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A precise theoretical investigation has been made on the cylindrical and spherical (nonplanar) Gardner solitons (GSs)
and double layers (DLs) in a dusty electronegative plasma (composed of inertial positive and negative ions, Maxwellian
cold electrons, non-thermal hot electrons, and negatively charged static dust). The reductive perturbation method has been
used in derivation of the modified Gardner (MG) equation describing the nonlinear propagation of the dust ion-acoustic
(DIA) waves. The MG equation admits solitary waves (SWs) and DLs solutions for ¢ around its critical value o, (where
O¢ is the value of ¢ corresponding to the vanishing of the nonlinear coefficient of the Korteweg de-Vries (K—dV) equation).
The nonplanar SWs and DLs solutions are numerically analyzed and the parametric regimes for the existence of the positive
as well as negative SWs and negative DLs are obtained. The basic features of nonplanar DIA SWs and DLs, which are
found to be different from planar ones, are also identified. The implications of our results to different space and laboratory

dusty plasma situations, are discussed.
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1. Introduction

Plasmas with a significant amount of negative ions whose
contribution cannot be neglected in any way, are known
as electronegative plasmas (ENPs).!!~7] ENPs have attracted
a great deal of attention not only because of their po-
tential applications in microelectronic and photoelectronic
industries/®! but also because of their occurrence in both
laboratory devices,®'" and space environments.!'>~14] The
ENPs observed in both space and laboratory devices, are not
pure in general. They are contaminated by solid impurities
(dust), which are not practically neutral but are charged!!3)
by absorbing ENP electrons and positive as well as nega-
tive ions.!!%!7] Therefore, ENPs are also called dirty or dusty
ENPs (DENPs).[16-18]

Ghim and Hershkowitz have verified this mode of plasma

t.1191 The non-

propagation by a recent laboratory experimen
linear features of the dust-ion-acoustic (DIA) waves in DENP
have been analyzed by various authors,'®22 and have shown
that under suitable plasma conditions, such a plasma can sup-
port the existence of solitary structures with both positive and
negative potentials.

Cairns et al.?®! have considered a non-thermal plasma
model and shown that the presence of a non-thermal distri-
bution of electrons may change the nature of ion sound soli-
tary structures and allow the existence of structures very like
those observed in upper ionosphere by the Freja and Viking
satellites.[>*?31 Gill et al.!*®! have studied the IA solitons and
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double layers in a plasma consisting of positive and negative
ions with non-thermal electrons using small amplitude approx-
imation. Sabry et al.!?’! considered positive-negative ions and
non-thermal electrons, and investigated the properties of ion-
acoustic solitary waves (IA-SWs) by employing the pseudopo-
tential approach. Recently, Hussain ez al.[*?! have studied ion
acoustic solitons in planar and non-planar geometries in elec-
tronegative with non-thermal electrons.

To some extent, all the above mentioned plasma mod-
els are simplified since the interaction of multiple electrons
(i.e., two-temperature electron) which describes more gener-
alized plasma, were not considered by them. Jones et al.?%]
first investigated the effects of two temperature electrons in
linear approximation for the ion-acoustic waves. They in-
vestigated the wave dynamics in a three component plasma
consisting of cold ions, and two types of electrons includ-
ing different thermal effects. Many authors have studied the
effects of two-temperature electrons on ion-acoustic solitary
structure.[*°! The interaction of two types of electron popula-
tions, namely, cold and hot, are present in many space observa-
tions, such as in the cusp and the auroral field lines,*% Bohm
sheath criterion,!?! auroral region,l32’33j NLCs in Earths
atmosphere,3*! etc. Electrons at two different temperatures
have also been encountered in laboratory devices such as in
double-plasma machines,?>! hot turbulent strong plasmas of

36371 hot cathode discharges,*8 and sputter-

39]

thermonuclear, [
ing magnetron plasma.[
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18-22,26-29,32,33] are limited

All of these previous studies!
to the study of the Korteweg de-Vries (K—dV) or Burger equa-
tion describing the solitary or shock waves, but not with Gard-
ner solitons (GSs) and double layers (DLs). However, the
K—dV and Burgers equations, which are derived for solitary
or shock waves, are not valid for a parametric regime corre-
sponding to A = 0 or A ~ 0 (where A is the coefficient of the
nonlinear term of the K—-dV or Burger equation). Moreover,
the above mentioned studies are limited to one-dimensional
(1D) planar geometry, which may not be the realistic situa-
tion in space and laboratory devices, since the waves observed
in space (laboratory devices) are certainly not infinite (un-
bounded) in one-dimension. "l A technique of analyzing SWs
and DLs, is the Gardner approach which leads to a modified
Gardner (MG) equation.*'~*3] From the numerical analysis of
the MG equation, permanent profile SW is found, which is
known as a Gardner soliton (GS).[*4% Recently, many au-
thors have successfully studied the nature of the GS,[4+1
which is found in the vicinity of some critical parameters as
well as near A = 0.

