The calculated elastic constants
under different pressures for CaB6 are plotted in Fig. 3. For
both phases of cP7 and tI56, C11 increases more quickly than
the other elastic constants with the increase of pressure. The
C44 of cP7 is larger than that of tI56 by 100–200 GPa, which
makes the elastic properties of these two phases differ a lot as
we discuss next. The mechanical stability criterion reflects the
structural stability of a material.[28] The criterion for a cubic
crystal is given as

C11 > 0, C44 > 0, C11 > |C12|, (C11 +2C12)> 0. (1)

While for a tetragonal crystal, it is given as[29]

C11 > 0, C33 > 0, C44 > 0, C66 > 0,

C11−C12 > 0,

C11 +C33−2C13 > 0,

2(C11 +C12)+C33 +4C13 > 0. (2)

The calculated elastic constants for both phases under differ-
ent pressures satisfy the criteria, which means that these two
phases are stable.
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Fig. 3. (color online) Calculated pressure dependences of elastic con-
stants for CaB6 in cP7 (solid circles) and tI56 (open circles).

Based on the elastic constants, we deduce the bulk mod-
ulus, shear modulus, Young’s modulus, and Poisson ratio,
which are widely used to describe the mechanical behaviors of
materials. The Voigt and the Reuss approximations[30–32] are
widely used to estimate the bulk and the shear moduli.[33–35]

Within the Voigt approximation, the general expressions of
bulk and shear moduli are

BV = [(C11 +C22 +C33)+2(C12 +C13 +C23)]/9, (3)

GV = [(C11 +C22 +C33)− (C12 +C13 +C23)

+3(C44 +C55 +C66)]/15. (4)

While with the Reuss approximation, they are

BR = 1/[(S11 +S22 +S33)+2(S12 +S13 +S23)], (5)

GR = 15/[4(S11 +S22 +S33)−4(S12 +S13 +S23)

+3(S44 +S55 +S66)], (6)

where Si j are the components of the elastic compliance matrix,
which is the inverse of matrix Ci j.

It is found that CaB6 has a tetragonal structure under a
high pressure. For this tetragonal phase, the shear and bulk
moduli are obtained using the following equations:

BV = [2(C11 +C12)+C33 +4C13]/9, (7)

GV = (M+3C11−3C12 +12C44 +6C66)/30, (8)

BR = C2/M, (9)

GR = 15/[18BV/C2 +6/(C11−C12)+6/C44 +3/C66], (10)

C2 = (C11 +C12)C33−2C2
13,

M = C11 +C12 +2C33−4C13. (11)

For cubic systems, we have C66 = C44, C33 = C11, C13 = C12.
Applying these conditions to Eqs. (7)–(11), we obtain

BV = BR = (C11 +2C12)/3, (12)

GV = (C11−C12 +3C44)/5, (13)

GR =
5(C11−C12)C44

4C44 +3(C11−C12)
. (14)

Within the Voigt–Reuss–Hill approximation, bulk modulus B
and shear modulus G are represented as

B = (BV +BR)/2, G = (GV +GR)/2. (15)

Then Young’s modulus E and Poisson ratio v can be obtained
by

E = 9BG/(3B+G), v = (3B−2G)/(6B+2G). (16)

The calculated relevant results are shown in Fig. 4. The ve-
locities of the transverse (Vt), longitudinal (Vl) acoustic waves
and the average velocity (Va) are obtained by[36,37]

Vl =
√

(3B+4G)/3ρ,

Vt =
√

G/ρ, Va =

[
1
3

(
2

V 3
t
+

1
V 3

l

)]−1/3

. (17)

Finally, the Debye temperature ΘD can be obtained by

ΘD =
h
kB

[
3n
4π

(
NAρ

m

)]1/3

Va, (18)

where h is the Planck constant, kB is the Boltzmann constant, n
is the number of atoms in the formula unit, NA is the Avogadro
number, ρ is the density of the crystal, and m is the molecular
weight.
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Fig. 4. (color online) Pressure dependences of (a) bulk modulus B and
(b) shear modulus G within the Voigt and Reuss approximations and (c)
Young’s moduli E for cP7 (solid circles) and tI56 (open circles) CaB6.

The bulk modulus reflects the resistance of a material to
a volume change and its response to a hydrostatic pressure.[33]

The shear modulus describes the resistance of a material to a
shape change. The bulk and shear moduli increase with the
increase of pressure. This is because the B–B bond length de-
creases and the B–B interaction increases with the increase of
pressure. The calculated bulk moduli of cP7-CaB6 and tI56-
CaB6 under different pressures are all above 150 GPa, which
are comparable to those of classic hard materials, such as β -
B2O3 (169.9 GPa)[38] and α-Al2O3 (253.7 GPa).[39] There-
fore, cP7-CaB6 and tI56-CaB6 are hard materials.

