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A three-dimensional simulation of a steady-state amplifier model of a long-wavelength free-electron laser (FEL) with
realizable helical wiggler and ion-channel guiding is presented. The set of coupled nonlinear differential equations for
electron orbits and fields of TE|; mode in a cylindrical waveguide are solved numerically by the Runge—Kutta algorithm
with averages calculated by the Gaussian quadrature technique. Self-fields and space-charge effects are neglected, and
the electron beam is assumed to be cold and slippage is ignored. The parameters correspond to the Compton regime.
Evolution of the radiation power and growth rate along the wiggler is studied. Ion-channel density is chosen to obtain
optimum efficiency. Simulations are preformed for the FEL operating in the neighborhood of 35 GHz and 16.5 GHz for
the electron beam energies of 250 keV and 400 keV, respectively. The result of the saturated efficiency was found to be in
good agreement with the simple estimation based on the phase-trapping model.
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1. Introduction

The free-electron laser (FEL) is a high-power and tunable
source of electromagnetic radiation over a wide range of fre-
quencies from microwave to X-ray. The development of FELs
in the microwave regime has some advantages. Since the en-
ergy of the electron beam is low, there is a considerable reduc-
tion in the cost of the accelerator. Also the requirements on the
electron beam quality are less severe at long wavelengths. Fur-
thermore, the dispersion characteristic of the waveguide res-
onator furnishes additional controlling parameters on the spec-
tral characteristics of the emitted radiation. The possible ap-
plication of high power millimeter and sub-millimeter waves
from FELSs include several technologies. These include fusion
plasma applications, electron cyclotron discharges for gener-
ation of multi-charged ions and soft X-rays, high-frequency
spectroscopy, advanced radar applications, and RF-drivers for
multi-TeV linear colliders.!! The high-power FEL microwave
amplifiers are summarized in Refs. [2]-[4].

At long wavelengths, a waveguide and an axial mag-
netic field for the focusing purpose is normally employed.
Alternatively, an ion-channel guiding can be used as a fo-
cusing method. In this method, a relativistic electron beam
passes through a preionized plasma, ejects the electrons, and
is guided by the positive ion core. Martin et all> used this
alternative method to transport a relativistic electron beam
and Caporaso et al!® applied it in the advanced test accel-

erator. Takayama and Hiramatsul”!

were the first to suggest
ion-channel guiding to be used in FEL and it was tested exper-
imentally by Ozaki et al.'®! This technique was investigated via

numerical simulation by Yu ef al.°! and by Jha and Wurtele.['*]
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The theoretical study of the FEL with helical wiggler and ion-
channel guiding, in the low-gain-per-pass limit, shows sub-
stantial gain enhancement in one and three dimensions.!-13!
In Refs. [14] and [15], this problem has been studied in the
high-gain regime in one dimension; however, analytical study
of this configuration, in three dimensions, has not been done.
Steady-state trajectories of electrons for this problem have
been studied in one and three dimensions.[!!-13:15-18]

The one-dimensional simulation of FEL in the presence
of ion channels has been studied in Refs. [19]-[21]. In
Ref. [10], an averaged three-dimensional simulation has been
conducted, which allows for only some limited effects of an
ion channel.

The purpose of the present investigation is to present the
results of a three-dimensional simulation of an FEL with a
helical wiggler and an ion channel, operating in the neigh-
borhood of 35 GHz and 16.5 GHz. The electron beam and
the electromagnetic radiation propagate through a conducting
cylindrical waveguide. A set of nonlinear and coupled differ-
ential equations that self-consistently describe the evolution of
both a collection of electrons and radiation are solved numeri-
cally. The parameters are in the high-gain Compton regime.
Therefore, the space-charge fields are neglected. Since the
TE;|; mode was found to have the highest efficiency, and the
TM and other TE modes were not considered. This problem
with the ion channel replaced by an axial magnetic field was
solved in Ref. [22]. Therefore, our presentation and notations
are similar to theirs. In spite of similarities in presentation
and notations, these two problems are considerably different
in physics and formulation, as well as in results.
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The paper is organized as follows. In Section 2, the static
fields of the wiggler and the ion channel, and the dynamical
equations for the TE modes of radiation are presented. In Sec-
tion 3, the nonlinear differential equations for the trajectory of
electrons are introduced. In Section 4, numerical simulation
results are given. Concluding remarks are made in Section 5.