Therefore, in our present work, we are going to analyze
the nonplanar (which is valid for both cylindrical and spherical
geometries) DIA SWs and DLs in a DENP system (consisting
of positive and negative ions, Maxwellian cold electrons, non-
thermal hot electrons, and negatively charged static dust) by
using by the reductive perturbation method. >?!

The paper is organized as follows. The governing equa-
tions are provided in Section 2. The MG equation is derived by
using the reductive perturbation method in Section 3. The nu-
merical analysis is presented in Section 4. A brief discussion
is finally given in Section 5.

2. Governing equations

We consider the nonlinear propagation of the DIA waves
in an unmagnetized DENP containing inertial positive and
negative ions, Maxwellian cold electrons, non-thermal hot
electrons, and negatively charged static dust. Thus, at equi-
librium, we have Zpnpg = Zunno + Re1o + ne2o + Zango, where
np0, Mn0s Mel0» Me20, and ngo, are, respectively, positive ion,
negative ion, non-thermally distributed electron, Blotzmann
distributed electron, and negative dust number density at equi-
librium. The Z, (Z,) represents the charge state of the positive
(negative) ion. The number densities of two-temperature non-
thermal electrons, ne; and nes, >8] are given by

2
() o ()]

Ned = Nedo e(eq)/TeZ) .

Nel = Nel0

We are interested in examining the nonlinear propagation of
a low phase speed (in comparison with electron and ion ther-
mal speeds) perturbation mode on the time scale of the DIA

waves. The time scale of the DIA waves is much faster than
the dust plasma period so that dust can be assumed station-
ary. This model is relevant to dusty plasmas in the noctilucent
cloud region in Earths atmosphere, ! at the edges of the Au-
roral Kilometric Radiation source region,®¥ double-plasma
machines,*”! hot turbulent thermonuclear plasma,”! tf dis-
charge plasma,>*! etc., where electrons of different kinds in-
volving thermal effects are the major plasma species. The non-
linear dynamics of these low-frequency (purely electrostatic)
DIA waves in such a plasma system, whose phase speed is
much smaller (larger) than the electron (ion) thermal speed is
described by the normalized equations in the form of

% + riv%(rvnsus) =0, (1)

dup duy  d¢
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p=np—w(1+Bo+po*)e’ — e —nn,— g, (5)

where v = 0 for 1D planar geometry, and v = 1 (2) for a non-
planar cylindrical (spherical) geometry, n = 1 — (; — U — Uq,
ng is the number density of the species s (s = p for positive
ions, s = n for negative ions, s = el for non-thermal elec-
tron, and s = ¢2 for Blotzmann distributed electron) normal-
ized by its equilibrium value ny, u, (uy) is the positive (neg-
ative) ion fluid speed normalized by C, = (ZykgTe1/myp)'/?,
¢ is the electrostatic wave potential normalized by T /e, p
is the normalized surface charge density, u = Zymy/Zymy,
M1 = neto/Zpnpo, B = 4o/(1 +3a); o being the parame-
ter that determines the population of the non-thermal elec-
trons, Uy = ne20/Zphpo, Hd = Zandao/Zpnpo, Znhno/Zphpo =
1—py — Uy — U4, and o = T /Tep. It must be added here
that Tz (Tz2) is the lower (higher) electron temperature, kg is
the Boltzmann constant, and e is the magnitude of the elec-
tron charge. The time variable 7 is normalized by @, 1=
(mp/ 47rnp0Zl§ e2)!/2, and the space variable x is normalized by
Apbm = (kg Te1 /4mnpZ, ez)l/ 2. We are interested in the propa-
gation of a purely electrostatic perturbation mode on the time
scale of the IA waves. Thus, the frequency of this perturbation
mode is much higher than the dust-plasma-frequency. There-

fore, dust are assumed to be stationary. [55-571

3. Derivation of MG equation

To study GSs by analyzing the ingoing solutions of

Egs. (1)-(5), we first introduce the stretched coordinates: [42.58]
C=e(r—V), (6)
T =g, (7
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where € is a small parameter (0 < € < 1) measuring the weak-
ness of the dispersion, and V}, (normalized by Cp,) is the phase
speed of the perturbation mode and expand all the dependent
variables (i.e., ng, us, ¢, and p) in power series of €

ng=1 —|—£n§]) +82n§2) +83n£3) 4+

Ug = 0+8u§1) +82u§2> +83u£3) +---,

0=0+e0M) +£29@ +3¢0) ...

