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We study the leader—following consensus stability and stabilization of networked multi-teleoperator systems with
interval time-varying communication delays. With the construction of a suitable Lyapunov—Krasovskii functional and
the utilization of the reciprocally convex approach, novel delay-dependent consensus stability and stabilization conditions
for the systems are established in terms of linear matrix inequalities, which can easily be solved by various effective
optimization algorithms. One illustrative example is given to illustrate the effectiveness of the proposed methods.
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1. Introduction

The multi-agent model has received much attention due to
its wide applications in many fields, such as biology, physics,
robotics, and power grids.['"% One of the main problems of
the model is the concurrence of a group of agents on their
states with the leader by interaction. To wit, the problem is
a consensus problem with a leader, and is called the leader—
following consensus problem or consensus regulation. Re-
cently, the consensus problem has been studied in various
fields, such as groups of mobile autonomous agents,? net-
worked control systems,!®) and other applications.*"1% In
Refs. [11] and [12], the consensus problems for high-order
multi-agent systems were studied.

During the past few years, various approaches to creating
sufficient conditions for bilateral teleoperation systems (BTSs)
have been investigated in the literature.[13-10] In Ref. [13],
by using a two-port time-domain passivity approach, a pas-
sive bilateral control scheme for a teleoperator with interval
time-varying communication delay was proposed. Based on a
novel adaptive coordination architecture, a passive coordina-
tion control for bilateral teleoperators was developed to state
synchronize the master and the slave in free motion.!'*! In
Ref. [15], a novel control framework for the bilateral teleoper-
ation of a pair of multi-degree-of-freedom nonlinear robotics
systems under constant communication delays was proposed.
A new adaptive neural network control architecture was intro-
duced to achieve transparency and stability for a teleoperation

DOI: 10.1088/1674-1056/22/7/070506

system with time-delay in a communication channel.!'®! In
Ref. [17], based on the wave transformation technique, time-
delayed BTSs were studied.

In the real world, many practical systems have time de-
lays due to the finite speed of information processing. It is well
known that a time delay often causes undesirable dynamic be-
haviors such as oscillation, performance degradation, and in-
stability of the system. Thus, it is necessary to study various
systems with time delays, see Refs. [18]-[23] for examples.
Moreover, in Ref. [24], the sufficient conditions for the stabil-
ity of the stochastic differential delay equations with nonlinear
impulsive effects were studied.

It should be pointed out that analyzing the master—slave
synchronization problem of the BTSs with time delays can be
regarded as investigating the stability of the systems. Very
recently, the networked synchronization of a class of master—
slave chaotic systems was investigated.!>] However, a time
delay in the communication channel has not been considered
in Ref. [25]. Therefore, it is desirable to investigate the prob-
lem for multi-teleoperators with communication delays.

In this paper, novel delay-dependent consensus stabil-
ity and stabilization for networked multi-teleoperator systems
(NMTSs) with interval time-varying communication delays

In Fig. 1, a model of NMTSs through a net-
26

are studied.
work, such as the internet,[?%! is drawn based on the multi-
agent scheme and the graph theory. The multi-agent scheme

is utilized in the structure of the system such as leader <«
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master and agent <+ slave. The interconnection information
of the leader and each agent is described by the graph the-
ory. In general, the networked scheme has structurally interval
time-varying delays.[*”] Since the delay-dependent analysis
utilizes the time-delay information, the delay-dependent anal-
ysis has received more attention than the delay-independent
one.[?8] That is, the former is generally less conservative
than the latter. By the construction of a suitable Lyapunov—
Krasovskii functional and the utilization of the reciprocally
convex approach,?! a leader—following consensus delay-
dependent criterion for NMTSs with interval time-varying de-
lays and a corresponding controller design method are derived
in terms of linear matrix inequalities (LMIs), which can be for-
mulated as convex optimization algorithms that are amenable
to the computer solution.*”) One illustrative example is in-
cluded to show the effectiveness of the proposed methods.

>©

leader

agent 4

agent 3
agent group A

network

slave master

Fig. 1. Example of the networked multi-teleoperator scheme.

