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Theoretical demonstration of the hybrid focusing points of
sonic crystal flat lenses and possible applications
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We demonstrate the hybrid focusing points of sonic crystals for a multi-source array applied to flat sonic crystal
lenses. The contributions of different point source couples form hybrid focusing points. Ray-trace analyses are conducted
for acoustic flat lenses with multi-source configurations. The finite-difference time-domain (FDTD) simulation of flat
lenses with multi-source configurations demonstrates the establishment of pure and hybrid focusing points in a pyramidal
constellation. The number of focusing points in the pyramidal constellation depends on the number of point sources. We
propose an acoustic device for fine-tuning the location of a far-field hybrid focusing point and discuss its benefits for
acoustic energy focusing application.
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1. Introduction
Metamaterials have been implemented by using artifi-

cial crystal structures for a wide range of wave spectra.
Photonic crystals,[1–12] phononic crystals,[13–23] and sonic
crystals[24–28] were developed for their technological poten-
tials such as wave focusing,[24–31] wave isolation,[16–18,21]

wave absorption,[10,22] and wave guiding.[2–4,32,33] The real-
ization of flat lenses from crystal structures is one of the
promising applications of metamaterials. Negative refrac-
tion and the wave focusing effects of negative refractive crys-
tal slabs have been well studied in the last decade.[24–28]

Those studies mainly addressed the focusing effect of single
point source configurations. Reports indicated that flat lenses
made of negative refractive crystals exhibited superior focus-
ing properties, such as sub-wavelength focusing[31] and the
ideal imaging effect.[24] The ideal imaging appears when the
negative effective refraction index (ERI) of a crystal slab is
equal to −1, in this case, the negative refractive flat lens pro-
vides a sharper image of a point source.[24,25,31]

The classical ray-trace analysis of negative refractive
crystal slabs with a single point source considers a gathering
of beam intersection points in a narrow region as the focusing
points. One of them appears inside and the other appears out-
side of the crystal slabs. They have been analyzed by the ray-
trace technique, and the results have been validated by finite-
difference time-domain (FDTD) simulations and experimental
measurements.[24,25,29–31]

This study extends the investigation to multiple
monochromatic point sources applied to a flat lens made of
a triangular lattice sonic crystal. Identical sources are ar-

ranged to line up in front of the sonic flat lens in the ray-trace

analysis. This setup can produce an arrangement of focusing

points in the pyramidal formation, as presented in Fig. 1. Two

types of focusing points are observed in these pyramidal ar-

rangements. The first type is produced solely by beams from

each point source, referred to as pure focusing points in this

study. Points i1, i2, and i3 in Fig. 1 are pure focusing points.

The second type of focusing points result from beams emitted

from two separate point sources, hereafter referred to as hy-

brid focusing points. In Fig. 1, points j1,2, j2,3, i1,2, i2,3, and

i1,3 are hybrid focusing points.

The previous works extensively studied the pure focusing

points for single-point source cases.[24–27] This paper specifi-

cally investigates multi-point source configurations that lead to

the occurrences of hybrid focusing points. The shape of the fo-

cusing point constellation corresponds to two situations listed

below. i) When there is no occurrence of the hybrid focusing

point inside the crystal slab, as shown in Fig. 1(a), focusing

points i1, i2, and i3 are the pure focusing points, and the for-

ward hybrid focusing points i1,2, i2,3, and i1,3 appear next to

the flat lens. ii) When hybrid focusing points exist inside the

crystal slab, as shown in Fig. 1(b), backward hybrid focusing

points j1,2 and j2,3 appear between the flat lens and the pure

focusing points in addition to focusing points i1, i2, i3, i1,2, i2,3,

and i1,3. The hybrid focusing points are caused by the interac-

tion of wavefronts from different point sources, which behave

as converging wavefronts.
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Fig. 1. (color online) Ray-trace drawings of possible focusing point
pyramid compositions for point source combination (s1, s2, s3). (a)
When there are no hybrid focusing points inside the crystal (situation
1), the focusing point pyramid contains pure and forward hybrid focus-
ing points. (b) When hybrid focusing exists inside the crystal, backward
hybrid focusing points appear in the focusing point pyramid.