For the application of materials, the brittle or ductile be-
havior is of great importance. Pugh proposed that the bulk
modulus is associated with the resistance to fracture, while
the shear modulus is associated with the resistance to plas-
tic deformation.[40] Bulk modulus B and shear modulus G for
tI56-CaB6 are very close. In contrast, for cP7-CaB6, the shear
modulus is almost half of the bulk modulus. The ratio of bulk
modulus to shear modulus (B/G) is frequently used to dis-
criminate the brittle properties of materials.[40] According to
the criterion given in Refs. [41]– [43], a material is brittle if
B/G is less than 1.75. Otherwise, it behaves in a ductile man-
ner. The relevant results are shown in Fig. 5(a). In the case
of cP7-CaB6, the B/G ratio increases from 1.77 to 2.40 when
the pressure increases from 0 GPa to 60 GPa. This trend in-

dicates that cP7-CaB6 behaves in a ductile manner. On the
contrary, the B/G ratio of tI57-CaB6 is below 1.10, which in-
dicates that tI56-CaB6 behaves in a brittle manner. Therefore,
the pressure induced phase transition can significantly change
the brittle behavior of CaB6. The ductility or brittleness can
also be characterized by the Poisson ratio. The Poisson ra-
tio is the ratio of transverse contraction strain to longitudinal
extension strain under a stretching force. The Poisson ratio
is smaller than 1/3 for brittle materials and bigger than 1/3
for ductile materials.[44] For tI56-CaB6, the Poisson ratio is
only 0.12–0.15, which also indicates that tI56-CaB6 is brittle.
Therefore, attention should be paid when CaB6 is used under
a high pressure.
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Fig. 5. (color online) Pressure dependences of (a) Poisson ratios v and
(b) Debye temperature ΘD for CaB6 in cP7 and tI56 phases. The B/G
ratio of tI56-CaB6 is below 1.75, indicating a brittle material, while cP7-
CaB6 is not brittle. The linear fitted dotted lines are plotted in panel (b).

The Debye temperature is closely related to many phys-
ical properties of the material, such as specific heat, melt-
ing temperature, and thermal conductivity. At low temper-
ature, the vibrational excitations arise solely from acoustic
modes, and the Debye temperature calculated from the elas-
tic constants is the same as that determined from the spe-
cific heat measurement. The calculated velocity of the lon-
gitudinal acoustic wave for cP7-CaB6 is 10.4–11.8 km/s and
that of the transverse acoustic wave is 5.9–6.1 km/s, giving
the Debye temperature 899.0–1016.9 K. In contrast, for tI56-
CaB6, those values increase to 12.1–14.0 km/s, 8.0–9.0 km/s,
and 1273.0–1547.3 K, respectively. Figure 5(b) shows that
the Debye temperature increases linearly with increasing pres-
sure (4.47 K/GPa for tI56-CaB6 and 1.94 K/GPa for cP7-
CaB6). A high Debye temperature implies a high thermal
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conductivity.[45] The Debye temperature of CaB6 is much
lower than that of diamond (around 2230 K). This indicates
that the thermal conductivity of CaB6 is not very good.

3.3. Acoustic properties

The ultrasonic wave velocity measurement is often used
to determine the elastic constants.[46–49] In experiments, the
ultrasonic wave velocities of certain directions can be mea-
sured and used to obtain the elastic constant with the Christof-
fel equation. The Christoffel equation is written as[50]

[liKcKLlL j−δ jkρV 2][α j] = 0, ( j,k = 1,2,3), (19)

where cKL is the elastic constants, 𝑙 is the propagation matrix,
δ jk is the Kronercker sign, ρ is the density of the crystal, α j is
the eigenvector, and V is the velocity of the acoustic wave.

For a given direction, three velocities are determined by

solving the Christoffel equation. By changing the propagation
direction, we get the velocity as a function of the propagation
direction. Usually, it is more convenient to use the slowness
surface (the inverse of the velocity) in practice. We calcu-
late the slowness curves of CaB6 for both cP7 and tI56 phases
in xy and yz planes and show them in Fig. 6 (for the cubic
phase, yz plane is equivalent to xy plane). It can be found that
there is a significant change in the acoustic properties of CaB6

when the phase transition happens. There are three acoustic
waves in each direction: quasi-longitudinal, quasi-transverse,
and pure transverse modes. It can be found that the velocities
of the quasi-longitudinal mode are much larger than those of
the other two. Taking an overall view, for both cP7-CaB6 and
tI56-CaB6, the minimum value of the slowness surface is the
longitudinal mode in the (100) direction, which indicates that
the velocity is largest along this direction.
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4. Conclusion

In this work, we use the density functional theory to study
the pressure effects on the atomic structure, elastic properties,
and acoustic properties of CaB6. Our calculated results show
that the phase transition induced by pressure affects the ma-
terials’ properties significantly. We find that the calculated
bulk, shear, and Young’s moduli of tI56-CaB6 (high pressure
phase) are larger than those of cP7-CaB6 (low pressure phase).
The reason is that the atoms in tI56-CaB6 are closer and have
stronger interactions than those in cP7-CaB6. Furthermore,
CaB6 under low pressures has ductile behaviors, and its duc-
tility increases with the increase of pressure. However, CaB6

changes from a ductile material (cP7-CaB6) to a brittle one
(tI56-CaB6) when the phase transition happens under a high
pressure. Therefore, attention should be paid when CaB6 is
used under a high pressure. Besides, the calculated Debye
temperature indicates that the thermal conductivity of CaB6 is
not very good. Based on the Christoffel equation, the slowness
surface of acoustic waves of CaB6 is calculated to describe its

acoustic properties. These calculated results are a step forward
to obtaining more comprehensive understanding of the prop-
erties of CaB6.
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