2. Field equations

A three-dimensional nonlinear simulation of an FEL in
amplifier mode is conducted to find the efficiency and the satu-
rated power. The frequency corresponds to the microwave and
the parameters correspond to the high-gain Compton regime.
Therefore, the space-charge potential is small compared to the
pondermotive potential and is neglected along with the self-
fields of the electron beam. In this domain, electrons inter-
act with each other only indirectly by coupling to the electro-
magnetic field (radiation) through the source term in the wave
equation. The electron pulse is assumed to be long enough
so that the slippage of the radiation over the electron beam
is negligible and steady-state simulation with no time depen-
dence can be used. In many simulation codes for an FEL like
GENESIS,?3 the Lorentz force equations are reduced to a
simplified form by means of an average over a wiggler pe-
riod, whereas in the present method integration is over the
complete equations of motion with no wiggler-averaged ap-
proximation. A slow time-scale formulation will be used, in
which the electromagnetic wave is treated by a normal-mode
analysis based upon a waveguide-mode expansion. Because
of the expanded computational requirements, there are a lim-
ited number of particle-in-cell analyses of FEL amplifiers in
three-dimensions.[**!

The realizable helical wiggler magnetic field generated by
a bifilar helix can be expressed in cylindrical coordinates as

I (A)sinxeq

By, (x) = 2By (z) {Il] (l)cosxer_%

+T1 (l)sinxez], (1)

where By, (z) denotes the wiggler amplitude, ky (= 27/Ay) is
the wiggler wave number, A = kyr, ¥ = 0 —kyz, and I, and I,
denote the modified Bessel function of the first kind of order
n and its derivative, respectively. It is assumed that the wig-
gler amplitude varies adiabatically to model the injection of
the beam by means of tapered wiggler amplitude

s 2
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where Ny, is the number of entry tapers of wiggler periods.
The electrostatic field of ion channel is described as

E; (x,y) = 2men; (xex +yey), 3)

where n; is the ion number density with positive charge e.

In the absence of a space-charge field, boundary condi-
tions in the waveguide are satisfied by vector potential expan-
sion in terms of the eigenmodes of the cylindrical waveguide.
Therefore, the vector potential of the radiation field, for the TE
modes, can be written as

s
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where oy, (z), for frequency @ and wave number k;,(z), is de-
fined as

Z
o (2) = /0 A2’k () +16 — o, 5)

J; and J} are the Bessel function of the first kind and its deriva-
tive, and xj, is the cutoff wave number of waveguide modes.
For the TE modes, K, = x),/Rg with Jj(x],) = 0 and Ry is the
radius of the waveguide

We can obtain equations for the slowly varying amplitude
and wave number of each mode by substituting microscopic
fields and source current in Maxwell’s equations and follow-
ing the procedure in Refs. [22] and [25]. By this procedure,
dynamical equations for TE modes will be obtained as

d _
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dz

d

= (@'~ )

In

| OpHin < W, >

@)

5al,, |\73|

d. - @H, w51
 fw = — 2kl + 2 (M V2 g
dz 5aln |V3‘

where 8a;, = e8A;,/mc?, (I)g = 4xnye? /mc*kZ, and Vip =
vi2/c are the transverse components of the electron velocity

in rotating frame with wiggler defined by

e| = +coskyze, +sinkyzey, )
ey = —sinkyze, +coskyzey,
Hy,, Tlgli), and Wl(ni) are given by
)
X
Hy = 70—, (10)
(i —12) 37 ()
Tlii) = Fl;ﬂ sin Y, + G;ﬁ cos Yy, (11)
Wi = F7 cos i, — Gy siny, (12)
F =1 (kr) cos (1= 1)
+ Ji4 1 (Knr)cos (1+1) 1, (13)
G =3, (k) sin(1—1)
141 (Kpr)sin (I +1) g, (14)
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and the pondermotive phase is given by

Z
Win = Yo+ /0 d7 {km () + thw = V9 ) (15)
with ¥ (= —ty) being the initial phase. Equation (6) may
be considered as the definition of growth rate I, of the wave
mode. Averages in the wave equations (7) and (8) represent the
current formed by the moving electrons in nonlinear interac-
tion with radiation. Derivation of dynamical equations (6)—(8)
is presented in the appendix.
The average of beam electrons on axial phase and cross-
section of waveguide is expressed as follows:

() = 5o [ awo (vo)

27rA
X /A drod@oro()'l(l’(),e())(...), (16)
g

where (rg, 0) is the initial transverse position of the electron
that enters the interaction region at z =0, o (rp, 6y) and ©
(y) are the distribution of initial conditions, and Ay is the area
of the cross section of the waveguide.