Two sonic crystal slabs are used in the FDTD simulation
of the multi-source flat lens configurations. The first acous-
tic flat lens has a triangular lattice configuration with a lattice
constant of 15 mm, a scatter radius of 5 mm, and a slab width
of 110 mm. The multi-source array is 50 mm away from the
crystal slab ( D1 = 50 mm). The distance between the point
sources (e) is 52 mm. The second acoustic flat lens has a tri-
angular lattice sonic crystal with a lattice constant of 25 mm, a
scatter radius of 10 mm, and a slab width of 300 mm. The dis-
tance between the acoustic sources is 90 mm, and the distance
between the source array and the crystal slab is 50 mm.

The paper is organized as follows. A ray trace analysis is
developed for the hybrid focusing point in Section 2. Then,
band structure analyses and FDTD simulations are demon-
strated for test crystals. In Section 5, a possible application
based on the control of the hybrid focusing points is presented
for sonic crystal flat lenses.

2. Ray-trace analysis of multiple-point-source
configurations
Figure 2(a) shows the ray-trace analysis of a crystal slab

with a single source.[24–26] The intersection of beams indicates
a wave focusing at the intersection point. In the case of a point
source array placed near to a negative refractive sonic crys-
tal, there appear several focusing points due to the intersec-
tions of the beams coming from different wave source couples
(sx, sy), as shown in Fig. 2(b). To constitute a general nota-
tion, the forward hybrid focusing points are denoted as ix,y,
x,y ∈ {1,2, . . . ,m}. The forward hybrid focusing points are
next to pure focusing points ix. The backward hybrid focusing

points reside between pure focusing points ix and the crys-
tal slab, and are denoted as jx,y (x,y ∈ {1,2, . . . ,m}). Here,
m denotes the number of point sources lined up in front of
the sonic flat lens. In a pyramidal arrangement of focusing
points formed by m point sources, the total number of focus-
ing points, Nm, can be written as

Nm =


1
2
(m2 +m), for situation 1,

1
2
(m2 +3m−2), for situation 2.

(1)

The total number of hybrid focusing points, Hm, can be written
as

Hm =


1
2
(m2−m), for situation 1,

1
2
(m2 +m−2), for situation 2.

(2)
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Fig. 2. (color online) (a) Focusing points of the negatively refractive
crystal for a single wave source. (b) Focusing point arrangement of the
negatively refractive crystal for multiple point sources, which are lined
up at the interval of e. (c) A geometrical analysis on the ray-trace anal-
ysis of two point sources.

In the ray-trace analyses for a single point source, as il-
lustrated in Fig. 2(a), the distance of a focusing point from the
crystal was derived as f = d/ |n|−D1 in Refs. [24] and [25],
where parameter |n| represents the magnitude of negative ERI.
We adopt this formula to estimate the distances of the hybrid
focusing points from the crystal. The following assumptions
are made to ensure that all focusing points reside at the corners
of equally sized diamonds, as shown in Fig. 2(b).
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(i) All point sources line up in front of a crystal, and they
have an equal distance to the crystal interface (D1) and an
equal distance to each other (e).

(ii) The sonic crystal slab width d is large enough to allow
the occurrence of pure focusing points.

(iii) Distances between the wave sources (e) are adjusted
so that the focusing points are distinguishable from each other
and the pyramidal constellation is apparent.

Under these assumptions, and considering the geometri-
cal illustration in Fig. 2(b), we can derive the following se-
quence: f0 = f − h, f1 = f , f2 = f + h, f3 = f + 2h , and so
on. Here, f0 represents the distance of the backward hybrid
focusing points to the crystal interface, f1 represents the dis-
tance of the pure focusing points to the crystal interface, and
fp (p ∈ [2,m]) represents the distance of the forward hybrid
focusing points to the crystal interface. The fp for p ∈ [0,m]

can be expressed as

fp = d/|n|−D1 +(p−1)h. (3)

By the geometrical analysis given for the effective beams
coming from two sources (sx, sy) in Fig. 2(c), h can be ex-
pressed as e/(2tanαh). The parameter αh denotes the angle
of the effective incident beam to the normal of the flat lens
interface. The effective incident beams are assumed to pass
through a pure focusing point and at least one hybrid focusing
point. The effective incident beam angel (αh) and the magni-
tude of the ERI (|n|) for a sonic crystal flat lens design can be
calculated by solving Eq. (3) for two focalization points.

