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Dispersion relation and growth rate for a corrugated channel
free-electron laser with a helical wiggler pump
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The effects of corrugated ion channels on electron trajectories and spatial growth rate for a free-electron laser with a
one-dimensional helical wiggler have been investigated. Analysis of the steady-state electron trajectories is performed
by solving the equations of motion. Our results show that the presence of a corrugated channel shifts the resonance
frequency to smaller values of ion channel frequency. The sixth-order dispersion equation describing the coupling between
the electrostatic beam mode and the electromagnetic mode has also been derived. The dispersion relation characteristic is
analyzed in detail by numerical solution. Results show that the growth rate of instability in the presence of corrugated ion
channels can be greatly enhanced relative to the case of an uniform ion channel.

Keywords: corrugated ion-channel free-electron laser, growth rate, helical wiggler

PACS: 52.59.Rz, 41.60.Cr, 52.27.Ny DOI: 10.1088/1674-1056/22/7/075205

1. Introduction
Ion-channel guiding (ICG) in free-electron lasers (FELs)

has been a subject of great interest in two decades.[1–5] If
an intense relativistic electron beam is injected into a neutral
plasma in a blow-out regime, when the electron beam density
is higher than the plasma density, plasma electrons are ejected
electrostatically by the beam space charge. The beam elec-
trons are then electrostatically attracted by the positive ions.
It is well known that an electron beam is guided through the
channel in the ion focused regime. The presence of ions neu-
tralizes the beam space charge, and thus overcomes the beam
divergence generated by its self-fields. This technique can
eliminate the need for conventional focusing magnets, thereby
reducing the capital and running cost.[1] Also it permits beam
currents higher than the vacuum limit and helps radiation
guiding.[6] The ICG was employed in FEL amplification ex-
periments after successful demonstration of the proceeding
beam transport experiment.[7] Several theoretical studies in-
dicate that ICG may offer some distinct advantages.[8–14] The
corrugated ion channel can be created by three methods. It
could be generated by beam-induced ionization of axially peri-
odic gas puffs,[15] by a large number of laser beamlets incident
perpendicular to the electron beam, or by a surface flashover
plasma source coupled to the beam pulsed power source.[15–17]

The periodic ion channel is similar to a uniform ion-channel
guiding, in that no magnetic field is required but it causes more
effective transverse oscillations and there is a corresponding
strong interaction between the electrons and an electromag-
netic wave. Therefore, a periodic ion channel may be used to
guide electron beams and to excite its transverse oscillations
over distances on the order of several betatron lengths of the
beam.[16] The effects of periodic ion channels on the gain of
FEL with helical wiggler have also been investigated.[18] The

purpose of the present paper is to investigate the effects of pe-
riodic ion channels on the electron trajectories and the growth
rate.

This paper is organized as follows. In Section 2, the rela-
tivistic motion of a single electron in the presence of a helical
wiggler and period ICG is formulated, and the steady-state so-
lution of the equation of motion is then derived for group-I and
group-II orbits. The coupled dispersion relation of the longitu-
dinal and transverse modes is obtained in Section 3. Section 4
is devoted to numerical results, and Section 5 ends with con-
clusions.

2. Steady-state trajectories
Consider the electron dynamics in a configuration which

consists of a helical wiggler and a periodic ion channel guid-
ing, whose density is given in the laboratory frame for z > 0
by

ni(z) =
ni

2
(1+ coskiz), (1)

where z is the axial coordinate, and ki = 2π/λi is the undulator
wave number. The wiggler field may be described in term of
one-dimensional approximation by

𝐵w = Bw[𝑒x coskwz+𝑒y sinkwz], (2)

where Bw is the amplitude, and kw is the wiggler magnetic
field wave number.

The electrostatic electric field generated by a periodic ion
channel, with its axis coincident with the wiggler z axis in
cylindrical coordinates, may be written as[15]

𝐸i(r,z) = πenir[1+2K1(kir)I1(kir)coskiz]𝑒r

+
2πeni

ki
[1− kirK1(kir)I0(kir)]sinkiz𝑒z, (3)
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where In and Kn denote the modified Bessel function of the
first and second kinds, respectively. For the sake of clar-
ity of presentation, it is useful to consider the idealized one-
dimensional approximation in which the electron displace-
ment from the axis of symmetry remains much less than the
wiggler period (i.e., r� λw). When the wiggler period greatly
exceeds the beam radius, the wiggler field is mostly radial. In
this limit, the electrostatic field can be given in a particularly
simple form

𝐸i = πeni(1+ coskiz)(x𝑒x + y𝑒y). (4)