3. Electron orbit equations

The electron orbit equations can be obtained by substitut-
ing the fields into the Lorentz force equation. Equations for
the normalized components of velocities in wiggler frames are
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where Z = kyz, i = Y9, V=v/c, @ = ©/cky, ki = kin/kw,
Kin = Kln/kWa I=ln = En/kWs Qw = eBW/}/mczkw, and (1_)12 =
2k2

27n;e? /mc*k%. Equations for the transverse positions of the

electron are

dx

Py = | cOSZ— asinz, (20)
dz
dy _ . _ _

5 — 5 sinZ — v, cosZ, 21
dz

and for the pondermotive phase of electrons we have

P ]
Vi g1 2. 22)
dz V3

Here, there are three equations for velocity, Eqs. (17)—(19),
two equations for transverse positions of electrons, Egs. (20)
and (21), and one equation for pondermotive phase, Eq. (22).
These six nonlinear differential equations that are coupled to-
gether show the evolution of velocity and location of each elec-
tron. Equations (6)—(8) show the evolution of amplitude and
wave number of radiation. Thus, there are 6N3+3 equations
with N3 being the total number of electrons. These equations
must be solved simultaneously by numerical means.

4. Results of simulation

We will use the fourth-order Runge—Kutta method to
solve the above-mentioned set of coupled nonlinear deferen-
tial equations for FEL in the amplifier mode. To calculate
the averages in the dynamical equations, N-th order Gaussian
quadrature technique for each (ry, 6y, W) is used. We choose
N, = Ng = Ny = 10 for the number of electrons distributed in
each coordinate, so the simulation can be performed for 1000
electrons. It needs to be mentioned that these 1000 macropar-
ticles do not represent the actual number of electrons or the
density of the electron beam. They are only used to find the
averages in Egs. (7) and (8).

The idealized case of a monoenergetic or cold beam is
considered. It is assumed that a uniform and single energy
electron beam with axial symmetry be injected into the sys-
tem. There is no energy spread in this simulation. The elec-
trons are picked within theranges — 7 < 6y <7w, —w < yy < 7,
and 0 < Ry < Rpeam, Where Rpean is the radius of the electron
beam. The initial wave number is equivalent to vacuum value,
kin(z = 0) = (0 /K
mode is zero (I},(z = O) = 0), and we choose wiggler ampli-

)1/ 2]. The initial growth rate for each

tude to increase from zero. Observe that the time-averaged
pointing flux, P, for the waveguide modes is related to the
field amplitude by the relation

m2ct R2
wkln

Pln:82 H,

5a,n, (23)

for the TE;,, mode.
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Steady-state helical orbits at the presence of helical wig-
gler and ion-channel guiding is

V =vye; +v|es3. 24)
For vy, = V|| = constant, we havell7]

A 2
ﬁw _ . QQWﬁH [Il_()%))/)@] ’ (25)
[a)iZ — B2 20,81y (Aﬂ)}

where ﬁw.,H = Vw.,H/C’ Ao = :Fvw/vH, and y = £7/2. Here, the
upper and lower signs denote group-I and group-II orbits, re-
spectively. Using the conservation law of energy we obtain

402B I (Ro) /o]

- S=0. (26)
@7 — B £2QuB1 (10)}

7

Therefore, there is a six-order polynomial for f3, as indicated
in Fig. 1. The solution of this equation for positive 3 as a
function of @;/cky shows the group-I and group-II steady-
state helical trajectories for an electron in the presence of heli-
cal wiggler and ion channel. These two groups correspond to
@? < BHZ and @ > ﬁHZ, respectively.!]
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Fig. 1. (color online) Variation of the axial velocity as a function of
ion-channel frequency for group-I and group-II ideal helical orbits.

As an example, we select an amplifier with a 35-GHz
wide band that works at TE|; mode. The parameters are chose
as: the amplitude of wiggler field is 2 kG, wavelength of the
wiggler is 1.175 cm; electron beam has an energy of 250 keV,
current of 35 A, and initial radius of 0.155 cm; waveguide ra-
dius is 0.36626 cm; input signal power is 10 W.

It must be noted that only the TE|; mode is chosen in this
simulation because its cutoff frequency for the present param-
eter is closer to the input signal frequency ®/cky, chosen in
this analysis, compared to the other modes with / # 0. The
above waveguide radius is also chosen in such a way that the
vacuum waveguide dispersion curve intersects the beam reso-
nant line ® = (k;, +kw)v|.