3. Band structure analysis
This section presents the band structure characteristics of

the test crystals used to discover the frequency band, where
the sonic crystal slabs exhibit an ERI and behave as negative
refractive flat lenses.

One of the promising properties of sonic crystal metama-
terials is their negative ERI, appearing in the second frequency
band of the sonic crystals. The band structure characteristics
of triangular lattice sonic crystals in the second band present
a convex form around high symmetry point Γ , which implies
that the crystal slab exhibits a negative ERI within the second
band.[1,3] Because wave vector 𝑘 and group velocity vector
𝑣g = ∇𝑘w(𝑘) are opposite in direction, 𝑘 ·𝑣g < 0.

The plane-wave expansion (PWE) method is commonly
used to calculate the band structure characteristics of crystal
structures.[3–6,17,18,24,25,31,34–36] The plane-wave method has
been implemented in Matlab as in Ref. [36]. Figure 3 shows
the band structure analyses of two test crystals. The convex
form of the second band curves around Γ in Figs. 3(a) and
3(b) indicates a negative ERI. At the lower boundary of the
second band, the test sonic crystal slabs work as a flat lens

because they exhibit the negative ERI required for obtaining
a far-field focusing effect.[28] The first test crystal can work
as a flat lens at 16000 Hz, and the second test crystal can be
utilized as a flat lens at 9300 Hz. The ERI at 16000 Hz in
Fig. 3(a) and that at 9300 Hz in Fig. 3(b) are estimated to be
−0.78 and −0.64, respectively. The FDTD simulation vali-
dates the focusing effects at these frequencies; the results will
appear in the following section.
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Fig. 3. (color online) Band structure analysis of triangular lattice sonic
crystals used as flat lenses. A relevant focusing effect occurs (a) at
16000 Hz for the first flat lens and (b) at 9300 Hz for the second flat
lens.

4. FDTD simulations of acoustic flat lens for
multi-source configurations
The following wave equations are used in the FDTD-

based simulation of acoustic wave propagation in a two-state
medium:[36]

∂𝑣

∂u
=−ρ∇p,

∂ p
∂u

=−K∇ ·𝑣, (4)

where 𝑣 denotes the normalized particle velocity, 𝑣 = ρhc0𝑉 .
The material parameters of the crystal structures are described
by the normalized medium density, ρ = ρh/ρs, and the nor-
malized bulk modulus, K = Ks/Kh. Here, ρh is the density of
the host material, Kh is the bulk modulus of the host material,
ρs and Ks are the corresponding parameters for the scattering
material. Parameter u is the normalized time, u = c0t, where
c0 is the speed of sound in the host material, and t is the time.

FDTD simulation results, presented in Figs. 4 and 5,
show normalized pressure-field (p) patterns and maximum
normalized pressure-field intensity distributions in logarithmic
scale (log10(p2

max)) for the cases of one, two, three, and four
monochromatic point sources applied to the first test lens. The
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point source arrays are composed of identical sources oper-
ating at 16000 Hz. A pure focusing point is obtained for a
single point source configuration, as shown in Figs. 4(a) and
5(a). In the case of more than one point sources, forward hy-

brid focusing points, in addition to pure focusing points, are
clearly observable, as shown in Figs. 4(b)–4(d) and 5(b)–5(d).
The arrangement of focusing points in the simulation results
confirms the pyramidal constellation in the ray-trace analyses.
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Fig. 4. (color online) Pressure wave propagation images from FDTD-based simulation results, showing the pyramidal arrangements of
pure and forward hybrid focusings generated by the first test lens in the cases of (a) one, (b) two, (c) three, and (d) four monochromatic
point sources.
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Fig. 5. (color online) Logarithmic scaled maximum-intensity maps (log10(p2
max)) from FDTD-based simulation results, showing the

pyramidal arrangements of pure and forward hybrid focusings generated by the first test lens in the cases of (a) one, (b) two, (c) three,
and (d) four monochromatic point sources.

