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Tunable band gaps in acoustic metamaterials with periodic
arrays of resonant shunted piezos*
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Periodic arrays of resonant shunted piezoelectric patches are employed to control the wave propagation in a two-
dimensional (2D) acoustic metamaterial. The performance is characterized by the finite element method. More importantly,
we propose an approach to solving the conventional issue of the nonlinear eigenvalue problem, and give a convenient
solution to the dispersion properties of 2D metamaterials with periodic arrays of resonant shunts in this article. Based on
this modeling method, the dispersion relations of a 2D metamaterial with periodic arrays of resonant shunted piezos are
calculated. The results show that the internal resonances of the shunting system split the dispersion curves, thereby forming
a locally resonant band gap. However, unlike the conventional locally resonant gap, the vibrations in this locally resonant
gap are unable to be completely localized in oscillators consisting of shunting inductors and piezo-patches.
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1. Introduction

Elastic wave propagation in periodic structures have been
studied for many years.!'=! The vibration response of a peri-
odic structure has been applied primarily to pass band and stop
band analysis. Recently, the propagation of elastic or acoustic
waves in a periodic metamaterial called phononic crystal (PC)

4-121 There are two kinds

has received considerable attention.!
of gap formation mechanisms for PCs, i.e., Bragg scattering
mechanism and locally resonant (LR) mechanism. The stud-
ies have shown that the existence of the Bragg gap is strongly
related to a large acoustic impedance ratio between the scatter-
ers and the matrix. The central frequencies are always given
by Bragg’s condition f =n (v/2a) (n=1,2,3...), where v is
the elastic velocity of the matrix material and a is the lattice
constant. The pioneering work of Liu e al[®! has opened ad-
ditional fields of PCs. The authors studied three-dimensional
PCs consisting of cubic arrays of coated lead spheres im-
mersed in an epoxy matrix, and proposed a new kind of gap
formation mechanism, i.e., LR. The resonances of scatter units
are the dominant factor in the formation of LR gaps. More
recently, the development of LR PCs has been extended to a

[13-16] Acous-

newly emerging field: acoustic metamaterials.
tic metamaterials are generally regarded as the material with
manmade microstructure that possesses unusual physical be-
haviors such as band gap, negative refraction, acoustic cloak-
ing, etc.

Similarly, structure periodically shunted by an electrical
circuit can also produce the LR band gap. Moreover, the tun-

able characteristics of a shunted piezo-patch allow the band
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gap to be tuned in a desired frequency range. Thorp et al.l!”-1%!

used a periodic array of RL-shunted piezos mounted on a rod
and fluid-loaded shells to create band gaps centered at the tun-
ing frequency of the shunting circuit. Airold and Ruzzene!'”!
used multi-resonant shunts to generate multiple LR band gaps
in a beam. Subsequently, they proposed the design of one-
dimensional tunable acoustic metamaterial through periodic

s.[201 The authors also car-

arrays of resonant shunted piezo
ried out a lot of theoretical and experimental investigations on
phononic rods>! and beams!>>-26! with shunting circuits, and
obtained some helpful conclusions. These studies demonstrate
how resonant piezoelectric shunts can be utilized to affect the
equivalent mechanical properties of an elastic waveguide and
therefore suggest their applications in developing tunable band
gaps. Though this strategy has been extended to flat plates
hosting periodic arrays of RL-shunted piezo-patches?’->8! for
two years, little progress has been reported. The reason for
this is that no effective modeling method has been proposed
so far to predict the dispersion properties in an arbitrary di-
rection, though Spadoni et al.[*’] have generalized the transfer
matrix method to calculate the dispersion relations of waves
propagating in some specific directions. They pointed out that
the resulting dynamic stiffness matrix of the finite element ap-
proach is a complicated function of frequency, so that the con-
ventional method of specifying the wave vector and solving
frequency is not applicable in this case.

In this paper, we propose an effective method to circum-
vent the aforementioned complicated dynamic stiffness matrix
and obtain the dispersion relations of waves propagating in an
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arbitrary direction conveniently. Based on this improved mod-
eling method, the band structure of the two-dimensional (2D)
metamaterial with periodic arrays of resonant shunted piezos
is calculated. Specifically, the vibration modes corresponding
to the edge frequencies of the band gap induced by internal
resonance of shunting system are studied and compared with

conventional LR gaps in detail.

2. Improved finite element modeling
2.1. Configuration

The 2D acoustic metamaterial consists of a substrate plate
and arrays of shunted piezoelectric patches, which are oppo-
sitely bonded to the upper and lower surfaces of the plate as
shown in Fig. 1. The periodic plate behaves as a tunable 2D
waveguide propagating transverse waves. The wave propaga-
tion in the waveguide can be conveniently evaluated through
the dynamic analysis of one unit cell (see Fig. 2) and the ap-
plication of the Bloch theorem.
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Fig. 1. (color online) (a) Substrate plate with arrays of piezo-patches.
(b) Each pair of piezos connected to an inductive shunting circuit.
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Fig. 2. (color online) Schematic of the unit cell: (a) top view and (b)
side view.