First, it is assumed that the axial energy spread is zero
because of the initial state of the electron beam which is cold,

monoenergetic, uniform, and has a flat-top density profile (i.e.,
0, = 0 = 1). The initial positions of electrons are chosen by
means of a tenth-order Gaussian algorithm within the ranges
of =<6y <7, -7 < Yo <, and 0 < Ry < Ryeam-

In Fig. 2, the initial axial phase space distribution (y;,,
dy;,/dz) is shown. In fact, 1000 electrons are picked in a
cylindrical space and each point in this figure shows the axial
position of 100 electrons in phase space, which is the cross-
sectional slice of the beam at this point. One of the cross-
sectional slices of the beam at one dot of Fig. 2 is shown in
Fig. 3. This sheet is composed of 100 electrons positioned
at the cross section of the beam. The electrons are picked
uniformly, but the nonuniformity in Figs. 2 and 3 are for
the nonuniform weighting of a 10-point Gaussian weighting
scheme. Although the initial distribution of the electrons is
uniform, the subsequent motion of electrons in the presence of
the radiation will be followed self-consistently and disrupt its

uniformity.
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Fig. 2. (color online) Initial configuration of the axial phase space.
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Fig. 3. (color online) Initial configuration of the cross section of the
beam.

4.1. Group-I orbits

For the group-I orbits with ®;/cky = 0.2, we choose the
input signal frequency @/cky = 1.3, because for this combi-
nation, as we will see later, the efficiency is highest. In Fig. 4,
evolution of the radiation power as a function of axial posi-
tion is presented for group-I orbits with @;/cky, = 0.2. For
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kwz < 67, the power remains almost at its initial value (i.e.,
P, ~ 10 W). Power increases exponentially for 67 < kyz <
330 and continues to increase up to kywz ~ 351, which is the
saturation point and the radiation amplitude does not increase
any longer. Half of the electrons that are confined in ponder-
motive potential wells give energy to the wave, and the other
half receives energy from the wave. Upon balance, satura-
tion takes place. From this point on, radiation amplitude does
not increase due to the reduced electron energy and the radi-
ation amplitude decreases. We will have fluctuations beyond
the saturation point. The region 0 < kywz < 67 corresponds
to the small signal regime, exponential increase of power at
67 < kwz < 290 shows the linear regime, 290 < kyz < 350 is
the nonlinear regime; and kyz ~ 351 is the saturation point
with the saturation power of 1.79 x 10® W. We chose the nor-
malized frequency at ®/cky = 1.3 to obtain the best efficiency.
As shown in Fig. 4, before kyz ~ 67, the growth rate is zero,
and for 67 < kyz < 290 growth rate has a constant value, ap-
proximately equal to 0.02. This constant nonzero value for
growth rate shows the linear regime, which indicates the ex-
ponential increase of power. Growth rate increases in the non-
linear region at 290 < kyz < 330 and decreases suddenly be-
yond kyz = 330 reaching the zero growth rate at saturation
point. Then, the growth rate decreases to kyz ~ 351 where it
becomes zero and radiation saturates.

T E 7 0.030
10 E w;i/cky, =0.2 . ]
10° E 82, w/ck,=1.3 ) y 0.025
SUmanaate ‘]
ok SIPTINLENRL A s L 10,020
0 : : j0.015
Z w0k 2 o010 &
) * R,=0.155cm ¢ ] \:
% 103 I,=35 A . 1 0.005
c Vi=250keV % g
10° B,=20kG ]
Aw = 1.175 cm . —0.005
10' P,=10W .
E R, =0.36626 cm o] 0.010
10° el e 83 9,015

0 50 100 150 200 250 300 350

ko2

Fig. 4. (color online) Evolution of radiation power (solid line) and
growth rate (dotted line) as a function of axial position, for a group-I
orbit.

Spectrum of efficiency at saturation versus frequency for
waveguide radius Ry = 0.36626 cm and R, = 0.37 cm is shown
in Fig. 5 for TE|; mode. For Ry = 0.36626 cm, maximum of
efficiency is at 21.5% and takes place at @/cky = 1.3. The
maximum efficiency is obtained at @/cky = 1.2 for Ry =
0.37 cm, which is slightly more than the first case. Dots on
the curves represent the results of numerical simulation. The
above efficiency of 21.5% is comparable with the result of
Ref. [20] (i.e., 21.4%) where the ion channel is replaced by the
axial magnetic field. Furthermore, our result is in good agree-
ment with the simple estimation of efficiency based on the

phase-trapping model®¥! that yields the estimated efficiency
of 23.3%.

25
[ w;/cky, = 0.2
L R, =0.155 cm
20 | l,=35 A
[ Vi, = 250 keV
x| B, =20kG
~ 15} Av = 1.175 cm
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g5 N, =10
.2 10
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57 —— 1, = 0.36626 cm
F ece@ee R, =0.37cm
0 1 1 1 1 1
1.0 1.2 1.4 1.6 1.8 2.0 2.2
w/ck,

Fig. 5. (color online) Variation of efficiency with frequency for waveg-
uide radius Ry = 0.36626 cm (solid line) and Rg = 0.37 cm (dotted line)
for a group-I orbit.