The electron orbits in such a case are determined by the
Lorentz force equation

d(𝑣)
dt

=
−e
γm

[(
𝐼− 1

c2 𝑣𝑣

)
·𝐸i +

1
c
𝑣×𝐵w

]
, (5)

dγ

dt
= − e

mc2𝑣 ·𝐸i, (6)

where e, m, and 𝑣 denote the charge, mass, and velocity of an
electron, respectively. The Lorentz factor corresponding to ve-
locity 𝑣 is γ = (1− v2/c2)1/2. For convenience, we introduce
the wiggler frame as

𝑒1 = 𝑒x coskwz+𝑒y sinkwz, (7)

𝑒2 =−𝑒x sinkwz+𝑒y coskwz, (8)

𝑒3 = 𝑒z. (9)

The scalar equations of motion in the wiggler frame can be
written as

dβ1

dτ
=

ω2
i

2
(1+ coskiχ3)[−(1−β

2
1 )χ1 +β1β2χ2]

+β2β3, (10)

dβ2

dτ
=

ω2
i

2
(1+ coskiχ3)[−(1−β

2
2 )χ2 +β1β2χ1]

−β1β3−Ωwβ3, (11)
dβ3

dτ
=

ω2
i

2
(1+ coskiχ3)β3(β1χ1 +β2χ2), (12)

dγ

dτ
= −γ

ω2
i

2
(1+ coskiχ3)(β1χ1 +β2χ2). (13)

In these equations, the quantities are normalized as Ωw ≡
eBw/mγc2kw, which is the normalized wiggler magnetic field,
ωi ≡ (2πe2ni/γmc2k2

w)
1/2 is the normalized ion-channel fre-

quency, βi = vi/c, χi = kwxi, τ = ckwt, and ki = ki/kw. The re-
lations between the normalized transverse position coordinates
in the wiggler frame and the normalized velocity components
are given by

β1 =
dχ1

dτ
−β3χ2, (14)

β2 =
dχ2

dτ
+β3χ1. (15)

The steady-state orbits (γ = γ0 = const) for this configuration
are expressed as

β1 =
β 2
‖Ωw

ω2
i (1+ coskiχ3)−β 2

‖
, (16)

β2 = 0, β3 = β‖ = const, (17)

and

χ1 = 0, χ2 =−
β1

β‖
, χ3 = β‖τ. (18)

Substituting Eqs. (16) and (17) into 1−β 2
3 −β 2

1 −γ−2 = 0 and
averaging over L, the FEL length, after some straight forward
algebra, yields

ω
2
i −

tan(Lki/2){β 2
3 +[β 2

3 (β
2
3 −1)γ2± sec2(Lki/2)

√
β 4

3 γ2(−β 2
3 γ2 + γ2−1)Ω 2

w cos4(Lki/2)]}

L(β 2
3 γ2− γ2 +1)ki

= 0. (19)

Although it is easy to evaluate ω2
i from Eq. (19), once β3 is

given, the inverse problem of finding β3 when ωi is known can
only be solved numerically.

3. Dispersion relation

3.1. Wave formulation

Analysis of the wave propagation in the wiggler with pe-
riodic ion-channel guiding will be based on the electron mo-
mentum transfer equation

∂𝑣

∂ t
+𝑣 ·∇𝑣 =− e

mγ

[
𝐸− 1

c2 𝑣(𝑣 ·𝐸)+
1
c
𝑣×𝐵

]
, (20)

along with the equation of continuity

∇ · (n𝑣)+∂n/∂ t = 0, (21)

the Faraday law

∇×𝐸 =−1
c

∂𝐵

∂ t
, (22)

and the Ampere–Maxwell law in the form of

∇×𝐵 =
4π

c
𝐽 +

1
c

∂𝐸

∂ t
. (23)

The electron fluid variables and fields will be written in terms
of an unperturbed part plus a small perturbation as

n = n0 +n, 𝑣 = 𝑣0 +𝑣,
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𝐸 =𝐸w +𝐸r +𝐸l +𝐸i,

𝐵 =𝐵w +𝐵r, (24)

where subscripts r, i, and l stand for radiation, ion, and space
charge, respectively.

