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Uniqueness, reciprocity theorem, and plane waves in thermoelastic
diffusion with a fractional order derivative∗
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In this work, a theory of thermoelasticity with diffusion is taken into consideration by using the methodology of frac-
tional calculus. The governing equations for particle motion in a homogeneous anisotropic fractional order generalized
thermoelastic diffusive medium are presented. Uniqueness and reciprocity theorems are proved. The plane wave propaga-
tion in the homogeneous transversely isotropic thermoelastic diffusive medium with fractional order derivative is studied.
For the two-dimensional problem, there exist a quasi-longitudinal wave, a quasi-transverse wave, a quasi-mass diffusion
wave, and a quasi-thermal wave. From the obtained results, the different characteristics of waves, like phase velocity, atten-
uation coefficient, specific loss, and penetration depth, are computed numerically and presented graphically. Some special
cases are also discussed.
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1. Introduction

Diffusion is defined as the spontaneous movement of par-
ticles from a high concentration region to a low concentration
one, and it occurs in response to a concentration gradient ex-
pressed as the change in the concentration due to the change in
position. Thermal diffusion utilizes the transfer of heat across
a thin liquid or gas to accomplish the isotope separation. To-
day, thermal diffusion remains a practical approach to separate
isotopes of noble gases (e.g., xexon) and other light isotopes
(e.g., carbon) for research purposes.

Nowacki[1–3] developed the theory of thermoelastic dif-
fusion using the coupled thermoelastic model. Nowacki[4]

derived the basic equations for the generalized thermoelastic
diffusion. Sherief and Saleh[5] developed the generalized the-
ory of thermoelastic diffusion with one relaxation time, which
allows finite speeds of propagation of waves. With the diffu-
sion effects considered, Kumar and Kansal[6] derived the ba-
sic equations for the generalized thermoelastic diffusion (G-L
model) and discussed the Lamb waves. Kumar and Chawla[7]

investigated the fundamental solution in an orthotropic ther-
moelastic diffusion material. However, the important Green’s
function for the two-dimensional problem with a steady point
heat source in an orthotropic thermoelastic diffusion material
has not been discussed so far.

During recent years, several interesting models have been
developed by using fractional calculus to study the physical
processes, particularly in the areas of heat conduction, diffu-
sion, viscoelasticity, mechanics of solids, control theory, elec-
tricity, etc. It has been realized that the use of fractional or-

der derivatives and integrals leads to the formulation of cer-
tain physical problems which is more economical and use-
ful than the classical approach. There exists many materi-
als and physical situations like amorphous media, colloids,
glassy and porous materials, manmade and biological mate-
rials/polymers, transient loading, etc., for which the classi-
cal thermoelasticity based on the Fourier type heat conduc-
tion breaks down. In such cases, one needs to use a gen-
eralized thermoelasticity theory based on an anamolous heat
conduction model involving time fractional (non integer or-
der) derivatives.

Povstenko[8] proposed a quasi-static uncoupled theory of
thermoelasticity based on the heat conduction equation with
a time-fractional derivative of order α . Because the heat
conduction equation in the case 1 ≤ α ≤ 2 interpolates the
parabolic equation α = 1 and the wave equation α = 2, that
theory interpolates a classical thermoelasticity and a ther-
moelasticity without energy dissipation. He also obtained
the stresses corresponding to the fundamental solutions of a
Cauchy problem for the fractional heat conduction equation in
one-dimensional and two-dimensional cases.

Povstenko[9] investigated the nonlocal generalizations of
the Fourier law and heat conduction by using time and space
fractional derivatives. Youssef[10] proposed a new model of
thermoelasticity theory based on a new consideration of heat
conduction with fractional order and proved the uniqueness
theorem. Jiang and Xu[11] obtained a fractional heat conduc-
tion equation with a time fractional derivative in the general
orthogonal curvilinear coordinate and also in other orthogonal
coordinate systems. Povstenko[12] investigated the fractional
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radial heat conduction in an infinite medium with a cylindrical
cavity and the associated thermal stresses.

Ezzat[13] constructed a new model of the magneto-
thermoelasticity theory based on a new consideration of the
heat conduction equation by using the Taylor series expansion
of time fractional order developed by Jumarie[14] as[

𝑞+
τα

0
α!

∂ α𝑞

∂ tα

]
=−K∇T.

Ezzat[15] studied the state space approach to thermoelectric
fluid with fractional order heat transfer. The Laplace trans-
form and the state-space techniques were used to solve a one-
dimensional application for a conducting half space of thermo-
electric elastic material. Povstenko[16] investigated the gen-
eralized Cattaneo-type equations with time fractional deriva-
tives and formulated the theory of thermal stresses. Biswas
and Sen[17] proposed a scheme for the optimal control and
a pseudo state space representation for a particular type of
fractional dynamical equation. Jiang and Qi[18] investigated
a thermal wave model of bioheat transfer with the modified
Riemann–Liouville fractional derivative.

Uniqueness, reciprocity theorems, and variational prin-
ciple in the theory of thermoelastic materials with voids were
established by Lesan.[19] Uniqueness and reciprocity theorems
for the equations of the generalized thermoleastic diffusion
problem in isotropic media were proved by Sherief et al.[20]

on the basis of the variational principle equation. Aouadi[21,22]

proved the uniqueness and the reciprocity theorems for the
equations of the generalized thermoleastic diffusion problem
in both isotropic and anisotropic media by using the Laplace
transformation method. Sherief et al.[23] introduced a new
model of thermoelasticity using fractional calculus, proved a
uniqueness theorem, and derived a reciprocity relation and a
variational principle. El-Karamany and Ezzat[24] introduced
two models in which the fractional derivatives and integrals
were used to modify the Cattaneo heat conduction law,[25] and
proved the uniqueness and reciprocity theorems in the con-
text of thermoelasticity theory, the convolution principle was
given and used to prove a uniqueness theorem with no restric-
tions imposed on the elasticity or thermal conductivity tensors
except the symmetry conditions.

The elastic properties of spherically anisotropic piezo-
electric composites were studied by Poon et al.[26] Sharma[27]

studied the existence of longitudinal and transverse waves in
anisotropic thermoelastic media. The two-dimensional (2D)
problem of a generalized thermoelastic diffusion material hav-
ing a thermal source in a transversely isotropic thermoelas-
tic half-space was studied by Abbas et al.[28] Abbas and
Othman[29] studied a thermal shock problem in an isotropic
hollow cylinder having temperature dependent elastic moduli.
Lotfy[30] introduced a 2D problem of fibre-reinforced ther-
moelasticity under the effect of a magnetic field. The effect of

rotation on plane waves in a generalized thermo-microstretch
elastic solid for a mode-I crack problem was studied by Lotfy
and Othman.

In this paper, we attempt to combine the previous results
with the fractional order theory of generalized thermoelastic-
ity with diffusion. Uniqueness and reciprocity theorems are
proved. The plane wave propagation in a transversely isotropic
thermoelastic diffusive medium is studied. Some special cases
are also investigated.