The following notations are used. R” is the n-dimensional
Euclidean space, and R™*" denotes the set of all m x n real ma-
trices. For symmetric matrices X and Y, X >Y (X >Y)
means that the matrix X — Y is positive definite (nonnega-
tive). X+ denotes a basis for the null space of X, and I, 0,
and 0,,, denote the n X n identity matrix, n X n, and m X n
zero matrices, respectively. || - || refers to the Euclidean vector
norm or the induced matrix norm, diag{- - - } denotes the block
diagonal matrix, and * represents the elements below the main
diagonal of a symmetric matrix.

2. Problem statements

The interaction topology of a network of agents is rep-
resented using a directed graph (digraph) G = (V,€,.A) with
the set of nodes V ={1,2,...,N} and edges £ = {(i,j) : i,j €
V} CV x V. An adjacency matrix A = [a;j]yxn of the di-
graph G is the matrix with nonnegative elements satisfying
a;; =0 and a;; > 0. If there is an edge between i and j, then
aij >0« (i,j) € £ The digraph G is said to be undirected
if (i,j) € £ < (j,i) € £. The set of neighbors of agent i is
denoted by V; = {j € V: (i, ) € £}. The degree of node i is
denoted by d(i) = ¥ je ; @ij» and the degree matrix of digraph
G is diagonal and defined as D = diag{d(1),...,d(N)}. The

Laplacian matrix £ of graph G is defined as £ =D — A. More
details can be found in Ref. [31].

Consider the NMTSs with the following dynamics of
agent i:

Zi([) = FZ,'(I) + Gu,-(t),

where z;(f) € R" and u,(t) € R' are the state vector and

iev={1,2,....N}, (1

the consensus protocol vector of agent i, respectively, and
F ¢ R™" and G € R™! are known constant matrices.
A consensus algorithm!>! can be described as
wi(t) = =K Y aij(zi(1) — z(t)) — K (bi(2i(t) — 20(1))),
JEN;

ieV ={1,2,... N}, 2)
where K € R is a protocol gain matrix, z(z) € R”" is the
state vector of the leader, and a;; and b; are the interconnection

weights
a;j >0, ifiis connected to j,
a;j =0, otherwise,
b; >0, ifiis connected to the leader,
b; =0, otherwise.

Based on Eq. (2), a consensus algorithm with time-varying
communication delay is proposed

wi(t)
= K a(ai(1=h(0) =2, =)~ Kbi(z10)—20().
JEN;
ievV={1,2,...,N}. 3)

Here, A(t) is an interval time-varying continuous function sat-
isfying

0< hw <h(t) <hw, h(r)<hp,
where hy,, iy, and hp are known constant scalars.

Let us define @;(t) = z;(¢) — zo(t), which is the state error
between agent i and the leader. Since the following equality

with the dynamics of the leader 2¢(¢) = F'z(¢) holds:

@i(1) = 2i(t) — 20(1)
= Fzi(t)+ Gu;(t) — Fz(t)

F(zi(1) = 20(t)) — GKbi(zi(t) — z0(1))
—G{K Y aij[zi(t —h(t)) — z;(t — (1))
JEN;

+ 20(t = (1)) — 20(t —h(1))] },
from Egs. (1) and (3), the NMTSs with the error dynamics for
agent i can be written as

a;(t) = (F — GKb;)x;(t)

~GK Y aij(ai(t—h(t)) —a;(t — h(r))),
JEN;

i€V ={1,2,...,N}. @)

For the convenience of the consensus analysis for sys-
tem (4), the following Kronecker product and its properties
are used.
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Lemma 152! Let ® denote the Kronecker product. Then,
the following properties of the Kronecker product are easily
established:

(i) (0cA)®@ B=A®(aB),

(ii) (A+B)®C=A®C+B®C,

(iii) (A® B)(C®D)=(AC)®(BD).

Let us define
a(r) = i (t),..., 2y ()"

Then, system (4) can be rewritten in the matrix form as
2(t)=(IN®F-BGK)x(t)— (LR GK)x(t—h(t)), (5)
where

A = [ajjlnxn,

D = diag{ Z Aljyeeny Z aNj},
JEM JENN

L=D-A,

B = diag{by,...,bn}.