p=0+epM) +e2p@ +3p0) 4 ... (8)
Now, expressing Egs. (1)—~(5) in terms of { and 7, and sub-
stituting Eq. (8) into the resulting equations, one can easily

develop different sets of equations in various powers of €. To
the lowest order in €, one obtains

n_v o_ Vv 1

Mp _Vp7 np _V7p27 P()—O7 (9)
ny_ M n_ _H

Uy’ = Vp"” Ny szl//, (10)
V2o l+nu (a1

P+ mpB+ow’

where y = ¢(1). Equation (11) represents the linear disper-
sion relation for the DIA waves propagating in a dusty plasma
under consideration. To the next higher order in €, we obtain
a set of equations, which, after using Egs. (9)—(11), can be
simplified as

) = v ﬁ, i) = 3y ﬁ, (12)
v Y, Wi V2
W2 wryt pe® a2 3uty? ue® (13)
P17 A i v
p? = %sz =0, (14)
2
= V3p4— 3"’,}‘ — 1 — 4B — o, (15)

It is clear from Eq. (14) that A = 0 since W # 0. It is obvious
that equation (14) is satisfied for o = o, (critical value of o).

We have numerically shown how o, varies with u and
o. The results are displayed in Fig. 1 which in fact represents
the A = O surface plot, and provides us the parametric regimes
(which correspond to the regime above or below the A =0
surface plot) of our present interest.

0.20
Fig. 1. (color online) Variation of o, (obtained from A(c = o;) = 0)
with ¢ and o for u; = 0.4, u, = 0.2, and g =0.1.

Hence, for o around its critical value o., A = Ay can be
expressed as

dA
Ag~s (%)GZGC|G_GC| = sAGE, (16)
where Ag = dA/do,s=1for o > 6. and s = —1 for 0 < o.
Then, for & # o, we can express p'? as

1
p? ~ EssA(,yﬂ. 17)
This means that for o # o, p(z) must be included in the third-
order Poisson’s equation.
To the next higher order of €, we obtain a set of equations
as
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where F, = nf,l)ugz) + nr(,z)u,gl) + u£,3) and F, = né,]) ué,2> +

n$ul? +u® . Now, combining Egs. (10)~(13) and Egs. (18)—

(22), we obtain

Qv v v Loy Oy

where p = sAspo, ¢ = poqo, and

15 15’ o 9wB wo
P=ovs T avs T2 2 ;o @
PO B +om)

Equation (23) is a modified Gardner (MG) equation. The
modification is due to the extra term, (v/27)y, which arises
due to the effects of the nonplanar geometry. We have al-
ready mentioned that v = 0 corresponds to a 1D planar geom-
etry which reduces Eq. (23) to a standard Gardner (SG) equa-
tion. Our aim now is to numerically analyze the MG equa-
tion. However, for clear understanding, we first briefly discuss
the stationary GSs and DL solution of this sG equation (i.e.,
Eq. (23) with v =0).
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4. Numerical analysis

The exact analytical solution of Eq. (23) is not possible.
Therefore, we have numerically solved Eq. (23), and have
studied the effects of planar geometry DIA-GSs and DIA-
DLs. The stationary SW solution of the SG equation is ob-
tained by considering a moving frame (moving with speed Up)
& = { — Uy, and imposing all the appropriate boundary con-
ditions for the SW solution, including y — 0, dy/d& — 0,
and d?y/dE? — 0 at & — 4o, These boundary conditions

45]

for the stationary Gardner soliton (GS) solution!*! allow us to

express the SG equation as

BN L SO U U DU é)}
V= [sz (llfmz %d)cosh <A (9

where
U
Vinl 2 = Vnm {1a/1+7°], 7)
0

SA 0
Uo =212+ 2o, (28)

Vi = —5Ag/q0. Vo = A%s*po/6qo, and the width (A) of the
Gardner solitons (GSs) is given by

U (29)
90 Y¥Ym1 Ym2

We note that equation (26) represents an SW solution of
Eq. (23) with v = 0. Therefore, it is obvious that, to have GSs
we must have Uy < Vp, otherwise 1 » become imaginary. It
is clear from Eq. (15) that the solitary potential profile is pos-
itive (negative) if A > 0 (A < 0). Therefore, A(c = o) = 0,
where o, is the critical value of o above (below) which the
SWs with a positive (negative) potential exists, gives the value
of o.. We have the existence of the small amplitude SWs with
a positive potential for o < o, shown in Figs. 2 and 4 and with
a negative potential for ¢ > o, shown in Figs. 3 and 5.