4.2. Group-II orbits

In Fig. 6, evolution of the radiation power and growth
rate as functions of axial position is presented for group-II
orbits with @;/cky = 1.29.

kwz < 110, power remains constant and in the linear regime at

In the small signal regime at

110 < kywz < 310 power increases exponentially. Power con-
tinues to increase in the nonlinear regime at 310 < kyz < 369
until it saturates at kyz = 369 with the saturated power of ra-
diation equal to 5.92 x 103 W. It can be seen that compared
with group-I orbits, saturation power is decreased and satu-
ration length is increased. It can be seen in Fig. 4 that there
is stronger fluctuations of growth rate in group-II orbits com-
pared to the group-I orbits. In spite of these strong fluctua-
tions, the average growth rate nicely describes all operating
domains of the FEL.

10° g 70.030
) 0.025
10°F
10.020
10 Bu=10W" 34015
E 40010
5 10° : ~
e 10.005 7
o —
~ ) w;/ck, =1.29
10° w/ck, =1.2 0
R, = 0.155 cm —0.005
1 R, = 0.36626 cm ]
10°E A = 1.175 cm 3 —0.010
I, =35 A ]
B .1, .1 —0.015
0 100 200 300 400
kyz

Fig. 6. (color online) Evolution of the radiation power (solid line) and

growth rate (dotted line) as functions of the axial position for a group-II
orbit.

The complete spectrum of interaction efficiency as a func-
tion of frequency is shown for TE;; mode in Fig. 7. The pick

074102-5



Chin. Phys. B Vol. 22, No. 7 (2013) 074102

of efficiency N ~ 6.75% is at @/cky, = 1.2. Dots on the curve
represent the results of numerical simulation. It can be seen
that efficiency in group-II orbits is reduced considerably com-
pared with the group-I orbits.

7 E
6E B, =2.0kG
E P,=10W
X 5k N, =10
~
IS 4E w;/ck, =1.29
5 E R, =0.155 cm
S 3F R, = 0.36626 cm
b Aw = 1.175 cm
2 - w
- I =135 A
1E Vi = 250 keV
0'....!....!....!....I....I....
08 1.0 1.2 14 16 18 20

w/cky,

Fig. 7. (color online) Variation of efficiency with frequency for a group-
II orbit.

In order to increase the efficiency in the group-II orbits,
we first try to change the waveguide radius, but could not
increase the efficiency. Then we try other ion-channel fre-
quencies, but it turns out that the maximum efficiency takes
places at ;/w = 1.29. The other convenient and important
parameter that can be changed is the electron beam energy.
Figure 8 shows the variation of axial velocity with normal-
ized ion-channel frequency for V;, = 400 keV, By, = 1 kG, and
Aw = 2 cm for group-I and group-II orbits. In Fig. 9, evolu-
tion of the radiation power (solid line) and growth rate (dotted
line) as functions of the axial position is presented for group-
IT orbits with @;/y = 0.88. It is interesting to note that al-
though there are strong fluctuations of growth rate, a strong
saturated power of about 5.7 x 10° W and a very short dis-
tance to saturation of kyz ~ 183.9 have been obtained. Fig-
ure 10 shows the efficiency versus the normalized frequency
o /cky, for Vi, =400 keV, R; = 0.63 cm and R; = 0.61 cm. For
Ry = 0.63 cm, the maximum efficiency of 30% takes places at
o /cky, = 1, while for R, = 0.61 cm, the maximum efficiency
is 26% at @/cky, = 1.1. Therefore, by increasing the elec-
tron beam energy from 250 keV to 400 keV, we have been
able to increase the efficiency considerably, for the group-II
orbits, from 6.75% to 30%. The reason that group-II orbits re-
quire electron beam with high energy, compared to the group-I
orbits, is that they experience higher ion-channel density and
therefore, a stronger electrostatic field due to the ion chan-
nel. Interaction of this relatively strong electron field with
the steady-state orbits of the electrons yields lower saturated
power for low energy electrons of 250 keV. However, higher
energy electrons of 400 keV pass through the electric field
more easily, leading to higher saturated power and efficiency.