The aim of this paper is to design a delay-dependent con-
sensus control (in other words, to design a protocol gain K
which guarantees the asymptotic stability) of the NMTSs (5).
This means that protocol u;(¢) solves the consensus problem
if and only if the states of the agents satisfy

lim [[2i(r) = zo(r)[| = lim [|:(r)[ =0, VieV.
In order to do so, we introduce the following lemmas.

Lemma 2 (Jensen’s inequality)®3!  For any constant

matrix M € R M = MT > 0, scalar 7, vector function
x : [0,7] — R” such that the integrations concerned are well

defined, then
s)ds < — (/Oyac(s)ds>TM((/0yac(s)ds).

_,,/

Lemma 3 (Finsler’s lemma)®¥ Let ¢ e R, & = T ¢
R™", and T € R™" with rank (1) < n. The following state-
ments are equivalent:

(i) ¢'PC<0,¥T¢=0,(#0,
(i) T @1t <0,
(iii) IF eR™™: @+ FY+TTFT <0.

3. Main results

In this section, we propose new stability criteria for sys-
tem (5).
RINNn are defined as block entry matrices; e.g., er =

For the simplicity of matrix representation, e; €

[0N2, Inn, Onp, Onm, O] T. Several matrices are defined as
C)=[x" (1), 2" (t—hm), " (1=h(1)), 2" (t—hw),&" (1)]",
Zi=e;(Iy® P)el+es(Iy® P)e],
Er=ei(Iv®(Qi+Q2))ef —ex(Iy® (Q1—Q3))e;
—(1—hp)es(Iy @ Qy)el —es(In © Q3 ey,

Fy=es5(Iy @ (h R+ (hv—hm) > Ry))el
—(e1—e2)(IN® Ry)(e1—e2)"
—(e2—e3)(Iv® Ry)(e2—e3)"
—(es—es)(IN® Ry)(es—es)t
—(e2—e3)(Iv® S)(e3—es)"
(63764)(IN®S) (62763) ,

Ei=e1(In® (hnRs+(hm—hm)Rs+21))e]

—e)(IN® (Z1—21))es —es(Iy @ (22— Z3))e3
—ey(In® Z3)e} +es(Iy @ (hmRy+(hv—hm) Rg)) el
P=E+E+ 53+ 5y,
Y=[Iy2 F-BRGK),0n,,~(L2GK),0n,,~Iy,]. (6)

Now, the following theorem is given for the stability of
the NMTSs (5).

Theorem 1 For given scalars 0 < hp < hy, hp and
gain K, the agents in system (5) converge to the state of the
leader asymptotically, if there exist positive definite matrices
P e R Q; e R (i=1,2,3), R, e R™" (i =1,...,0),
any symmetric matrices Z; € R™" (i = 1,2, 3), and any matrix
S € R™" satisfying the following LMIs:

T[] < 04w, (7)

R, S
[*RJZ%, ®)

R3 VA R5 Z, RS Z3
|:* R4:|>02n7 |:* :|>02ﬂ7 |:* R:|>02n3(9)

where @ and Y are defined in Eq. (6).

Proof Let us consider the following Lyapunov—
Krasovskii functional candidate:
V=Vi+WV+V3+Vj, (10)
where
Vi =2 (1) (Iye P)a(r),
Vi — ./t.ihm:BT(s)(INQ@Ql)w(s)ds

L ARACIUT ALY

t—hm
+/ x!
t—hy
s, [
t—hmJs
t—hm
(v — h/ /
t

W:/,hm/ u)(Iy ® Ry ) ()
ta (u)(IN®R4):b(u))duds

A

42" (u)(Iy ® R6):t(u)) duds.

(s)(In ® Q3)(s)ds,
u)(Iy® Ry)d(u)duds

u)(Iy ® Ry (u) duds,

u)(In ® Rs)x(u)
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Vi and V; are calculated as

= 2" (1) (Iy @ P)i(r)
=),
V, < 2" (1)(In® (Q1 +Q2))z(1)
—2"(t —hm) (In @ (Q1 — Q3))x(t — him)
—(1=hp)x" (1 — h(t))(Iy ® Qy)x(t — h(t))
—x T (t —hv) (In © Q3)x(t — hyp)
= ¢1(0&3K(), (an
where =1, 5, and ((¢) are defined in Eq. (6).