Fig. 2. (color online) The effects of cylindrical geometry (v = 1) on
DIA positive GSs for Uy = 0.1, 4 =0.08, o« = 0.1, p; = 0.5, up = 0.2,
0=9.1,s=—1,and ug =0.1.

The stationary DL solution of the SG equation (23) is ob-
tained by considering a moving frame (moving with speed Up)

& = — Uy, and imposing all the appropriate boundary con-
ditions for the DL solution, including v — 0, dy/d& — 0,
and d?y/dé? — 0 at & — —oo. These boundary conditions
for the stationary DL solution!*3! allow us to express the SG
equation (23) as

_ Y ¢
V= > [1+tanh<A)], (30)

where the amplitude (y;,) and the width (A) of the DLs, and
Uy are given by

6Uy 24 SZA%,po
=5 L A= Up=—"2220 (31
Y =S e w2 640

Fig. 3. (color online) The effects of cylindrical geometry (v = 1) on
DIA negative GSs for Uy = 0.1, u =0.08, a = 0.1, u; = 0.5, u, = 0.2,
06=922,5s=1,and ug =0.1.

Fig. 4. (color online) The effects of spherical geometry (v = 2) on DIA
positive GSs for Up = 0.1, ¢ = 0.08, a = 0.1, u; = 0.5, up = 0.2,
oc=9.1,s=—1,and yq =0.1.

Fig. 5. (color online) The effects of spherical geometry (v = 2) on DIA
negative GSs for Uy = 0.1, u =0.08, = 0.1, u; = 0.5, up =0.2,
0=9.22,s=1,and yg =0.1.

075201-4



Chin. Phys. B Vol. 22, No. 7 (2013) 075201

It is clear from Eqgs. (30) and (31) that DLs exist if and
only if g9 < 0, i.e., 0 > op, where op is represented by the
qo = 0 surface plot shown in Fig. 6. Since pg > 0 and Uy > 0,
equations (30) and (31) indicate that the DLs are associated
with negative potential if s = 1, i.e., 0 > 0., and associated
with positive potential if s = —1, i.e., 0 < 0. It is obvious
from Fig. 6 that op > o, which confirms us that DLs are as-
sociated with negative potential only. The parametric regimes
for the existence of negative DLs are represented by Fig. 6, and
DLs exist for parameters corresponding to any point above the
qo = 0 surface plot.

0.20
Fig. 6. (color online) Showing the parametric regime for the existence

of DLs (obtained from the solutions of gg = 0 for o) for u; = 0.5,
Up =0.2,and pug =0.1.

1000

Fig. 7. (color online) The effects of cylindrical geometry on DIA neg-
ative DLs for Uy = 0.005, 6 = 15.92, p =0.08, o« = 0.1, u; = 0.5,
U =0.2,s=1,and ug =0.1.

It may be noted here that the solitary structures are hump
or dip shaped non-linear waves of permanent profile whereas
DLs can be thought of as an internal sheath separating plas-
mas at different potential within a plasma system. The pro-
file of DIA SWs beyond the Kortewegde Vries (KdV) limit
is mathematically defined as Eq. (26).1*%] The double layers
are achieved (higher order nonlinear term by balancing disper-
sion/dissipation) by a bipolar charge distribution. The profile
of DLs is mathematically defined as Eq. (30).°1 If we would
neglect the higher order nonlinear term (i.e., the fourth term
of Eq. (23) or the term containing y?), but would keep the
lower order nonlinear term (the third term of Eq. (23) or the
term containing w?), we would obtain the solitary structures
that are due to the balance between nonlinearity (associated

with y? only) and dispersion.!'®21>11 On the other hand, in
our present work, we have kept both the terms containing y?
and w3, and have obtained both SWs (as shown in Figs. 2-5)
and DLs (as shown in Figs. 7 and 8).

Fig. 8. (color online) The effects of spherical geometry on DIA negative
DLs for Up =0.005, 6 = 15.92, u =0.08, & = 0.1, u; =0.5, up = 0.2,
s=1,and g =0.1.