As it was mentioned earlier, notwithstanding the similar-
ities, the simulation of an FEL with ion-channel guiding is
quite different than that of the axial magnetic field. This can
be viewed from different angles. For example, the steady-state

orbits of electrons with ion channel, as described by Eq. (25),
is different than that of the axial magnetic field because the fo-
cusing is due to the electrostatic field E; in the former, while it
is due to the magneto static field By in the latter. The electron
orbit equations (17)—(19) are also different for the two cases,
as the electrons are under influence of the electric field E; in
one case and the magnetic field By in the other case. In the
presence of radiation, E; does work on the electron, but By
does not do any work. Furthermore, the simulation results are
different, as one example shows in Fig. 11.
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0.3 E Ay = 2.0 cm
0.2 F
0.1F
0:....|....|....|....|....|....
0 0.2 0.4 0.6 0.8 1.0 1.2

w;/ cky,

Fig. 8. (color online) Variation of the axial velocity as a function of
ion-channel frequency for group-I and group-II ideal helical orbits.
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Fig. 9. (color online) Evolution of the radiation power (solid line) and
growth rate (dotted line) as a function of axial position for a group-II
orbit.
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Fig. 10. (color online) Variation of efficiency with frequency for waveg-
uide radius Ry = 0.61 cm (dotted line) and Ry = 0.63 cm (solid line).
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Fig. 11. (color online) Variation of the saturated power (dot) with ion-
channel frequency and (diamond) with axial magnetic field.

5. Discussion and conclusion

In this work, we have presented the nonlinear simulation
of an FEL amplifier in three dimensions. The arrangement
consists of an electron beam with azimuthally symmetric cir-
cular cross section that is injected into a conducting circular
waveguide. The electron beam is subject to a helical wiggler
magnetic field and the electric field of an ion channel. Trajec-
tories of a number of electrons that are initially distributed in
three dimensions are followed self-consistently, and their in-
fluence on the evolution of the electromagnetic wave fields is
calculated numerically. Only the TE|; mode that has the high-
est efficiency has been chosen to be resonant, and other modes
with lower efficiency have not been studied. The parameters
are in the Compton regime. Therefore, the space-charge fields
are neglected.

The numerical technique and notations are similar to
Refs. [22] and [25]. Since we did not have access to the orig-
inal code, we first rewrote the original code, which was for
the axial magnetic field, in place of the ion channel, and then
modified it for the ion channel. In order to check its valid-
ity, we ran the code using the parameters and configuration in
Ref. [22] and obtain identical results.

First, the energy of electron beam was chosen as 250 keV.
The result of the numerical simulation showed the maximum
efficiency of the group-I orbits as 21.5% and that of the group-
IT orbits as 6.75%. In order to increase the efficiency of the
group-II orbits, a higher energy electron beam of 400 keV was
also considered. We were able to optimize the parameters to
obtain efficiency of 30% for the group-II orbits. It needs to be
mentioned that there is no analytical calculation for the growth
rate of the three dimensional problem that takes into account
the boundary effects of the waveguide. Furthermore, due to
the long-wavelength nature of microwave radiation, the result
of the one-dimensional problem could not be used as a guid-
ance to find the optimum parameters. Moreover, the efficiency
that we obtained was normally not as large as we would like

to obtain. By working on the parameters and optimizing them,
we could obtain satisfactory efficiency such as 30%.

All of the peaks of the efficiency curves in this investiga-
tion correspond to the output frequency in the neighborhood
of 35 GHz except for the two peaks at @/, = 1 and 1.1, in
Fig. 10, which is around 16.5 GHz. In the present analysis,
electrons enter the interaction region uniform in energy and
in space. This means that the electron beam is cold and is
unbunched at the entrance into the wiggler. Similar problems
with energy spread and prebunched electron beam require sep-
arate studies.

It is worth noting that an ion channel is a less expensive
alternative to conventional focusing magnets because of the
lower capital and running cost.l”!

Appendix A: Derivation of dynamical equations

Here, derivation of Egs. (6)—(8) for the evolution of radi-
ation is presented. The vector potential of the radiation field
in the cylindrical waveguide, for the TE modes, can be written
as

0A (x,t) =

J; (K’l,,r) sin oy, e,

s

0A (2) [ Kl

In

ir
_

+J;(Klnr)cosalnee}, (A1)
where oy, (z), for frequency @ and wave number k;,(z), is de-
fined as

Z
a(z) = /0 dZk;,(Z) +16 — or. (A2)