By Lemma 2, an estimation of V3 can be obtained as
V3= a':T(t)(IN ® (hﬁlRl + (hm — hm)sz))w'(t)
t
[ (5) (I @ Ry () ds
JI—Nhm

t—hm
(=) [ O v e Ra)a(s)ds

t—h(r)

(vt — han) / &7 (s)(In @ Ry)(s)ds

o lfl’lM

<" (t)(Iy @ (hpy R + (vt — hm)* Ra) ) (¢)

(o) o] o)
) O ff_,fg;w(s)ds]

t hm
]
[ %(IN@RZ) lftt:h(dt)zb(s)ds
acT(t)(IN®(h Ry + (hv — hm)> Ry) ) (1)

/thm ds>T(IN®Rl)</tthm¢(s)ds>

i t ;hm (s)ds — (lx R, 10n
t .
=\ /i h:\/l a;(s)ds On WRZ
t hm
X hli (12)
[ﬁt hm w’ ]
where a(t) = (hm — h(t))(hm — h ) , which satisfies 0 <

o(t) < 1 when hy < h(z ) < hy. Then, using the reciprocally
convex approach,?°! the following inequality for any matrix

S holds:

TR

o(r)
|:_ l—a(t)I” 0,
* R2

Ol’l FT‘é({)In

1—
0, )

hwv, we get

] a(n) I, 0,
x [ a@n ] > 0y, (13)

Also, when h(t) = hy or h(t) =

t—hm t—hm
/ ai(s)ds = / @;i(s
t—h(t) t—hm

)ds =0,

or

&;(s)ds = 0y, (14)

t—hy
&i(s)ds = /
t—hym
Thus, from Egs. (13) and (14), the following inequality
still holds:
- 1
f- hM ( )ds 0, WRZ
x;(s)ds
Jom O3 (s)ds
e ’1 o) ds

t—hm
X[ﬁ W ®
N[ foima(s)ds | TRy S ]
_ t—h(t 2 15
= ZZI[J;’,fM i (s )ds] [* Rz} Jm O (s)ds (1)

Here, if inequality (8) holds, then an upper bound of V4 can be

t—h(t)
Lo

respectively.

rebounded as

‘/3 <a (t)(IN® ]’l SR+ (v —h ) Ry))a(t)

/tt W& ds) (In® Ry) (/tthm:b(s)ds)

y
l I :"‘w(s)dsl {(IN®R2) (IN®S)}
= ¢'(

“

S (5)d *  (IyoR,)

thmw(s)ds

f: ,i’M ]
3

n_r

(s) ds
(16)

where =3 and ¢ (t) are defined in Eq. (6).
Lastly, W is calculated as

Vi = ' (1)(Iy @ (hnR3 + (hv — h) Rs)) (1)
+a" (t) (I ® (hmRa + (hv — hm) R) ) (1)
_./,7/1 (;BT(s)(IN®R3):B(s)
+&T(s)(In® R4)¢(S)) ds

t—hm
_/l (a:T(s)(IN®R5)a7(s)

—hm
+2T(s)(Iy ® Ré)a':(s)) ds.
Inspired by Ref. [35], the following three zero equalities with

a7

any symmetric matrices Z; (i = 1,2, 3) are considered:

0=a"()In®Z))x(t) — 2" (t —hp)(In @ Z,)x(t — hpy)
2 eI ze()as
0= (t—hn)(In® Z5)z(t —hy))
T(t—h( ))(IN®Z2)w(t—h(t))
—2/[ " ST (5) (Iy © Za)ab(s) ds,
0=a'(t—h (t))(IN®Z3)m(t*h(t))

—CBT(Z — hM)(IN (9 Z3)£13([ — hM)