2. Basic equations

The Riemann–Liouville fractional integral is intro-
duced as a natural generalization of the convolution type
integral[9,10,32,33]

Iα f (t) =
∫ t

0

(t− τ)α−1

Γ(α)
f (τ)dτ, α > 0. (1)

The Laplace transform rule for this fractional integral is

L[Iα f (t)] =
1
sα

L[ f (t)]. (2)

The Riemann–Liouville fractional derivative of fractional or-
der α is defined as the left-inverse of the fractional integral Iα

as

Dα
RL f (t) = DnIn−α f (t)

=
1

Γ(n−α)

dn

dtn

∫ t

0
(t− τ)n−α−1 f (τ)dτ,

n−1 < α < n. (3)

For the Laplace transform, the initial values of the fractional
integral In−α f (t) and its derivatives of order k = 1,2, . . . ,n−1
are required, as

L
[
Dα

RL f (t)
]
= sα L

[
f (t)
]
−

n−1

∑
k=0

sn−1−kDkIn−α f (0),

n−1 < α < n. (4)

We consider a homogeneous anisotropic generalized ther-
moelastic diffusive medium initially at uniform temperature
T0. Following Kuang,[34] the basic governing equations in
anisotropic, homogeneous thermoelastic solids with fractional
order derivative and diffusion include the equations of motion

σi j, j +ρFi = ρ üi, (5)

the stress–strain–temperature–diffusion relation

σi j = ci jlmelm + si j

(
T +

τα
1

α!
∂ α+1

∂ tα+1 T
)

+εi j

(
P+

(τ1)α

α!
∂ α+1

∂ tα+1 P
)
, (6)

the displacement–strain relation

ei j =
1
2
(ui, j +u j,i), (7)

the energy equation

−qi,i = ρT0Ṡ, (8)
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the entropy–strain–temperature–diffusion relation

ρT0S = ρCE

(
1+

(τ0)
α

α!
∂ α+1

∂ tα+1

)
T − si jT0ei j

+aT0

(
1+

(τ0)α

α!
∂ α+1

∂ tα+1

)
P, (9)

the Fourier’s law

qi =−Ki jT, j, (10)

the equation of mass diffusion

α
∗
i jP, ji =

∂C
∂ t

, (11)

and the chemical–strain–temperature–diffusion relation

C = b
(

1+
(τ1)α

α!
∂ α+1

∂ tα+1

)
P− εi jei j

+a
(

1+
(τ1)

α

α!
∂ α+1

∂ tα+1

)
T, (12)

where ∂ α/(∂ tα) is the Riemann–Liouville fractional deriva-
tive of fractional order α; T = θ − T0 is the temperature
change; θ is the absolute temperature; T0 is the reference uni-
form temperature of the body chosen such that |T/T0| � 1;
ρ , CE are the density and the specific heat at constant strain
respectively; qi is the heat conduction vector; τ0 and τ1 are
diffusion relaxation times with τ1 ≥ τ0 ≥ 0; τ0 and τ1 are
thermal relaxation times with τ1 ≥ τ0 ≥ 0; a is a measure of
the thermodiffusion effect; b is a measure of the diffusive ef-
fect; C is the concentration; α∗i j are the diffusion parameters;
si j and εi j are tensors of thermal and diffusion moduli, re-
spectively, Ki j = K ji is the thermal conductivity tensor, ci jlm

(ci jlm = clmi j = c jilm = ci jml) is the tensor of elastic constants,
σi j = σ ji are the components of the stress tensor, ui are the
components of the displacement vector, ei j = (ui, j +u j,i)/2
are the components of the strain tensor, and P and S are the
chemical potential and the entropy per unit mass, respectively.
The comma (,) before an index represents the partial space dif-
ferentiation.

3. Uniqueness theorem

Theorem 1 For a linear anisotropic thermoelastic dif-
fusion material occuping a regular region V with bound-
ary surface A in the three-dimensional space, there is only
one solution of functions: ui(𝑥, t),θ(𝑥, t),P(𝑥, t) of class
C(m)(m≥ 2), and σi j(𝑥, t),ei j(𝑥, t) of class C(1), for 𝑥 ∈
V +A having coordinates 𝑥 = (x1,x2,x3) at t ≥ 0 that satisfy
Eqs. (5)–(12) subject to the boundary conditions

ui(𝑥, t) =Ui(𝑥, t), T (𝑥, t) = ν(𝑥, t), P(𝑥, t) = υ(𝑥, t), (13)

and the initial conditions at t = 0

ui = u0
i ,

∂ui

∂ t
=

∂u0
i

∂ t
, T = T 0,

∂T
∂ t

=
∂T 0

∂ t
,

P = P0,
∂P
∂ t

=
∂P0

∂ t
, (14)

where u0
i , ∂u0

i /∂ t, T 0, ∂T 0/∂ t, P0, ∂P0/∂ t are known func-
tions. We assume that the Laplace transforms of all field vari-
ables exist; the material parameters satisfy the inequalities

T0 > 0, τ0 > 0, τ1 > 0, τ
0 > 0, τ

1 > 0, CE > 0, ρ > 0, (15)

and ci jlm, Ki j, α∗i j are positive definite.

Proof Let u(1)i ,T (1),P(1), . . . and u(2)i ,T (2),P(2), . . . be
two solution sets of Eqs. (5)–(10) with homogeneous initial
and boundary conditions. Let us take

ui = u(1)i −u(2)i , T = T (1)−T (2), P = P(1)−P(2). (16)

Functions ui, T , and P satisfy the governing equations and ho-
mogeneous initial and boundary conditions

σi j, j +ρFi = ρ
∂ 2ui

∂ t2 , (17)

σi j = ci jlmelm + si j

(
1+

(τ1)
α

α!
∂ α+1

∂ tα+1

)
T

+ εi j

(
1+

(τ1)α

α!
∂ α+1

∂ tα+1

)
P, (18)

ei j =
1
2
(ui, j +u j,i), (19)

−qi,i = ρT0
∂S
∂ t

, (20)

qi =−Ki jT, j, (21)

ρS = k
(

1+
(τ0)

α

α!
∂ α+1

∂ tα+1

)
T − si jei j

+a
(

1+
(τ0)α

α!
∂ α+1

∂ tα+1

)
P, (22)

α
∗
i jP, ji =

∂C
∂ t

, (23)

C = b
(

1+
(τ1)α

α!
∂ α+1

∂ tα+1

)
P− εi jei j

+a
(

1+
(τ1)

α

α!
∂ α+1

∂ tα+1

)
T, (24)

ui(𝑥, t) = 0, T (𝑥, t) = 0, P(𝑥, t) = 0, 𝑥 ∈ A, t > 0, (25)

ui(𝑥, t) = 0, T (𝑥, t) = 0, P(𝑥, t) = 0, 𝑥 ∈V, t = 0, (26)
∂ui

∂ t
(𝑥, t) = 0,

∂T
∂ t

(𝑥, t) = 0,
∂P
∂ t

(𝑥, t) = 0,

𝑥 ∈V, t = 0, (27)

where k = ρCE/T0. Performing the Laplace integral transform
defined as

f̄ (x,s) = L( f (x, t)) =
∫

∞

0
f (x, t)e−st dt (28)

on Eqs. (17)–(25) and omitting the bars for simplicity, we ob-
tain

σi j, j +ρFi = ρs2ui, (29)