Here, J; and J; are the Bessel function of the first kind and
its derivative, and xj, is the cutoff wave number of waveg-
uide modes. For the TE modes, k;, = x],/R; with J (x;n) =0,
and Ry is the radius of the waveguide. Substituting waveguide
mode, Eq. (A1), into the Maxwell equations, we have

dze -

— 07,
me3
(% d? _
- 271( ) [(_2+(D2 k7, — fc,zn) Sayy
K dz
. w12 d (712
X smocln—i-Zkln/ © (kln/ 5a1n> cos ocln], (A3)
and
4re .-
25T,
mc?
d? 2 72 2
= ZJ; (K[,,r) |: (d_z + o _k[n - f(ln) (saln
In z
%29 (1250, Vs A4
X cos oy, + 2k, az \Kan ap ) sinog, |,  (A4)
where Sa;, = e8A;,/mc?, I = kyz B = v/c @ =
®/cky  kin = kin/ky and Kj, = ki, /ky. By averaging over a
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wave period and making use of the orthogonalization condi-
tions over both the azimuthal angle and the radiation position

such as
/o o
/ dt sin 0g,, sin &, = — S, (AS)
—n/® (O
/o
/ dz sin oy, cos ¢, =0, (A6)
—-n/o
and

Ry 1
./0 drr [J; (%17) 3 (Kimr) + KlanJl (Kinr) Ji (Kimr)
X212
= l; 12 5n,m-][2 ()an> °
n

(A7)

The dynamical equations (A3) and (A4) take the follow-
ing form in cylindrical coordinates:

d2 2 712 2
(dZ + o kln - k[n) 661[”

4K2 /@ 2r
S 1 N dr [ de
c(x? l)J (x),) ®J-n/0o  Jo
Re nt) -
></ drr sin 0y, 87, + 17 (k) cos 1,61 g ¢,
0 K'ln

(A8)

gl d = (k> 6a )

e W o /n/w 2
= = = dr [ de
2 (PR () T ns0 o

R
X /
0

The final form for the dynamical equations is obtained by

J; (x, - . -
drr { (K )cosoc;,,é]r—J}(Klnr)ﬂna;n&g}.

Int

(A9)

substitution of the source current. Therefore, the source cur-
rent in three dimensions can be written as

o0J (x,t) = —enbvzo/A dxodyoo (x0,y0)
g

T/2
X / dtoGH (to)V(Z;x07y07t07p0)
Jorp

. 8t =7 (z:x0,50,10,P0)]

) (A10)
|vZ (Z;x05y05t07p0)|

where ny, is the ambient beam density, A, is the area of the
cross section of the waveguide, T is the duration of the elec-
tron beam pulse, v, is the initial axial velocity of the electron,
(xo0,y0) describes the cross-sectional position of the electron as
it crosses the z=0 plane at ¢, 6, (xp,yo) is the cross-sectional
distribution of the beam, o (to) is the initial distribution in en-
try times, pg is the initial momentum space distribution of the
beam, and the Lagrangian time coordinate is defined as

Z d7
0 Vg (Z’N%JOJOJ’O)

7 (2;%0,Y0,%0,P0) =0+ (A11)

As a result, the dynamical equations for TE;,, modes take
the form of

2
|: d +( kln K‘ln):| 5611”

dz?
(+) (+)
T,
= 6>§Hzn<ﬁl i Z;szwl” > (A12)
iz d d ( 1/26a1 )
In dZ n
(-) (=)
W, =BT,
- @3H,,,<ﬁ1 In ﬁ3|B2 In > (A13)

n » and W( Jare de-
fined by Eqs. (10)—(14). The pondermotive phase is

where @2 = 4nnpe? /mc*k3, and Hyy, T, 1< )

Z
Vin = W+ /0 d7 {k,n () + lhky — w] , (A14)

Vz

with yy (:
electrons on axial phase and cross-section of waveguide is ex-

—wry) being the initial phase. The average of beam

pressed as follows:

() = 5 [ awo (v

2mA,

X / drodeor()GL (r(),e()) (), (AIS)
Ag

where (rg, 0) is the initial transverse position of the electron
that enters the interaction region at z =0, 6, (ry, 6) and o (y)
are distribution of initial conditions

Equation I, = d(In8a;,)/dz may be considered as the
definition of growth rate I}, of the wave mode. Hence, using

relation
d? d - d. . d
d7226al” = d? (I—ingaln) = SGInEZDn +1—l‘ndizaalna (A16)

the dynamical equations for TE;,, modes take the form of

d _
7_661[11 = Unéalna (A17)
dz
d
= s s ()
+ ngl" vlTln —_f—VQVVIn ; (A]g)
oay, ‘V3|

(o)
d- 2 W) —
4t = 2k, + S [ Wy, -
5611,, |v3‘

)
T
2 >.(A19)