2.2. Dynamics of unit cell in discretized format

The electromechanical model of the plate with surface-
mounted piezo-patches is based on the stress-charge form of

the constitutive equations for a piezoelectric material, which

can be expressed as'!7!

Rk L
D e &t E|’

where T is the mechanical stress vector, D is the electric dis-
placement vector, S is the mechanical strain vector, and F is
the electric-field vector. Moreover, €° is the permittivity ma-
trix at a constant strain, e is the matrix of piezoelectric stress
constants, and cE is the stiffness matrix of the piezo-material
at a constant electric field.

The combination of host plate and piezo-patches is mod-
elled using 4-node Kirchhoff plate elements. Piezoelectric
patches are polarized in the thickness direction, with elec-
trodes connected to the top and bottom surfaces. Therefore,
the discretized forms of the governing equations of the unit
cell are derived by applying Hamilton’s principle and standard
finite element (FE) procedures, which give

Muud+ Kuud+K¢u¢ = f7 2
Ky, d+Kpp9 =g, 3)

where d is the vector of the nodal generalized displacements,
f is the vector of the generalized forces, q is the total charge
on the electrodes, and ¢ is the electric potential difference be-
tween the electrodes of each piezo-patch. Also, M,,, K,,,
and K, are, respectively, the assembled mass, the stiffness,
and coupling matrices. It is noteworthy that Ky is equal and
opposite to the total capacitance of the piezo-pairs at a con-
stant strain.

2.3. Modeling improvement

As each pair of piezo-patches is shunted by a single in-
ductor, the relationship between ¢ and g can be given by

¢ =Lg. “

The conventional method to simplify Egs. (2) and (3) is as
follows %21 First, under the assumption of the harmonic mo-
tion at frequency ®, equation (4) can be written as

¢
= — . 5
q 2L (5)
Second, substituting Eq. (5) into Eq. (3) yields
1 -1
¢ =— <(1)2L +K¢¢) Ky,d. (6)

Then, substituting Eq. (6) into Eq. (2), the resulting form can
be expressed as

1 -1
[KW 7(1)2MW—K¢,H <(J)2L +K¢,¢> K¢u‘| d=f. (1)

As seen from Eq. (7), the resulting dynamic stiffness ma-
trix is a complicated function of frequency, which cannot be
reduced to a linear eigenvalue problem. Obviously, the non-
linear element is introduced by Eq. (6), so the reduction of it
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needs to be improved. In order to solve this problem and ob-
tain the dispersion relations through easy solution of a linear
eigenvalue problem, we reduce Eqs. (2) and (3) as follows.
First, equation (4) is not reduced into a nonlinear equation
but substituted into Eqgs. (2) and (3) directly, and the result-
ing equations can be rewritten as

Muud+ K, d+ K(Pqu = .f7 ®)
Ky, d+KypLi = q. )

Second, treating the total charge as a general nodal freedom
and transforming Eqgs. (8) and (9) into the following matrix

form:
Mi+Ku=F, (10)
where u = {d],F: [f} and
q 0
_ Muu K(Z)uL o Kuu 0
M[ 0 K¢¢L} ’ {Kdm —1}’ (v

and under the assumption of harmonic motion at frequency ®,
equation (10) can be written as

(K-o*M)u=F. (12)

Obviously, contrary to Eq. (7), equation (12) gives a nor-
mal dynamic stiffness matrix that will lead to a linear eigen-
value problem that is easy to solve. Comparing the two mod-
eling strategies, one can find that the critical improvement on
this proposed method is to treat the charges on the patch as a
general nodal freedom and increase the dimensionality of dy-
namic stiffness by one.

2.4. Bloch analysis

According to the locations of nodes shown in Fig. 3, the
nodal displacement vector w can be partitioned into

w=[d dg dr di. d dip drp dir dgr q]", (13)

I 0 0 0 0
0 I Ie® 0 o0
T(keky)=10 0 0 I Iet!
00 0 0 0
00 0 0 0

The superscript T represents the transpose operator. Sub-
stitution of Eq. (17) into Eq. (12) can lead to

[Sk (k) — *I] 4 =0, (19)

where
TT (—ky, —ky) x K x T (ky, ky)
T (—ky,—ky) X M x T (ky,ky)

Sy (k) = (20)

Equation (14) can be solved to construct a band structure
of wave frequency o for a given wave vector k. It is unneces-
sary to solve Eq. (19) for all values of k. Due to the periodic-

F=1[0fg fr fu fr fis fre fir frr O]T- (14)
dir dr dgr
d. dI dp
dip ds dis

Fig. 3. (color online) Depiction of nine displacements in a square lat-
tice.