The Lorentz relativistic factor, γ , will be approximated by

1
γ
=

1
γ0
− γ0

𝑣0 ·𝑣
c2 . (25)

Using Floquet’s theorem, allowing the axial and time depen-
dence of all perturbed parameters to take the general form of

F =
n=+∞

∑
n=−∞

fn e i(knz−ωt), (26)

where kn = k+ nkw, ω and k denote the frequency and wave
number of mixed, radiation and space charge, waves. Substi-
tuting Eqs. (24)–(26) into Eq. (20) and then linearizing it, we
obtain

vxn =
−ie

γ0mΩn

[
Erxn +πnie

(
xn +

xn+2 + xn−2

2

)
−β0zBryn−

β0zβw

2
(Eln+1 +Eln−1)

− πnieβw

2β0z
(zn−1 + zn+1− zn−3− zn+3)

]
+

eγ0

2mcΩn

×
[

Bw

(
1
γ2

0
−β

2
z0

)
+

πnieβwc
kwβz0

]
(vzn−1− vzn+1)

− πnieβwc
2iβz0

(vzn−3− vzn+3 + vzn−1− vzn+1), (27)

vyn =
−ie

γ0mΩn

[
Eryn +πnie

(
yn +

yn+2 + yn−2

2

)
+β0zBrxn−

β0zβw

2i
(Eln+1−Eln−1)

− πnieβw

2iβ0z
(zn−3− zn+3 + zn−1− zn+1)

]
− ieγ0

2mcΩn

[
Bw

(
1
γ2

0
−β

2
z0

)
+

πnieβwc
kwβz0

]
(vzn−1 + vzn+1)

+
πnieβwc
2kwβz0

(vzn−3 + vzn+3 + vzn+1 + vzn−1), (28)

vzn =
−ie

γ0mΩn

[
Eln

γ2
0z

+
βw

2
(Bryn−1 + iBrxn−1 +Bryn+1− iBrxn+1)

− 1
2c

(
Bw−

βz0πnieβwc
2kwβz0

)
× [vyn−1 + ivxn−1 + vyn+1− ivxn+1]

− βwβz0

2
(Erxn+1 + iEryn+1 +Erxn−1− iEryn−1)

− βz0πnieβw

2
[xn−1− iyn−1 + xn+1 + iyn+1]

− βz0πnieβw

4
[xn−1− iyn−1 + xn+1 + iyn+1

+xn−3− iyn−3 + xn+3 + iyn+3]

]
, (29)

where Ωn = ω − kncβ0z, γ
−2
0z = 1−β 2

0z, and βw = (1−β 2
3 −

γ−2)1/2. We suppose ki = 2kw.
Inserting Eq. (26) into the continuity equation, ∇ ·(n𝑣)+

∂n/∂ t = 0, yields

nn =
n0kn

Ωn
cβzn. (30)

The linearized current density takes the form of

𝐽 =−e(n𝑣0 +n0𝑣). (31)

Making use of Eqs. (26) and (30), the linearized perturbed cur-
rent density component amplitudes may be expressed as

Jxn =−en0vxn−
en0cβw

2

(
vzn−1kn−1

Ωn−1,+
+

vzn+1kn+1

Ωn+1,−

)
, (32)

Jyn =−en0vyn +
ien0cβw

2

(
vzn−1kn−1

Ωn−1,+
− vzn+1kn+1

Ωn+1,−

)
, (33)

Jzn =−en0vzn

(
1+

knv0z

Ωn

)
. (34)

3.2. Solution of wave equation

The combination of Faraday’s law and Ampere–Maxwell
law gives the wave equation as

∇× (∇×𝐸)+
1
c2

∂ 2𝐸

∂ t2 +
4π

c2
∂𝐽

∂ t
= 0. (35)

Assuming the transverse oscillations to be small and with the
help of Eq. (26), the above equation leads to(

k2
n−

ω2

c2

)(
Exn

Eyn

)
− 4π iω

c2

(
Jxn

Jyn

)
= 0, (36)

−ω2

c2 −
4π iω

c2 Jzn = 0. (37)

Substituting source currents (Eqs. (32)–(34)) and perturbed
velocities (Eqs. (27)–(29)) into Eqs. (36) and (37), the disper-
sion equation can be cast into a substantially simpler form

ω
2
b

(
ω2

i

β3k̄n(2ω−β3k̄n)+ω2
i −ω2 −

A
B
−1
)

− k̄2
n +ω

2 = 0, (38)

where

A = βw(k̄n +1)
(
(ω−β3k̄n)(3ω2

i βw(ω−β3(k̄n +1))−4Ωw(ω−β3k̄n))

β3k̄n(β3k̄n−2ω)−ω2
i +ω2 +4βw(k̄n−β3ω)

)
,

B = 8(ω−β3(k̄n +1))2
(

(β 2
3 −1)ω2

b

(ω−β3(k̄n +1))2 +1
)
,
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ω = ω/ckw, and kn = kn/kw. This equation describes the cou-
pling between the electrostatic beam mode with the electro-
magnetic mode. When ki → 0, uniform ICG (Eq. (38)) is re-
duced to the well-known helical wiggler dispersion relation.[3]

4. Numerical results and discussion
A numerical study has been made to determine the ef-

fects of periodic ion-channel guiding on the electron trajecto-
ries and the growth rate of a FEL with helical wiggler. The
chosen parameters for this system are characterized by γ = 6,
Ωw = 0.033, λi = 0.13L, and ωb is equal to 2.867 and 7.008
for group-I and group-II orbits, respectively.