-2 / t_hmmT(s)(IN@ Z3)a(s)ds. (18)
t—hy
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By adding Eq. (18) to Eq. (17), we get
Vi = ¢T(0)Ex(1)
't (IN®R3) (IN®Z))
—./tthT(s)|: N * 3 (I]Z:/]®Ri):|X(s)ds
1=hm (IN®Rs) (IN® Z5)
_/th(t)XT(S)[ * 5 (IN®R2)]X(S)dS
t—h(t) (I ®R)(I ®Z‘)
_/[*hM XT(S)|: N* > (Ill:]]@R;)]X(S)dS
= (1(1)EL()
N ot
S O] - PO

i=1

N rt—h
moT Rs Zz}
_ 4 A(s)d

i:zl/r—hmx’ (S)[ xR | XD

N rt—h(r) R Z
T 5 43 )
_,;/tth x| (s)[ . RJ Xi(s)ds, (19)
where =4 and {(¢) are defined in Eq. (6), and

x(6) = [ (1), & (O], xir) = [=] (1), (0)]"
Here, if inequalities (9) hold, then V; has an upper bound as
follows:

Vi < T E4C(0). (20)

Therefore, from Egs. (11)—(20) and by the application of
the S-procedure,*°! V' has a new upper bound as

V <CT0)(B1+ B+ B34+ 54)C(0). QD
[

System (5) with the augmented vector () can also be
rewritten as

TC(t) = 0Nn><la (22)
where 7 is defined in Eq. (6). Then, a delay-dependent stabil-
ity condition for system (5) is

¢T(1)®¢(t) <0 subjectto TE(f) =Onuxr.  (23)

Finally, by utilizing Lemma 3, condition (23) is equivalent to
the following inequality:

[TLT®[T] < Ognp. (24)

From inequality (24), if LMIs (7) are satisfied, then stability
condition (23) holds. This completes our proof.

Theorem 1 provides a consensus criterion for system (5)
in the framework of LMIs when the consensus protocol gain
is known. Based on Theorem 1, we propose a consensus con-
troller design method for system (5), which will be introduced
as Theorem 2. To design the consensus protocol gain, we add
the following zero equations with any matrices Z4 and Zs to
be chosen:

0=2(x"(t)(In® Z4) + 3" (1)(Iy® Z5))Y¢().  (25)
Before deriving this, several matrices are defined for sim-
plicity
E_'l = el(IN®X)e§+e5(IN®X)eT,

S =e(Iy®(Qi1+Q))e] —ex(In® (Q1 — Q3))e;
—(1—hp)es(Iy® Q,)e; —es(Iy® Q3)ey,
es(Iy® (hranl + (hv — hm)zRZ))eg

i
Il

—(e1—e))(In®Ry)(e) —ex)T
—(ex—e3)(In@R,)(es—e3)"
—(e3—eg)(In® R,)(e3—ey)”
—(ex—e3)(Iy® S)(e3 —eq)

—(e3—es)(In® ) (e2—e3)",

)

4 = €] (IN X (l’lmR3 + (hM — hm)Rs + Z] ))elT
—ex(Iv® (21~ 2))e; —es(In® (22— Z3))e3
—es(I® Z3)e}+es(Iy @ (hmRa+(hm—hm) Re))el,
@ = 5_'1 +E_'2+E_'3+E_'4,
T=[In®FX -B®GY),0y,,—(LOGY),0p,,
—(In® X)),
IT = [¥i Inn, Onn, Onn, Onn, Yo I - (26)
We will utilize the zero equation (25) in Theorem 2.
Theorem 2 For given scalars 0 < hy < hv, hp, Y,
and 7», the agents in system (5) converge to the state of the
leader stochastically, if there exist positive definite matrices
X eR™" Qe R (i=1,2,3), R, e R™" (i=1,...,6),
any symmetric matrices Z; € R"" (i = 1,2,3), and any matri-
ces § € R Y € R satisfying the following LMIs:

S+ T +(IIT)" < Osp,, (27)
R, S

[ N Rz] > 0y, (28)
R; Z; Rs 2, Rs Z3

|: * R4:| >On7 I: * R6:| >0n7 |: * R6:| >Om (29)

where @, IT, and T are defined in Eq. (26). Then, system (5)
under the consensus protocol gain K =Y X ! is asymptoti-
cally stable.