σi j = ci jlmelm + si j

(
1+

(τ1)
α

α!
sα+1

)
T

+ εi j

(
1+

(τ1)α

α!
sα+1

)
P, (30)

ei j =
1
2
(ui, j +u j,i), (31)

−qi,i = ρT0sS, (32)
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qi =−Ki jT, j, (33)

ρS = k
(

1+
(τ0)

α

α!
sα+1

)
T − si jei j

+a
(

1+
(τ0)α

α!
sα+1

)
P, (34)

α
∗
i jP, ji = sC, (35)

C = b
(

1+
(τ1)α

α!
sα+1

)
P− εi jei j

+a
(

1+
(τ1)

α

α!
sα+1

)
T, (36)

ui(𝑥,s) = 0, T (𝑥, t) = 0, P(𝑥, t) = 0, 𝑥 ∈ A. (37)

Consider the integral∫
V

σi jei j dV =
∫

V
σi jui, j dV

=
∫

V
(σi jui), j dV −

∫
V

σi j, jui dV. (38)

Using the divergence theorem and taking into consideration
Eq. (25), we obtain∫

V
(σi jui), j dV =

∫
A

uiσi jn j dA = 0, (39)

thus equation (38) takes the form∫
V

σi jei j dV +
∫

V
σi j, jui dV = 0. (40)

By use of Eqs. (17) and (18), equation (40) can be written in
the form∫

V
(ci jlmelmei j +ρs2u2

i )dV + si j

(
1+

(τ1)
α

α!
sα+1

)∫
V

T ei j dV

+εi j

(
1+

(τ1)α

α!
sα+1

)∫
V

Pei j dV = 0. (41)

In order to obtain the integral
∫

V Tei j dV , let us follow Biot[35]

and introduce a vector φi connected with the entropy through
the relation

qi = T0
∂φi

∂ t
, ρS =−φi,i. (42)

Substituting Eq. (42) into Eqs. (33) and (34) and assuming that
φi(𝑥,0) = φi(𝑥,0) = 0, we obtain respectively

−T,i =
T0

Ki j
sφi, (43)

−φi,i = k
(

1+
(τ0)

α

α!
sα+1

)
T − si jei j

+a
(

1+
(τ0)α

α!
sα+1

)
P. (44)

Multiplying both sides of Eq. (43) by φi and integrating over
the region of the body, we obtain∫

V

(
T,i +

T0

Ki j
sφi

)
φi dV = 0. (45)

Using the divergence theorem and taking into consideration
Eq. (45), we get

T0

Ki j
s
∫

V
φ

2
i dV −

∫
V

T φi,i dV = 0. (46)

Using Eq. (44) in Eq. (46) yields

si j

∫
V

Tei j dV =
T0

Ki j
s
∫

V
φ

2
i dV + k

(
1+

(τ0)
α

α!
sα+1

)∫
V

T 2 dV

+a
(

1+
(τ0)α

α!
sα+1

)∫
V

PT dV. (47)

In order to obtain the integral
∫

V Pei j dV in Eq. (41), we intro-
duce the vector function ψi defined as

C =−ψi,i. (48)

Combining Eqs. (35) and (48) and assuming that ψi(𝑥,0) =
ψ̇i(𝑥,0) = 0, we obtain

α
∗
i jP, ji + sψi,i = 0. (49)

Equation (49) is satisfied if

α
∗
i jP, j + sψi = 0. (50)

Multiplying both sides of Eq. (50) with ψi and integrating over
the region of the body, we obtain∫

V
(α∗i jP, j + sψi)ψi dV = 0. (51)

Using the divergence theorem and taking into consideration
Eq. (25), we obtain∫

V
sψ

2
i dV −

∫
V

α
∗
i jPψi,i dV = 0. (52)

Making use of Eqs. (36) and (48) in Eq. (52) yields

εi j

∫
V

Pei j dV =
s

α∗i j

∫
V

ψ
2
i dV +b

(
1+

(τ1)α

α!
sα+1

)∫
V

P2 dV

+a
(

1+
(τ1)

α

α!
sα+1

)∫
V

PT dV. (53)

Equation (41) with the help of Eqs. (47) and (53) leads to∫
V
(ci jlmelmei j+ρs2u2

i )dV+
(

1+
(τ1)

α

α!
sα+1

)[ T0

Ki j
s
∫

V
φ

2
i dV

+k
(
1+

(τ0)
α

α!
sα+1

)∫
V

T 2 dV+a
(
1+

(τ0)α

α!
sα+1

)∫
V

PT dV
]

+
(
1+

(τ1)α

α!
sα+1

)[ s
α∗i j

∫
V

ψ
2
i dV+b

(
1+

(τ1)α

α!
sα+1

)∫
V

P2 dV

+ a
(
1+

(τ1)
α

α!
sα+1

)∫
V

PT dV
]
= 0. (54)

We note that under the condition
n2

4

(
1+

(τ1)
α

α!
sα+1

)[
2+((τ0)α +(τ1)

α)s
]2

< bk
(

1+
(τ1)α

α!
sα+1

)2(
1+

(τ0)
α

α!
sα+1

)
, (55)

the quadratic form

g =
(

1+
(τ1)

α

α!
sα+1

)(
1+

(τ0)
α

α!
sα+1

)∫
V

T 2 dV

+b
(

1+
(τ1)α

α!
sα+1

)2 ∫
V

P2 dV +a
(

1+
(τ1)

α

α!
sα+1

)
×
[
2+((τ0)α +(τ1)

α)
sα+1

α!

]∫
V

PT dV (56)

is nonnegative.
In the absence of relaxation time, inequality (55) takes

the form given by Aouadi.[36] Since the material parameters
are positive and the integrand in Eq. (54) is a sum of squares,
thus we conclude that

ui = T = P = ei j = σi j = 0. (57)
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That is, the Laplace transforms of all the difference func-
tions (16) are zeros, and according to Learch’s theorem,[37]

the inverse Laplace transform of each is unique, consequently

u(1)i = u(2)i , T (1) = T (2), P(1) = P(2). (58)

This proves the uniqueness of the solution to the complete sys-
tem of field equations subjected to the initial and boundary
conditions.

4. Reciprocity theorem

We consider a homogeneous anisotropic fractional or-
der generalized thermoelastic body occupying region V and
bounded by surface A. We assume that the stresses σi j and the
strains ei j are continuous together with their first derivatives,
whereas the displacements ui, temperature T , and chemical
potential P are continuous and have continuous derivatives up
to the second order, for 𝑥 ∈V +A, t > 0.

The components of surface traction, the normal compo-
nent of the heat flux, and the normal component of the equili-
brated stress vector at regular points of ∂V are given by

hi = σi jn j, q = Ki jT, jni, p = α
∗
i jP, jn j, (59)

where n j is the outward unit normal of ∂V .
To the system of field equations, we adjoin boundary con-

ditions (13) and homogeneous initial conditions (26) and (27).
We derive the dynamic reciprocity relationship for a frac-

tional order generalized thermoelastic body subjected to the
action of body forces Fi(𝑥, t), surface traction hi(𝑥, t), chemi-
cal flux p(𝑥, t), and heat flux q(𝑥, t), which satisfies Eqs. (29)–
(36), the boundary conditions (13), and the homogeneous ini-
tial conditions (26), (27).