References

[1] Thumm M 2009 Nucl. Instrum. Meth. Phys. Res. A 483 186

[2] Petelin M 1 1999 IEEE Trans. Plasma Sci. PS-27 294

[3] Grantstein V L, Levush B, Danly B G and Parker R K IEEE Trans.
Plasma Sci. PS-25 1322

[4] Freund H P and Neil G R 1999 Proc. IEEE 87 782

[5] Martin W E, Caporaso G J, Fawley W M, Prosnitz D and Cole A G
1985 Phys. Rev. Lett. 54 685

074102-8


http://dx.doi.org/10.1109/5.757255
http://dx.doi.org/10.1103/PhysRevLett.54.685

Chin. Phys. B Vol. 22, No. 7 (2013) 074102

(6]

(71
(8]

[9]
[10]

[11]
[12]

[13]
[14]

Caporaso G J, Rainer F, Martin W E, Prone O S and Cole A G 1986
Phys. Rev. Lett. 57 1591

Takayama K and Hiramatsu S 1988 Phys. Rev. A 37 173

Ozaki T, Ebihara K, Hiramatsu S, Kishiro J, Monaka T, Takayama K
and Whittum D H 1992 Nucl. Instrum. Meth. Phys. Res. A 318 101

Yu L H, Sessler A M and Whittum D H 1992 Nucl. Instrum. Meth.
Phys. Res. A 318 721

Jha P and Wurtele J S 1993 1993 Nucl. Instrum. Meth. Phys. Res. A 331
477

Jha P and Kumar P 1996 IEEE Trans. Plasma Sci. 24 1359

Esmaeilzadeh M, Ebrahimi S, Siahian A, Willett J E and Willett L J
2005 Phys. Plasmas 12 093103

Mirzanejhad S and Asri M 2005 Phys. Plasmas 12 093108

Kordbacheh A A, Maraghechi B, Farokhi B and Willett J E 2005 Phys.
Plasmas 12 113106

[15]
[16]

(17]
[18]

[19]

[20]
(21]
[22]
(23]
[24]
[25]

074102-9

Jha P and Kumar P 1998 Phys. Rev. E 57 2256

Esmaeilzadeh M, Mehdian H and Willett J E 2001 Phys. Rev. E 65
016501

Mirzanejhad S and Asri M 2005 Phys. Plasmas 12 093108
Mirzanejhad S, Maraghechi P and Maraghechi B 2004 Phys. Plasmas
11 3047

Raghavi A, Ninno G D and Mehdian H 2008 Nucl. Instrum. Meth. Phys.
Res. A 591 338

Rouhani M H and Maraghechi B 2009 Phys. Plasmas 16 093110
Rouhani M H and Maraghechi B 2010 Phys. Plasmas 17 023104
Ganguly A K and Freund H P 1985 Phys. Rev. A 322275

Reiche S 1999 Nucl. Instrum. Meth. Phys. Res. A 429 243

Lin A T and Lin C C 1986 Nucl. Instrum. Meth. Phys. Res. A 250 1373
Freund H P and Antonsen T M Jr 1992 Principles of Free-Electron
Lasers (London: Chapman and Hall) chapter 5


http://dx.doi.org/10.1103/PhysRevLett.57.1591
http://dx.doi.org/10.1103/PhysRevLett.57.1591
http://dx.doi.org/10.1103/PhysRevA.37.173
http://dx.doi.org/10.1016/0168-9002(92)91031-4
http://dx.doi.org/10.1016/0168-9002(93)90092-V
http://dx.doi.org/10.1016/0168-9002(93)90092-V
http://dx.doi.org/10.1109/27.553201
http://dx.doi.org/10.1063/1.2006690
http://dx.doi.org/10.1063/1.2013307
http://dx.doi.org/10.1063/1.2131048
http://dx.doi.org/10.1063/1.2131048
http://dx.doi.org/10.1103/PhysRevE.65.016501
http://dx.doi.org/10.1103/PhysRevE.65.016501
http://dx.doi.org/10.1063/1.2013307
http://dx.doi.org/10.1063/1.1719023
http://dx.doi.org/10.1063/1.1719023
http://dx.doi.org/10.1016/j.nima.2008.03.012
http://dx.doi.org/10.1016/j.nima.2008.03.012
http://dx.doi.org/10.1063/1.3230123
http://dx.doi.org/10.1063/1.3304185
http://dx.doi.org/10.1103/PhysRevA.32.2275
http://dx.doi.org/10.1016/S0168-9002(99)00114-X

	1. Introduction
	2. Field equations
	3. Electron orbit equations
	4. Results of simulation
	4.1. Group-I orbits
	4.2. Group-II orbits

	5. Discussion and conclusion
	References