Proof Let us define Z4 =y P and Zs = 9 P in Eq. (25).
With the same Lyapunov—Krasovskii functional candidate in
Eq. (10), by using the similar method in Eqs. (11)-(20), and
considering the zero equation in Eq. (25), a sufficient condi-
tion guaranteeing the stability of system (5) can be obtained

as
[ Iy® Z, In®Z,4 T
D+ O3Nn><Nn T+ O?)Nn><Nn Y
_IN®Zs Iy® Zs
_IN®%In
= &+ | Oznvuxvn | (IN®P)
_IN®YZIn
—_—
I
X [(IN(X)F—B®GK)7ON,1,—(£®GK),0N,,,—INn]
r
HI(Iyo P)r}T
< Oswns (30)
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where @, T, and IT are defined in Egs. (6) and (26), respec-
tively.
To obtain the consensus protocol gain, we define

Zi=X"Z,X,5=X"TSX,

i =123 and j = 1,...,6. Then,
and post-multiplying inequality (30) by matrix (Iy ®

where pre-

X =P Y=KX, diag{ X, X, X, X, X})T and Iy ® diag{X,X,X,X,X}
Q= X'Q:X, Rj=X"R;X, leads to
|
S+ [(Iy2FX —BRGY),0n,, —(LRGY), 08, —(In @ X)| +(ITT)T < Osp,.. (€28
T
In conclusion, condition (31) is equivalent to LMIs (27). | 2 ! 2T (s)(Iy® Z,)d(s)ds (37)
As a special case, when the time delay is a constant, sys- T’ —h .

tem (5) can be rewritten as 0=2(z (1)(In® Zy)+z (t)(In® Z3))

i(t)=(Iyo F —BR GK)x(t) — (LOGK)xz(t—h). (32) x[(In® F -B®GK),~(L&GK),~Ina{(1), (38)

Before deriving this, several matrices are defined for simplic-
ity

(@) = [ (), 2" (1 —h),&" ()],
& =& (IyeX)el +é3(Iye X)él
+é1(Iy® Q)é] — & (Iy®(Q)é)
+é&(Iyoh*Ry)é) — (61— &) (Iyo Ry) (6 — &)1
+é(IyohRy + Z))él —éy(In® Z))éX
+&;3(Iy @ hR3)é],
Y = [(In®FX -BRGY),—-(LRGY),—(Iy® X)),

IT = [y Inn,Onn, YoIwa]", (33)
where Q = X'QX, R, = X"RX (= 1,23), Z, =
XTZ,X, and &; € R¥*" are the block entry matrices, e.g.,
é = [ONn;INmONn}?

Corollary 1 For given scalar A, y;, and 9, the agents in
system (32) converge to the state of the leader stochastically,
if there exist positive definite matrices X € R"™", Q € R™",
R; € RV (i = 1,2,3), any symmetric matrices Z; € R,
and any matrix Y € R/ satisfying the following LMIs:

S+ O7+(IT)" < O3y, (34)
Ry Z,
[ . RJ > 0,. (35)

Then, system (32) under the consensus protocol gain K =
yXx!
Proof By constructing

is asymptotically stable.
the following Lyapunov—
Krasovskii functional and using some zero equalities

V=al(t )(IN®P) (t)
+/ $)(Iy ® Q) (s)ds

+h/ /
L

T (u)(Iy ® R3):B(u)) duds,
0=z"()Iy® Z))x(t)—x (t —h)(Iy® Z,)x(t — h)

IN®R1) ( )duds

u)(Iy ® Ry)x(u)

(36)

we can obtain Corollary 1. The proof of Corollary 1 is very

similar to that of Theorem 2, so it is omitted.

Remark 1 In Section 1, the mentioned references mainly
used passivity-based architecture to solve the master—slave
synchronization problem of BTSs. The LMIs in the proposed
stability and stabilization criteria can be easily solved by vari-
ous efficient convex algorithms. In this paper, we utilize Mat-
lab’s LMI control toolbox,*! which implements the interior-
point algorithm. This algorithm is significantly faster than the

classical convex optimization algorithms.3%!