We now consider two problems where applied body
forces, chemical potentials, and surface temperatures are spec-
ified differently. Let the variables involved in these two prob-
lems be distinguished by superscripts in parentheses. Thus,
we have u(1)i ,e(1)i j ,σ

(1)
i j ,T (1),P(1), .... for the first problem and

u(2)i ,e(2)i j ,σ
(2)
i j ,T (2),P(2), .... for the second problem. Each set

of variables satisfies the system of equations (29)–(36).
Using the strain–displacement relation, the assumption

σi j =σ ji, and the divergence theorem, with the aid of Eqs. (29)
and (59), we obtain∫

V
σ
(1)
i j e(2)i j dV =

∫
A

h(1)i u(2)i dA−ρ

∫
V

s2u(1)i u(2)i dV

+ρ

∫
V

F(1)
i u(2)i dV. (60)

A similar expression is obtained for the integral
∫

V σ
(2)
i j e(1)i j dV ,

from which together with Eq. (60), it follows that∫
V

[
σ
(1)
i j e(2)i j −σ

(2)
i j e(1)i j

]
dV

=
∫

A

[
h(1)i u(2)i −h(2)i u(1)i

]
dA

+Pρ

∫
V

[
F(1)

i u(2)i −F(2)
i u(1)i

]
dV. (61)

Now multiplying Eq. (30) by e(2)i j and e(1)i j for the first and
the second problems, respectively, subtracting and integrating
over region V and using the symmetry properties of ci jlm, we
obtain∫

V

[
σ
(1)
i j e(2)i j −σ

(2)
i j e(1)i j

]
dV

=
∫

V
si j

(
1+

(τα
1 )

α!
sα+1

)[
T (1)e(2)i j −T (2)e(1)i j

]
dV

+
∫

V
εi j

(
1+

(τ1)α

α!
sα+1

)[
P(1)e(2)i j −P(2)e(1)i j

]
dV. (62)

Equating Eqs. (61) and (62), we get the first part of the reci-
procity theorem∫

A

[
h(1)i u(2)i −h(2)i u(1)i

]
dA+ρ

∫
V

[
F(1)

i u(2)i −F(2)
i u(1)i

]
dV

=
∫

V
si j

(
1+

(τα
1 )

α!
sα+1

)[
T (1)e(2)i j −T (2)e(1)i j

]
dV

+
∫

V
εi j

(
1+

(τ1)α

α!
sα+1

)[
P(1)e(2)i j −P(2)e(1)i j

]
dV, (63)

which contains the mechanical causes of motion Fi, Ti.
From Eqs. (32)–(34), we obtain

Ki jT, ji = T0s
[
k
(

1+
(τ0)

α

α!
sα+1

)
T − si jei j

+a
(

1+
(τ0)α

α!
sα+1

)
P
]
. (64)

To derive the second part, multiplying Eq. (64) by T (2) and
T (1) for the first and the second problems, respectively, sub-
tracting and integrating over region V , we obtain∫

V

[
Ki j(T

(1)
, j T (2)−T (2)

, j T (1))
]
,i

dV

= T0s
(

1+
(τ0)

α

α!
sα+1

)∫
V

a
(
P(1)T (2)−P(2)T (1))dV

−T0s
∫

V
si j
(
e(1)i j T (2)− e(2)i j T (1))dV. (65)

By using the divergence theorem and with the aid of Eqs. (13)
and (59), equation (65) becomes∫

A

(
q(1)ν(2)−q(2)ν(1))dA

= T0s
(

1+
(τ0)

α

α!
sα+1

)∫
V

a
(
P(1)T (2)−P(2)T (1))dV

−T0s
∫

V
si j
(
e(1)i j T (2)− e(2)i j T (1))dV. (66)

Equation (66) constitutes the second part of the reciprocity
theorem, which contains the thermal causes of motion ν and
q.

Using Eqs. (35) and (36), we obtain

α
∗
i jP, ji = s

[
b
(

1+
(τ1)α

α!
sα+1

)
P− εi jei j

+a
(

1+
(τ1)

α

α!
sα+1

)
T
]
. (67)

Now multiplying Eq. (67) by P(2) and P(1) for the first and
the second problems, respectively, subtracting and integrating
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over region V, we obtain∫
V

α
∗
i j
(
P(1)
, ji P(2)−P(2)

, ji P(1))dV

= s
(

1+
(τ1)

α

α!
sα+1

)∫
V

a
(
P(2)T (1)−P(1)T (2))dV

−s
∫

V
εi j
(
e(1)i j P(2)− e(2)i j P(1))dV. (68)

By using the divergence theorem and with the aid of Eqs. (13)
and (59), equation (68) becomes∫

A

(
p(1)υ(2)− p(2)υ(1))dA

= s
(

1+
(τ1)

α

α!
sα+1

)∫
V

a
(
P(2)T (1)−P(1)T (2))dV

−s
∫

V
εi j
(
e(1)i j P(2)− e(2)i j P(1))dV. (69)

Equation (69) constitutes the third part of the reciprocity the-
orem, which contains the chemical potential causes of motion
υ and p.

Eliminating the integrals
∫

V εi j(e
(1)
i j P(2)− e(2)i j P(1))dV

and
∫

V si j(e
(1)
i j T (2)− e(2)i j T (1))dV from Eqs. (63), (66),

and (69), we obtain

T0s
∫

A

[
h(1)i u(2)i −h(2)i u(1)i

]
dA

+ρsT0

∫
V

[
F(1)

i u(2)i −F(2)
i u(1)i

]
dV

−T0s
(

1+
(τ1)

α

α!
sα+1

)(
1+

(τ0)α

α!
sα+1

)
×
∫

V
a
(
P(1)T (2)−P(2)T (1))dV

+
∫

A

(
1+

(τ1)
α

α!
sα+1

)(
q(1)ν(2)−q(2)ν(1))dA

+T0s
∫

V
a
(

1+
(τ1)

α

α!
sα+1

)(
1+

(τ1)α

α!
sα+1

)
×
(
T (1)P(2)−T (2)P(1))dV

+T0

(
1+

(τ1)α

α!
sα+1

)∫
A

(
p(1)υ(2)− p(2)υ(1))dA = 0. (70)

This is the general reciprocity theorem in the Laplace trans-
form domain.