Figure 6 shows the backward hybrid focusing points gen-
erated by the second test lens. The point source array is com-
posed of identical sources operating at 9300 Hz. A backward
hybrid focusing is not generated via the first test lens in Fig. 5
because the width of the first flat lens is not large enough to
contain a hybrid focusing point inside the crystal slab. The
arrangement of the focusing points in the simulation results is
consistent with the ray-trace analysis in Fig. 1(b).

The forward focusing points further than f3 can be seri-
ously distorted, since the sonic crystals cannot form apparent
focalization points further than f3. This effect is found in the
ray-trace analyses as the spread of the distribution of the beam
intersections of different angle beams over a wide area. This
spreading indicates that the wave focalization region broadens

and therefore reduces the peak intensity of the focusing point.
In the ray-trace analysis, the distribution of the beam in-

tersection points in the focalization region can be used to asses
the size and intensity of the hybrid focalization. When all
beams converge to a narrow spot, the beam intersection points
gather in the spot, resulting in a higher peak intensity in a nar-
row focalization region. The hybrid wave focalizations, which
are far from the pure focusing points, are severely deteriorated
due to the spreading of beam intersections over a wider region.

The ray-trace analysis is an efficient analytical tool for the
evaluation of the wave focalization quality, however the Huy-
gens principles well explain the wavefront mechanics result-
ing in the wave focalization. Figure 7 illustrates the relation
between ray-trace and converging Huygens wavefronts. Fig-
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ure 7(a) illustrates a converging wavefront (CW), a focaliza-
tion region (FR), and a diverging wavefront (DW) according to
the Huygens principles. Beams accompanying the wavefronts
show us the possible wave focalization region. The wavefront
fractions move along the directions of the arrows following
the beams. Thus, gathering beam intersection points in a re-
gion in ray-trace indicate a possible wavefront convergence.
Figure 7(b) shows the zoomed pressure-field patterns of pure
(i1, i2) and hybrid (i1,2) focusing points from the simulation
in Fig. 4(b). The wavefront convergences and divergences are
evident in the figure for the pure focusing points (CW1, CW2)

and the hybrid focusing point (CW12). The convex form of the
diverging wavefronts from the neighbor pure focusing points
leads to the build-up converging wavefronts (CW12) of the
hybrid focusing point (i1,2) in the near field because of the
coupling of phase coherent diverging wavefronts. This cou-
pled near-field interaction between wave parts of pure focus-
ing points causes these parts behaving as converging waves.
The effect forms the hybrid focusing points. The figure re-
veals that the downside of diverging wavefront of i1 and the
upside of diverging wavefront of i2 support the wavefront con-
vergence CW12 forming hybrid focusing point i1,2.
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max)) from FDTD-based simulation results, showing the back-
ward hybrid focusing points j1,2 and j2,3 generated by the second test
lens in the cases of (a) one, (b) two, (c) three, and (d) four monochro-
matic point sources.

x/cm
y
/
c
m

(a)

CW  DW 

 

EIB

EIB 

wave direction   

 

 

40 45 50 55 60 65

10

15

20

25
-0.6

-0.4

-0.2

0

0.2

0.4

0.6

CW1  

CW12  

DW  

CW2  

N
o
rm

a
li
z
e
d
 p

re
ss

u
re

FR

(b)

i1

i2

i1,2

Fig. 7. (color online) (a) Wave focalization according to the Huygens
principles, where EIB stands for the effective incident beam. (b) Pres-
sure wave propagation image from FDTD-based simulation of the first
flat lens, which shows the wave focalization according to the Huygens
principles and the corresponding effective incident beams passing the
sonic crystal.