The Bloch theorem in square lattice can be expressed
[29]
as

dr=e''dp, dr =e'dy,

dir = e'dip, drp=e*dpg,

dir = ¢! ()l gy,

fa+e M fr=0, fu+e ™ fr=0,
fis+e W g+ e fir v e 1) R =0, (16)

s)

where k = [k, k,] is the wave vector and i = v/—1.
The matrices forms of Eqgs. (15) and (16) can be given by

w =T (ke ky) @,

TT (~ky, —ky) F =0, 17)
where @ = [d; dg di. dip ¢|" and
0 0 0 0 01"
0 0 0 0 0
0 0 0 0 0 (18)
I Ieik! ekl peilkth)l

1

ity, all propagating modes are captured by restricting the wave
vector to the irreducible Brillouin zone.!

3. Results and discussion

As an example, we choose epoxy (Young’s modulus
E = 4.35 GPa, Poisson’s ratio 4 = 0.37, and density p, =
1180 kg/m?) as the material of host plate and PZT-5H as the
material of piezo-patches. The geometrical parameters of the
unit cell are summarized in Table 1, and the material properties
of PZT-5H are listed in Table 2.
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Table 1. Geometrical parameters of the unit cell.

[/mm h/mm [p/mm hp/mm
80 5 40 0.2
Table 2. Material properties of PZT-5H.
Density/ sE/ st/ dsi/ e/
kgm™  /m2N"! m2-N-! CN-! F-m~!

7500  16.5x 10712 —478x10712 —2.74x 10710 3.01x 1078

Based on the aforementioned FE method, band structures
of the acoustic metamaterial are calculated with 144 FEs. Fig-
ure 4 shows the dispersion relations of the propagating waves
with the values of inductance tuned at L =0 and L = 0.2 H,
respectively. When L = 0, no internal resonance will be in-
duced in the shunting system and the dispersion curve is quite
similar to that of a homogeneous plate in a frequency range
of 0 Hz-700 Hz. By contrast, a complete gap separates the
dispersion curves when L is chosen to be 0.2 H. The internal
resonance of the inductive shunt is the dominant factor of the
gap formation here. There is no simple formulation to pre-
dict the accurate resonant frequency, for the capacitance of the
piezo-patch is related to its boundary conditions. However, the
resonant frequency can be approximately estimated from

where Cj and Cg are the inherent capacitances of the piezo-
patch at constant strain and stress, respectively.
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Fig. 4. (color online) Band structure along the edge of the irreducible
Brillouin zone (shadowed region of inset).

The vibration modes of the unit cell corresponding to the
edge frequencies (P; and P, in Fig. 4) of the band gap are
shown in Fig. 5. The vibration mode at P; corresponds to the
lower edge frequency where the phase difference between two
adjacent cells is 7t as shown in Figs. 5(a) and 5(b). Both the
host and piezo-patch show a considerable deformation, espe-

1
f= IVIC Ce (ZCSJCE )5 (21)  cially in the boundary regions of the peizo-patch. Moreover,
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Fig. 5. Vibration modes of unit cell corresponding to edge frequencies of the band gap. Panels (a) and (b) show the isometric and side view of the mode
shape at point Py, and panels (c) and (d) exhibit the isometric and side view of the mode shape at point P,.
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the boundary conditions of each cell are equivalent to being
completely clamped, i.e., the boundary frame keeps station-
ary. Compared with the vibration mode of the conventional
LR sonic crystals, the vibration mode at point P; shows a no-
table difference, i.e., the vibrations at P; are not completely
concentrated in the oscillators consisting of piezo-patches and
shunting inductors. Actually, the complete LR modes existing
in conventional LR PCs cannot occur in this inductive-shunted
acoustic metamaterial, because the oscillators are strongly
coupled with the host plate through piezo-patches and an os-
cillation can never exist in the circuits without mechanical de-
formations in piezo-patches. However, the oscillation between
piezo-patch and inductive shunt is still the most dominant fac-
tor leading to the split of dispersion curves and band gap for-
mation. The vibration mode at P, is similar to that at P except
that the vibrations in the host plate without piezos are more
notable and in opposite phase to those in piezos as shown in
Figs. 5(c) and 5(d). Contrary to the vibration mode at Py, the
boundary conditions of each cell at P, are equivalent to slides
of the boundary frame.

Figure 6 shows the variations of bounding frequency with
inductance. The bounding frequencies decrease with the in-
crease of L, while the widths of the band gap vary little.
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Fig. 6. (color online) Variations of bounding frequency at points P; and
P;.

4. Conclusions

In this paper, we propose an approach to circumvent a
complicated dynamic stiffness matrix, which leads to a conve-
nient solution for the dispersion properties of 2D waveguide

with periodic arrays of resonant shunts. The results show that
the internal resonances between inductive shunts and piezo-
patches split the dispersion curves and form a resonant band
gap. The band gap induced by resonant shunts is different
from the conventional LR gap, for the vibrations are not com-
pletely localized in oscillators consisting of shunting inductors
and piezo-patches. However, the oscillation of the shunting
system is the dominant factor leading to the gap formation.
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