To invert the Laplace transform in Eqs. (63), (66), (69),
and (70), we shall use the convolution theorem

L−1{F(s)G(s)} =
∫ t

0
f (t−ξ )g(ξ )dξ

=
∫ t

0
g(t−ξ ) f (ξ )dξ , (71)

and the symbolic notations

M( f ) = 1+
(τ1)

α

α!
∂ α f (x,ξ )

∂ξ α
,

Q( f ) = 1+
(τ1)α

α!
∂ α f (x,ξ )

∂ξ α
,

K( f ) = 1+
(τ1)

α +(τ1)α

α!
∂ α f (x,ξ )

∂ξ α

+(τ1)
α(τ1)α ∂ 2α f (x,ξ )

∂ξ 2α
,

H( f ) = 1+
(τ0)

α

α!
∂ α f (x,ξ )

∂ξ α
,

L( f ) = 1+
(τ1)

α +(τ0)
α

α!
∂ α f (x,ξ )

∂ξ α

+(τ1)
α(τ0)

α ∂ 2α f (x,ξ )
∂ξ 2α

. (72)

Inverting Eq. (63), we obtain the first part of the reciprocity

theorem in the final form∫
A

∫ t

0
h(1)i (x, t−ξ )u(2)i (x,ξ )dξ dA

+ρ

∫
V

∫ t

0
F(1)

i (x, t−ξ )u(2)i (x,ξ )dξ dV

−
∫

V

∫ t

0
si jT (1)(x, t−ξ )M(e(2)i j )(x,ξ )dξ dV

−
∫

V

∫ t

0
εi jP(1)(x, t−ξ )Q(e(2)i j )(x,ξ )dξ dV = S12

21. (73)

Inverting Eq. (66), we obtain the second part of the reciprocity

theorem in the final form∫
A

∫ t

0
q(1)(x, t−ξ )ν(2)(x,ξ )dξ dA

+T0s
∫

V

∫ t

0
si je

(1)
i j (x, t−ξ )T (2)(x,ξ )dξ dV

+T0

∫
V

∫ t

0
aP(1)(x, t−ξ )

∂H(T (2))

∂ξ
(x,ξ )dξ dV = S12

21. (74)

Inverting Eq. (69), we obtain the third part of the reciprocity

theorem in the final form∫
A

∫ t

0
p(1)(x, t−ξ )υ(2)(x,ξ )dξ dA

+
∫

V

∫ t

0
εi je

(1)
i j (x, t−ξ )

∂P(2)

∂ξ
(x,ξ )dξ dV

−
∫

V

∫ t

0
aP(2)(x, t−ξ )

∂M(T (1))

∂ξ
(x,ξ )dξ dV = S12

21. (75)

Finally, inverting Eq. (70), we obtain the general reciprocity

theorem in the final form

T0

∫
A

∫ t

0
h(1)i (x, t−ξ )

∂u(2)i
∂ξ

(x,ξ )dξ dA

+ρT0

∫
V

∫ t

0
F(1)

i (x, t−ξ )
∂u(2)i
∂ξ

(x,ξ )dξ dV

−T0

∫
A

∫ t

0
aP(1)(x, t−ξ )

∂L(T (2))

∂ξ
(x,ξ )dξ dA

+
∫

A

∫ t

0
q(1)(x, t−ξ )M(ν(2))(x,ξ )dξ dA

+T0

∫
A

∫ t

0
aT (1)(x, t−ξ )

∂K(P(2))

∂ξ
(x,ξ )dξ dA

+T0

∫
A

∫ t

0
p(1)(x, t−ξ )Q(υ(2))(x,ξ )dξ dA = S12

21. (76)

Here S12
21 indicates the same expression as that on the left-hand

side except that the superscripts (1) and (2) are interchanged.
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5. Formulation of the problem

From Eqs. (5) and (6), the equation of motion without
body force is

ci jlmelm, j + si j

(
T +

τα
1

α!
∂ α+1

∂ tα+1 T
)
, j

+εi j

(
P+

(τ1)α

α!
∂ α+1

∂ tα+1 P
)
, j
= ρ

∂ 2ui

∂ t2 . (77)

From Eqs. (8)–(10), the equation of heat conduction is

Ki jT, ji = kT0

(
∂

∂ t
+

(τ0)
α

α!
∂ α+2

∂ tα+2

)
T − si jT0

∂

∂ t
ei j

+aT0

(
∂

∂ t
+

(τ0)α

α!
∂ α+2

∂ tα+2

)
P. (78)

From Eqs. (11) and (12), the equation of chemical potential is

α
∗
i jP, ji = b

(
∂

∂ t
+

(τ1)α

α!
∂ α+2

∂ tα+2

)
P− εi j ėi j

+a
(

∂

∂ t
+

(τ1)
α

α!
∂ α+2

∂ tα+2

)
T. (79)

6. Transversely isotropic media

Applying the transformation[38]

x′1 = x1cosφ + x2sinφ , x′2 =−x1sinφ + x2cosφ , x′3 = x3, (80)

where φ is the angle of rotation in the x1–x2 plane, into
Eqs. (77)–(79), we obtain the basic equations for the homo-
geneous transversely isotropic thermodiffusive elastic solid

c11u1,11 + c12u2,21 + c13u3,31 + c66(u1,22 +u2,12)

+c44(u1,33 +u3,13)− s1

(
T +

τα
1

α!
∂ α+1

∂ tα+1 T
)
,1

−ε1

(
P+

(τ1)α

α!
∂ α+1

∂ tα+1 P
)
,1
= ρ

∂ 2u1

∂ t2 , (81)

c11u2,22 + c44u2,33 + c13u3,31 + c66(u1,21 +u2,11)

+(c13 + c44)u3,32− s2

(
T +

τα
1

α!
∂ α+1

∂ tα+1 T
)
,2

−ε2

(
P+

(τ1)α

α!
∂ α+1

∂ tα+1 P
)
,2
= ρ

∂ 2u2

∂ t2 , (82)

(c13 + c44)(u1,13 +u2,23)+ c44(u3,11 +u3,22)+ c33u3,33

−s3

(
T +

τα
1

α!
∂ α+1

∂ tα+1 T
)
,3
− ε3

(
P+

(τ1)α

α!
∂ α+1

∂ tα+1 P
)
,3

= ρ
∂ 2u3

∂ t2 , (83)

K1(T,11 +T,22)+K3T,33

= kT T0

(
∂

∂ t
+

τα
0

α!
∂ α+2

∂ tα+2

)
+aPT0

(
∂

∂ t
+

(τ0)α

α!
∂ α+2

∂ tα+2

)
+T0

(
s1

∂

∂ t
(u1,1 +u2,2)+ s3

∂u3,3

∂ t

)
, (84)

α
∗
1 (P,11 +P,22)+α

∗
3 P,33

= aT T0

(
∂

∂ t
+

τα
1

α!
∂ α+2

∂ tα+2

)
+bP

(
∂

∂ t
+

(τ1)α

α!
∂ α+2

∂ tα+2

)
+
(

ε1
∂

∂ t
(u1,1 +u2,2)+ ε3

∂u3,3

∂ t

)
, (85)

where

si j =−siδi j, εi j =−εiδi j, Ki j = Kiδi j,

α
∗
i j = α

∗
i δi j, (i is not summed)

s1 = (c11 + c12)α1 + c13α3, s3 = 2c13α1 + c33α3,

ε1 = (c11 + c12)α1c + c13α3c, ε3 = 2c13α1c + c33α3c.