5. Possible application: focal-point tunable
double-source acoustic flat lenses

Steering of wave focalization location is useful for energy
transmission applications.[37–41] We present a possible appli-
cation of hybrid focusing points for the fine tuning of the far-
field wave focalization region. The proposed acoustic device
produces only the most distant forward hybrid focusing point
in the pyramidal constellation and eliminates the rest of focus-
ing points by wave blockading. Figure 8 shows a schematic
diagram of the proposed acoustic device, which is made of a
double-source flat lens with half-side wave blockages. This
acoustic device can provide a more distant wave focalization
compared to its single-source counterparts. Moreover, the lo-
cation of the focalization region can be controlled by adjust-
ing the distance between point sources (e). This allows us to
steer the location of the focalization region without altering
any structural parameters of the crystal slab or the acoustic
wave frequency.

In order to allow only the peak hybrid focusing point and
inhibit the rest of the focusing points in the pyramidal con-
stellation, we apply wave blockages to the negative refractive
flat lens, as shown in Fig. 8(a). These blockages eliminate
the upper-side beams from source s1 and the downside beams
from source s2, resulting in the removal of the pure focusing
points i1, i2 and the backward hybrid focusing point j1,2. On
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the other hand, the cooperation of the downside beams from
s1 and the upper-side beams from s2 generates only the most
distant hybrid focusing point i1,2.
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Fig. 8. (color online) (a) Schematic diagram of a double-source hy-
brid focusing point generator and its ray-trace analysis. (b) Distance
of the hybrid focusing point i1,2 ( f2) versus e from FDTD simulation.
(c) Peak intensity of the hybrid focusing point i1,2 versus e from FDTD
simulation.
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Figure 8(b) illustrates the dependence of the hybrid fo-
cusing point i1,2 distance ( f2) on parameter e. The roughly
1 cm deviation in e results in a shift of the i1,2 point in about
7 cm. Figure 8(c) shows the peak intensities for various val-
ues of e. Figures 9(a)–9(c) compare the far-field focusing
point locations for the single point source configuration with
those for the double-source configurations with wave block-
ages. The double-source configurations with wave blockages
in Figs. 9(b) and 9(c) can form a more distant wave focal-
ization than the single point source configuration in Fig. 9(a).
The simulation results in Figs. 9(b) and 9(c) clearly confirm
that the focusing points i1, i2, and j1,2 can be removed from
the system by applying the half-side wave beam blockages.

The simulation results do not indicate the occurrence of a
subwavelength focusing for hybrid focusing points. The half
width of the nearest hybrid focusing point (i1,2) is observed to
be 1.22λ (wavelength of sound wave λ = 2.13 cm). A future
study can be devoted to enhance the resolution of the hybrid
focusing points.

6. Conclusion
A point source array placed in front of a sonic crystal flat

lens leads to additional focusing points referred to as hybrid
focusing points. This study theoretically demonstrated for-
ward and backward hybrid focusing points appearing when a
point source array was used as the input of the negative re-
fractive sonic crystal lens. A ray-trace analysis of the multi-
source system was conducted for the estimation of hybrid fo-
cusing point distances from the sonic crystal lens. A possible
use of the forward hybrid focusing point was discussed for the
double-source acoustic flat lens design.

The main benefit of the hybrid focusing point is that it al-
lows one to obtain a more distant wave focalization than the
pure focusing points. The hybrid focusing points promise new
methods for controlling the positions of far-field wave focus-
ing points. In the previous works, the locations of focusing
points were adjusted by tuning the distance of the point source
to the flat lens (D1), or adjusting the wave frequency, the lat-
tice or medium parameters.[24,25,34,38–40] This study showed
that the distance between point sources (e) can be useful in
the control forward hybrid focusing point locations in a wider
range without changing any other system parameters. This
can be very beneficial to the development of acoustic devices
to steer the far-field focusing points. Although the hybrid fo-
cusing points can be useful in applications associated with
the far-field acoustic energy transmission and harvesting,[41]

they lead to an undesired effect in acoustic imaging technolo-
gies, since the hybrid focusing points may form false images
of the point sources. Therefore, imaging technologies using
flat lenses must consider the false image caused by the hybrid
focusing points.
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