We have numerically solved Eq. (23), and have studied
the effects of nonplanar geometries on time-dependent DIA-
SWs and DIA-DLs. The initial condition that we have used in
our numerical analysis is in the form of the stationary solution
of Eq. (23) without the term (v /27)y. The results are depicted
in Figs. 2-8. Figures 2 (4) and 3 (5) show how the effects of
a cylindrical (spherical) geometry modify the DIA-GSs. The
numerical solutions of Eq. (23) (displayed in Figs. 2-8) re-
veal that for a large value of 7 (e.g., T = —30), the cylindrical
(v =1) and spherical (v = 2) DIA-SWs are almost similar to
1D planar (v = 0) structures. This is because for a large value
of 7, the term (v /27)y, which is due to the effects of the cylin-
drical or spherical geometry, is no longer dominant. However,
as the value of 7 decreases, the term (v/27)y becomes domi-
nant, and spherical and cylindrical DIA-SWs structures differ
from 1D planar ones. It is found that as the value of 7 de-
creases, the amplitude of these localized pulses increases. Fur-
thermore, the cylindrical SWs travel faster than the 1D SWs
but slower than the spherical ones, and that the amplitude of
cylindrical DIA-SWs structure is larger than those of 1D pla-
nar ones, but smaller than that of the spherical ones.

5. Discussion

We have considered the nonlinear propagation of DIA
waves in a plasma system consisting of inertial positive and
negative ions, Maxwellian cold electrons, non-thermal hot
electrons, and negatively charged static dust. The reductive
perturbation method has been employed in order to derive the
MG equation which is valid beyond the K—dV limit (corre-
sponding to the vanishing of the nonlinear coefficient of the
K-dV equation, i.e., 6 ~ O in our present situation). The re-
sults discovered from the numerical solutions of the MG equa-

tion can be given briefly below.
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First, the DENP system under consideration supports the
finite amplitude GSs and DLs, whose basic features (polarity,
amplitude, width, etc.) depend on the temperature ratio of two
electrons, dust density, and ion densities.

Second, the GSs represented by Eq. (26) for planar ge-
ometry and steady state condition are found to be significantly
different from the K—dV solitons represented in the form of
sech?(& /A), which do not exist for 6 ~ o.

Third, GSs are shown to exist around ¢ = o, and are
found to be different from the K—dV solitons, which do not
exist around ¢ = o,. We note that . = 9.210 for u = 0.08,
a=0.1,u; =05, up =0.2,and g =0.1.

Fourth, at o < o, positive GSs exist, and at 6 > O, neg-
ative GSs exist.

Fifth, it is also found that the magnitude of the amplitude
of positive and negative GSs decreases with ¢ and increases
with Up.

Sixth, the width of positive and negative GSs decreases
with o and Uj.

Seventh, the DLs having large width and negative poten-
tial, exist for ¢ > o, and no positive DLs are formed. We note
that op = 15.908 for u = 0.08, o = 0.1, u; = 0.5, pup = 0.2,
and ug =0.1.

Eighth, the magnitude of the amplitude of DLs increases
with the increase of ¢ and Uy. The width of positive DLs in-
creases with both ¢ and U.

Ninth, the numerical analysis of the MG equation indi-
cates that for a very large value of 7, the nonplanar DIA-DLs
are identical, but the magnitude of the amplitude of both cylin-
drical and spherical DIA-DLs increases with the increase of
the magnitude of 7.

Tenth, the amplitude of the cylindrical DIA-SWs and
DIA-DLs are larger than those of 1D ones, but smaller than
that of the spherical ones.

In our numerical analysis, we have used a wide range of
the plasma parameters (U4 = 0.1 —-0.9, u;y =0.1-0.9 u, =
0.1—0.9,0 =10—13, and @ = 0.1 — 0.5) that are relevant to
both space and laboratory plasmas. [!4:16-17.39]

It may be stressed here that the results of this investi-
gation could be useful for understanding the nonlinear fea-
tures of electrostatic disturbances in laboratory*®! and space

30,33]

plasmas,| particularly in noctilucent cloud region in

[341 at the edges of the Auroral Kilomet-

Earths atmosphere,
ric Radiation source region,® Saturns E-ring, double-plasma
machines,*>! hot turbulent thermonuclear plasma,”! rf dis-

[54] etc, where electrons of different kinds in-

charge plasma,
volving thermal effects are the major plasma species. Our
present investigation comprising of DIA SWs and DLs in non-
planar dusty plasma system is limited to small but finite am-
plitude SWs.

It may also be added here that the analysis of small or

large amplitude double layers, vortices, shocks, etc, would be
essential to describe the localized nonlinear perturbations of
such laboratory and space plasma but beyond the scope of our
present investigation.
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