In Eqs. (81)–(85), we use the contracting subscript notations
11→ 1, 22→ 2, 33→ 3, 23→ 4, 13→ 5, 12→ 6 to relate
ci jkm to cln (i, j,k,m = 1,2,3 and l,n = 1,2, . . . ,6).

For the two-dimensional problem, we have

u = (u1,0,u3), P(x1,0,x3), T (x1,0,x3). (86)

We define the following dimensionless quantities:

x′i =
ω∗1 xi

c1
, u′i =

ω∗1 ui

c1
, t ′ = ω

∗
1 t, τ

′
0 = ω

∗
1 τ0, τ

′
1 = ω

∗
1 τ1,

τ
0′ = ω

∗
1 τ

0, τ
1′ = ω

∗
1 τ

1,P′ =
P
ε1
, T ′ =

s1T
c11

,

c2
1 =

c11

ρ
, ω

∗
1 =

ρCEc11

K1
. (87)

Upon introducing the dimensionless quantities defined by
Eq. (87) in Eqs. (81)–(85) with the aid of Eq. (86) and after
suppressing the primes, we obtain

u1,11 +δ1u3,31 +δ2u1,33− τ11T,1−δ3τ10P,1 =
∂ 2u1

∂ t2 , (88)

δ1u1,13 +δ2u3,11 +δ4u3,33− s̄τ11T,3−δ5τ10P,3 =
∂ 2u3

∂ t2 , (89)

δ8
∂u1,1

∂ t
+δ9

∂u3,3

∂ t
+δ6τ12T − (T,11 + K̄T,33)

+δ7τ13P = 0, (90)

δ12
∂u1,1

∂ t
+δ13

∂u3,3

∂ t
+δ10τ11

∂T
∂ t
− (P,11 + ᾱP,33)

+δ11τ10
∂P
∂ t

= 0, (91)

where δ1−δ13 and τ10− τ13 are given in Appendix A.

7. Solution of the problem
For plane harmonic waves, we assume the solution of

Eqs. (88)–(91) taking the form

(u1,u2,u3,T,P) = (U1,U2,U3,T ∗,P∗)

×exp
[
ι(ξ (x1l1 + x3l3)−ωt)

]
, (92)

where ω is the circular frequency, ξ is the complex wave num-
ber, U1, U2, U3, T ∗, and φ ∗ are undetermined amplitude vec-
tors that are independent of time t and coordinates xi (i = 1,3),
and l1 and l3 are the direction cosines of the wave normal onto
the x1–x3 plane with the property l2

1 + l2
3 = 1.

Substituting the values of u1, u2, u3, T , P from Eq. (92)
into Eqs. (88)–(91), we obtain

[−ξ
2l2

1 −ξ
2l2

3δ2 +ω
2]U1 +[−ξ

2l1l3δ1]U3− ιξ l1τ11T ∗

−ιξ l1δ3τ10P∗ = 0, (93)

[−ξ
2l1l3δ1]U1 +[−ξ

2l2
1δ2−ξ

2l2
3δ4 +ω

2]U3− ιξ s̄l3τ11T ∗
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−ιξ l3τ10δ5P∗ = 0, (94)

[ξ l1ωδ8]U1 +[ξ l3ωδ9]U3 +[δ6τ12 +ξ
2l2

1 + k̄ξ
2l2

3 ]T
∗

+δ7τ13P∗ = 0, (95)

[ξ l1ωδ12]U1 +[ξ l3δ13ω]U3 +δ10τ11T ∗+[δ11τ10 +ξ
2l2

1

+ᾱξ
2l2

3 ]P
∗ = 0, (96)

where τ10–τ15, k̄, s̄ and ᾱ are given in Appendix A.

The non-trivial solution of Eqs. (93)–(96) is ensured by
the determinantal equation

∣∣∣∣∣∣∣∣∣
−ξ 2l2

1 −ξ 2l2
3δ2 +ω2 −ξ 2l1l3δ1 −ιξ l1τ11 −ιξ l1δ3τ10

−ξ 2l1l3δ1 −ξ 2l2
1δ2−ξ 2l2

3δ4 +ω2 −ιξ s̄l3τ11 −ιξ l3τ10δ5

ξ l1ωδ8 ξ l3ωδ9 δ6τ12 +ξ 2l2
1 + k̄ξ 2l2

3 δ7τ13

ξ l1ωδ12 ξ l3δ13ω δ10τ11 δ11τ10 +ξ 2l2
1 + ᾱξ 2l2

3

∣∣∣∣∣∣∣∣∣= 0. (97)

Equation (97) yields the following polynomial characteristic
equation in ξ :

F1ξ
8 +F2ξ

6 +F3ξ
4 +F4ξ

2 +F5 = 0, (98)

where coefficients F1, F2, F3, F4, and F5 are given in Appendix
A. Solving Eq. (98), we obtain eight roots of ξ , that is, ±ξ1,
±ξ2, ±ξ3, and ±ξ4. Corresponding to these roots, there exist
four waves in descending order of their velocities, namely, a
quasi-longitudinal (qP) wave, a quasi-transverse (qSV) wave,
a quasi-mass diffusion (qMD) wave, and a quasi-thermal (qT)
wave. Now we derive the expressions of phase velocity, at-
tenuation coefficient, specific loss, and penetration depth for
these waves.

The phase velocity is given by

Vi =
ω

|Re(ξi)|
, (99)

where Vi (i = 1,2,3,4) are, respectively, the velocities of qP,
qSV, qMD, and qT waves.

The attenuation coefficient is defined as

Qi = Im(ξi), (100)

where Qi (i = 1,2,3,4) are, respectively, the attenuation coef-
ficients of qP, qSV, qMD, and qT waves.

The specific loss is the ratio of energy (∆W ) dissipated in
taking a specimen through a stress cycle to the elastic energy
(W ) stored in the specimen when the strain is a maximum. The
specific loss is the most direct method for defining the internal
friction of a material. For a sinusoidal plane wave of small am-
plitude, Kolksy[39] showed that the specific loss ∆W/W equals
4π times the absolute value of the imaginary part of ξ to the
real part of ξ , i.e.,

Ri =
(

∆W
W

)
i
= 4π

∣∣∣ Im(ξi)

Re(ξi)

∣∣∣, i = 1,2,3,4. (101)

The penetration depth is defined as

Si =
1

Im(ξi)
, i = 1,2,3,4. (102)

Now we discuss some particular cases. (i) In the absence
of diffusion, i.e., when ε1 = ε3 = α∗3 = 0, the characteris-
tic equation (98) reduces to the characteristic equation cor-
responding to the transversely isotropic fractional order ther-

moelastic medium

G1ξ
6 +G2ξ

4 +G3ξ
2 +G4 = 0,

where G1, G2, G3, and G4 are given in Appendix A.
(ii) If α = 1 in Eqs. (6), (9), and (12), the correspond-

ing results reduce to the case of the Green–Lindsay theory of
thermoelasticity with diffusion.