4. Illustrative example

In this section, one numerical example is given to illus-
trate the effectiveness of Theorem 2. Consider the NMTSs (5)
with the interconnection topology described in Fig. 2 and the
dynamics of the one-link arm obtained from Ref. [5], which

means that each agent is contained by a one-link arm

=[5 s} =)

where J is the arm’s inertia moment, B is the viscous friction

(39)

coefficient of the arm’s axis of rotation, and k is the motor’s
torque coefficient. These parameters are set to J = 0.03 kg-m?,
B =0.1kg-m?/s, and k = 0.5 N-m/V.

operation by
hands of human

agent 1 agent 2

%—» MELNG>

7

1 % ©

agent 4 agent 3
agent group

leader

Fig. 2. (color online) Topology of the example.
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From Fig. 2, A, B3, and D at the interconnection topology

are
0150 O
0 0 0 17
A= 0070 0]’
1.3 0 06 0O

B = diag{0,2.2,0,0},

D = diag{1.5,1.7,0.7,1.9}.
For the system mentioned above, the consensus protocol gain
K withfixedy, =1.1,5=1,hy =1, =3.4,and hp =0.2

obtained by Theorem 2 is
K =10.0046,0.0014]. (40)

In order to confirm this result, we simulate the states of
the NMTSs with the dynamics of agent (39) for h(t) = 1+

3
| (a)
21 Q@ o
\
v
\
= 1t \
Q : \\\
ot
agent 1
—1t agent 2
- - -'agent 3
L agent. 4
D I R N S S Rttt leader
22 -1 0 1 3 4 5 ©

2.45in(0.08¢). The simulation results are given in Fig. 3.

Then, the simulation results for the state responses of the
agents are shown in Figs. 3 and 4. It is found that all the agents
follow the state of the leader under the obtained gain K in
Eq. (40) for given initial states of the agents. Here, the tra-
jectory of the leader is assumed to be z(t) = [cos(t),sin(¢)]T
in Fig. 3 and zo(¢) = [1,2]T in Fig. 4. Since the real situation
regarding tele-surgery should be considered, the assumption
for the leader, which shows that the dynamics of the leader are
different from those of the agents, should be included. Thus,
the source of this discrepancy can be explained as follows. The
leader robot is controlled by human hands to create the desired
behavior. In particular, in Figs. 3(b) and 4(b), for the consen-
sus or synchronization of the system dynamics, the necessity
of the protocol gain K can be confirmed.

[(b)

Zi?(t)

Fig. 3. (color online) The trajectories of the varying leader and each agent: (a) with the obtained gain K in Eq. (40), and (b)

without the gain K.

5
(a-1) agent 1
r agent 2
- agcmt: 2
oagen
4’7 --‘-‘l(§ader
S fy
Nt §
= BN
w o 3E

S ——agent 1
(b-1) .
agent 2
--- agen% 213
4t --‘-‘laegéﬁlller
E ,,,,,,,,,,,,,,,,,,,,,,,,
73
2L
1 | o L. o
100 200 300 400 500
t

4.0
- R t 1
(2-2) seent
3.5 T hgent 1
= = leader
= 3.0
3
2.5
2. 0P -
1.5 i i ; ;
0 10 20 30 40 50
t
4.0
(b-Z) agent 1
s
3.6 T Rgent 4
== leader
= 3.2¢
A? L
2.8}
2.4¢
2.0 \
2 4 6 8 10

t

Fig. 4. (color online) The trajectories of the static leader and each agent: (a) with the obtained gain K in Eq. (40), and (b) without

the gain K.
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5. Conclusion

In this paper, the delay-dependent leader—following con-
sensus control problem for NMTSs with interval time-varying
To do this, a suitable
Lyapunov—Krasovskii functional and the reciprocally convex

communication delays is studied.

approach are used to investigate the feasible region of consen-
sus criterion in Theorem 1. Based on the result of Theorem 1,
the design procedure for a protocol gain of the concerned sys-
tem was derived as Theorem 2. One illustrative example was
given to show the effectiveness and usefulness of the presented
criteria. It should be pointed out that the proposed method in
this paper can also be extended to networks with time delays
between the agents and leader.
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