Figure 1 shows the graph of the normalized axial veloc-
ity, β‖, against ω2

i for both uniform ion-channel guiding and
periodic ICG for group-I and group-II orbits. An upper bound
on the allowed square ion-channel frequency occurs which,
for the chosen parameter, is given by ω2

i < 0.27 for periodic
ICG. In contrast, the solutions corresponding to the group-II
orbits occur when ωi > 0. It is also shown that, the trajectories
for group-I and group-II orbits in the presence of periodic ICG
shift to the smaller ion-channel frequencies compared with the
case of uniform ICG.

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0

0.2

0.4

0.6

0.8

1.0

ω2i

β


Fig. 1. (color online) Normalized axial velocity as a function of ω2
i

with a uniform ICG (dashed lines) and periodic ICG (solid lines). The
chosen parameters are γ = 6, λi = 0.13L, and Ωw = 0.033.

In order to study the effects of periodic ICG on the growth
rate, the sixth-order dispersion equation(38), for the complex
normalized wave number, k, has been solved numerically. The
growth rate, Im(k), as a function of normalized radiation fre-
quency, ω , for appropriate values of normalized ion-channel
frequency, ωi, in the presence of periodic ICG for group-
I and group-II orbits has been illustrated in Figs. 2(a) and
2(b), respectively. In general, for a given value of ωi, the
growth rate initially increases, rises to a maximum value, and
then decreases to zero. It is also shown that the peak growth
rate of group-I orbits increases as ωi increases correspond-
ing to the approach to the resonance, whereas for group-II
orbits the growth rate decreases with increasing ωi. It means
that the transverse velocity of the electron increases as the
ion-channel frequency approaches the resonance. It should
be noted, however, that such enhancements in the transverse
velocity correspond to the decrease in the axial velocity of
electrons due to the presence of ion channels, and therefore
also correspond to the decrease in the resonant frequency of
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−

Fig. 2. (color online) Spatial growth rate versus the radiation frequency
for periodic ICG for (a) group I (b) for group II orbits. The chosen pa-
rameters are γ = 6, Ωw = 0.03, ωb = 2.867 and 7.008 for group I and
II orbits, respectively.

interaction. In Fig. 3 the three-dimensional graph of normal-
ized growth rate is plotted as a function of ω2

i and ω for uni-
form ion-channel guiding. It is evident from the results shown
in Fig. 3 that the growth rate in the range of 0.14 < ω2

i < 0.4
remains close to zero, whereas the periodic ion channel (see
Fig. 2(a)) has a growth rate in this region (in contrast to the
results obtained from the uniform ICG). The periodic ICG has
a larger influence on the growth rate than the uniform ICG for
group-II orbits. To illustrate this point, we show the normal-
ized growth rate of group-II orbits versus ω for periodic ICG
and uniform ICG in Fig. 4. Each curve corresponds to a fixed
value of ω2

i . It is shown that the peak growth rate obtained
in a periodic ICG is significantly greater than the maximum
growth rate in the uniform ICG, and the range of the radiation
frequency is wider.
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40
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Fig. 3. (color online) Normalized growth rate as a function of nor-
malized resonant frequency ω and normalized ion-channel frequency
ωi. The chosen parameters are γ = 6, λi = 0.13L, Ωw = 0.03, and
ωb = 2.867 and 7.008 for group-I and group-II orbits, respectively.
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Fig. 4. (color online) Growth rate of instability versus ω for both uni-
form ICG (dashed lines) and periodic ICG (solid lines). The chosen pa-
rameters are γ = 6, λi = 0.13L, Ωw = 0.03, and ωb = 2.867 and 7.008
for group-I and group-II orbits, respectively.
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5. Conclusions
In the present paper, the effects of periodic ICG on op-

eration of a FEL configuration with a one-dimensional he-
lical wiggler is investigated. Steady-state trajectories in the
single-particle regime are obtained. It is shown that the pres-
ence of PICG shifts the resonance frequency to the less mag-
nitude of ion channel frequency. The coupling between the
electrostatic beam mode with the electromagnetic mode is de-
scribed by the sixth-order dispersion equation. It is found that
for fixed values of ωi, as the radiation frequency increases, the
spatial linearized growth rate achieves a maximum value, and
then decreases to zero. The peak growth rate is obtained as
the ion-channel frequency approaches the gyro-resonance fre-
quency. Numerical calculations show that the periodic ICG
significantly enhances the growth rate of instability.
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