8. Numerical results and discussion
The material chosen for this purpose is magnesium,

whose physical parameters are given by

c11 = 5.974×1010 kg ·m−1 · s−2,

c12 = 2.624×1010 kg ·m−1 · s−2,

c13 = 2.17×1010 kg ·m−1 · s−2,

c33 = 6.17×1010 kg ·m−1 · s−2,

c44 = 3.278×1010 kg ·m−1 · s−2,

T0 = 298 K, CE = 0.104×103 J ·kg−1 ·K−1,

α1 = 2.33×10−5 K−1, α3 = 2.48×10−5 K−1,

α1c = 2.65×10−4 m3 ·kg−1, α3c = 2.83×10−4 m3 ·kg−1,

a = 2.9×104 m2 · s−2 ·K−1, b = 32×105 kg−1 ·m5 · s−2,

α
∗
1 = 0.75×10−8 kg · s ·m−3, α

∗
3 = 0.85×10−8 kg · s ·m−3,

ρ = 1.74×103 kg ·m−3, K1 = 0.170×103 W ·m−1 ·K−1,

K3 = 0.170×103 W ·m−1 ·K−1,

τ0 = 0.02 s, τ1 = 0.01 s, τ
0 = 0.03 s, τ

1 = 0.04 s.

We can solve Eq. (98) with the help of Matlab software. After
solving Eq. (98) and using the formulas given by Eqs. (99)–
(102), we can compute the values of phase velocity, attenua-
tion coefficient, specific loss, and penetration depth for inter-
mediate values of frequency ω and different values of frac-
tional order derivative, i.e., α = 0.5, 1.0, 1.5. In all the fig-
ures, the horizontal lines, square boxes, and vertical lines cor-
responds to α = 0.5, 1.0, and 1.5, respectively.

Figure 1 shows that for fractional orders α = 1.0, 1.5,
phase velocity V1 decreases smoothly, whereas for α = 0.5,
V1 increases sharply for small values of ω and decreases as ω

increases further. It is evident from Fig. 2 that V2 increases
smoothly with the increase in fractional order. Figure 3 shows
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that V3 first increases rapidly and then shows the constant be-
havior for α = 0.5, 1.0, whereas for α = 1.5, it decreases
smoothly as ω increases further. Figure 4 indicates that V4

first decreases smoothly and then becomes constant as ω in-
creases further for all fractional orders. In the frequency range
20 < ω < 80, the maximum value of V4 occurs for α = 0.5.
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Fig. 1. Variation of phase velocity V1 with frequency ω .
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Fig. 2. Variation of phase velocity V2 with frequency ω .
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Fig. 3. Variation of phase velocity V3 with frequency ω .
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Fig. 4. Variation of phase velocity V4 with frequency ω .

It is noticed from Fig. 5 that Q1 increases with small vari-
ations for all fractional orders with the maximum value occur-
ring for α = 1.5. Figure 6 shows that Q2 increases smoothly as
fractional order α increases. From Fig. 7, it is evident that Q3

shows the same behavior and variation as Q1 but with different
magnitudes. Figure 8 indicates that Q4 increases as frequency
ω increases for all fractional orders.

Figure 9 shows that for α = 0.5, R1 increases initially and
then becomes constant, whereas for α = 1.0, 1.5, R1 increases
smoothly with frequency. Figure 10 indicates that R2 shows
the behavior opposite to that of R1. It is evident from Fig-
ure 11 that R3 increases initially and then becomes constant
for α = 0.5, 1.0 and increases smoothly for α = 1.5. Fig-
ure 12 shows that R4 decreases rapidly for small values of ω

and becomes constant as ω increases further with higher val-
ues for fractional order α = 0.5. Figure 13 shows that pene-
tration depth S1 sharply decreases initially and then shows the
constant behavior with difference in their magnitude values.
Figure 14 indicates that S2 decreases smoothly for all frac-
tional orders and shows constant behavior lastly. Figures 15
and 16 depict that S3 and S4 decrease sharply and then show
the constant behavior as ω increases further.
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Fig. 5. Variation of attenuation coefficient Q1 with frequency ω .
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Fig. 6. Variation of attenuation coefficient Q2 with frequency ω .
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Fig. 7. Variation of attenuation coefficient Q3 with frequency ω .
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Fig. 8. Variation of attenuation coefficient Q4 with frequency ω .
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Fig. 11. Variation of specific loss R3 with frequency ω .
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Fig. 14. Variation of penetration depth S2 with frequency ω .
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Fig. 16. Variation of penetration depth S4 with frequency ω .

9. Conclusion
A model of anisotropic, homogeneous thermoelastic dif-

fusion solid with a fractional order derivative based on the the-
ory of Green and Lindsay is given. The uniqueness theorem
of the solution of the initial boundary value problem is proved,
and the dynamic reciprocity theorem is derived for the given
model. The governing equations for the transversely isotropic
thermoelastic material with fractional order derivative and dif-
fusion are presented. For the two-dimensional problem, there
exist a quasi-longitudinal wave, a quasi-transverse wave, a
quasi-mass diffusion wave, and a quasi-thermal wave. The

phase velocity, attenuation coefficient, specific loss, and pene-
tration depth are computed numerically and presented graph-
ically. Some particular cases are also discussed. From the
figures, it is observed that phase velocities V1, V2, V3, attenua-
tion coefficients Q1, Q3, and specific losses R3, R4 are higher
for fractional order α = 1.5.

Appendix A

δ1 =
c13 + c44

c11
, δ2 =

c44

c11
, δ3 =

ε2
1

c11
, δ

=
4

c33

c11
,

δ5 =
ε1ε3

c11
, δ6 =

c2
11CE

K1s1ω∗1
, δ7 =

nT0ε1c11

ρK1ω∗1
,

δ8 =
s1c11T0

ρK1ω∗1
, δ9 =

s3c11T0

ρK1ω∗1
, δ10 =

aT0c2
11

ρα∗1 s1ω∗1
,

δ11 =
bc2

1ε1

α∗1 ω∗1
, δ12 =

c2
1ε1

α∗1 ω∗1
, δ13 =

c2
1ε3

α∗1 ω∗1
,

ᾱ =
α∗3
α∗1

, k̄ =
K3

K1
, s̄ =

s3

s1
, τ10 = 1+

(τ1)α

α!
∂ α+1

∂ tα+1 ,

τ11 = 1+
(τ1)

α

α!
∂ α+1

∂ tα+1 , τ12 = 1+
(τ0)

α

α!
∂ α+1

∂ tα+1 ,

τ13 = 1+
(τ0)α

α!
∂ α+1

∂ tα+1 , τ
10 = 1+

(τ1)α

α!
(−ιω)α+1,

τ
11 = 1+

(τ1)
α

α!
(−ιω)α+1, τ

12 = 1+
(τ0)

α

α!
(−ιω)α+1,

τ
13 = 1+

(τ0)α

α!
(−ιω)α+1, τ

14 =−ιω +
(τ1)

α

α!
(−ιω)α+2,

τ
15 =−ιω +

(τ1)α

α!
(−ιω)α+2,

F1 = A10A16(A0A4−A2
1),

F2 =−A4A10A16ω
2−A0C1−A1C2 +A7A16(A1A5 +A2A4)

+A10A12(A1A6 +A3A4),

F3 =C1ω
2−A0D1−A1D2 +A7C3−A12C4,

F4 = D1−A0A9A15 +A3A7A14−A12(A3A9−A2A11),

F5 = ω
4A9A15,

A0 = l2
1+δ2l2

3 , A1 =−l1l3δ1, A2 =−ι l1τ
11,

A3 =−ι l1δ3τ
10, A4= l2

1δ2+l2
3δ4, A5 =−ι s̄l3τ

11,

A6 =−ι l3τ
10

δ5, A7 = l1ωδ8, A8= l3ωδ9,

A9 = δ6τ
12, A10 = l2

1 l2
3 K̄, A11 = δ7τ

13, A12 = l1ωδ12,

A13 = l3ωδ13, A14 = δ10τ
14, A15 = δ11τ

15, A16 = l2
1 + ᾱl2

3 ,

C1 =−(A4(A9A16 +A10A15)−ω
2A10A16 +A5A8A16

+A6A10A13),

C2 = A1(A9A16+A10A15)−A2A8A16 +A3A10A13,

C3 = A1(A5A15−A6A14)−A2(ω
2A16−A4A15−A6A13)

−A3(A4A14 +A5A13),

C4 = A1(A5A11−A6A9)+A2(A4A11 +A6A8)
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+A3(ω
2A10−A4A9−A5A8),

D1 =−A4A9A15 +ω
2(A9A16 +A10A15)

−A8(A5A15−A6A14)+A13(A5A11−A6A9),

D2 = A1(A9A15−A11A14)−A8(A2A15−A3A14)

+A13(A2A11−A3A9).

References
[1] Nowacki W 1974 Bulletin of Polish Academy of Sciences Series, Sci-

ence and Technology 22 55
[2] Nowacki W 1974 Bulletin of Polish Academy of Sciences Series, Sci-

ence and Technology 22 129
[3] Nowacki W 1974 Bulletin of Polish Academy of Sciences Series, Sci-

ence and Technology 22 275
[4] Nowacki W 1974 Proc. Vib. Prob. 15 105
[5] Sherief H H and Saleh H 2005 Int. J. of Solids and Struct 42 4484
[6] Kumar R and Kansal T 2008 Int. J. Solids and Struct 45 5890
[7] Kumar R and Chawla V 2011 Int. Commun. Heat Mass Transfer 38

456
[8] Povstenko Y Z 2005 J. Therm. Stress 28 83
[9] Povstenko Y Z 2009 J. Mathematical Stresses 162 296

[10] Youssef H M 2010 J. Heat Transfer 132 1
[11] Jiang X Y and Xu M Y 2010 Physica A 389 3368
[12] Povstenko Y Z 2010 Mech. Res. Commun. 37 436
[13] Ezzat M A 2011 Physica B 406 30
[14] Jumarie G 2010 Comput. Math. Appl. 59 1142
[15] Ezzat M A 2011b Applied Mathematical Modelling 35 4965
[16] Povstenko Y Z 2011 J. Therm. Stress 34 97

[17] Biswas R K and Sen S 2011 Journal of Vibration and Control 17 1034
[18] Jiang X Y and Qi H T 2012 J. Phys. A: Math. Theor. 45 485101
[19] Iesan D 1986 Acta Mechanica 60 67
[20] Sherief H H, Saleh H and Hamza F 2004 International Journal of En-

gineering Science 42 591
[21] Aouadi M 2007 J. Therm. Stress 30 665
[22] Aouadi M 2008 J. Therm. Stress 31 270
[23] Sherief H H, El-Said A and Abd El Latief A 2010 Int. J. Solids and

Struct. 47 269
[24] El-Karmany A S and Ezzat M A 2011 J. Therm. Stress 34 264
[25] Catteneo C 1958 C. R. Acad. Sci. 247 431
[26] Poon Y M, Wei E B and Gu G 2010 Chin. Phys. B 19 096201
[27] Sharma M D 2010 Acta Mechanica 209 275
[28] Abbas I A, Kumar R and Chawla V 2012 Chin. Phys. B 21 084601
[29] Abbas I A and Othman M I A 2012 Chin. Phys. B 21 014601
[30] Lotfy K 2012 Chin. Phys. B 21 064214
[31] Lotfy K and Othman M I A 2011 Chin. Phys. B 20 074601
[32] Miller K S and Ross B 1993 An Introduction to the Fractional Integrals

and Derivatives, Theory and Applications (New York: John Wiley and
Sons)

[33] Podlubny I 1999 Fractional Differential Equations (New York: Aca-
demic Press)

[34] Kuang Z B 2010 Acta Mech. 214 275
[35] Biot M A 1956 J. Appl. Phys. 27 240
[36] Aouadi M 2007 J. Therm. Stress 30 665
[37] Churchill R V 1972 Operational Mathematics (3rd edn.) (New York:

McGraw-Hill)
[38] Slaughter W S 2002 The Linearised Theory of Elasticity (1st edn.)

(New York: Birkhauser Boston)
[39] Kolsky H 1963 Stress Waves in Solids (Oxford: Clarendon Press)

074601-12

http://dx.doi.org/10.1016/j.ijsolstr.2005.01.001
http://dx.doi.org/10.1016/j.ijsolstr.2008.07.005
http://dx.doi.org/10.1016/j.icheatmasstransfer.2010.12.028
http://dx.doi.org/10.1016/j.icheatmasstransfer.2010.12.028
http://dx.doi.org/10.1016/j.physa.2010.04.023
http://dx.doi.org/10.1016/j.mechrescom.2010.04.006
http://dx.doi.org/10.1016/j.physb.2010.10.005
http://dx.doi.org/10.1016/j.camwa.2009.05.015
http://dx.doi.org/10.1080/01495739.2010.511931
http://dx.doi.org/10.1177/1077546310373618
http://dx.doi.org/10.1088/1751-8113/45/48/485101
http://dx.doi.org/10.1007/BF01302942
http://dx.doi.org/10.1016/j.ijengsci.2003.05.001
http://dx.doi.org/10.1016/j.ijengsci.2003.05.001
http://dx.doi.org/10.1080/01495730701212815
http://dx.doi.org/10.1080/01495730701876742
http://dx.doi.org/10.1016/j.ijsolstr.2009.09.034
http://dx.doi.org/10.1016/j.ijsolstr.2009.09.034
http://dx.doi.org/10.1080/01495739.2010.545741
http://dx.doi.org/10.1088/1674-1056/19/9/096201
http://dx.doi.org/10.1007/s00707-009-0178-z
http://dx.doi.org/10.1088/1674-1056/21/1/014601
http://dx.doi.org/10.1088/1674-1056/21/6/064214
http://dx.doi.org/10.1088/1674-1056/20/7/074601
http://dx.doi.org/10.1007/s00707-010-0285-x
http://dx.doi.org/10.1063/1.1722351
http://dx.doi.org/10.1080/01495730701212815

	1. Introduction
	2. Basic equations
	3. Uniqueness theorem
	4. Reciprocity theorem
	5. Formulation of the problem
	6. Transversely isotropic media
	7. Solution of the problem
	8. Numerical results and discussion
	9. Conclusion
	References

