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We investigate a new generalized projective synchronization between two complex dynamical networks of different
sizes. To the best of our knowledge, most of the current studies on projective synchronization have dealt with coupled
networks of the same size. By generalized projective synchronization, we mean that the states of the nodes in each network
can realize complete synchronization, and the states of a pair of nodes from both networks can achieve projective synchro-
nization. Using the stability theory of the dynamical system, several sufficient conditions for guaranteeing the existence of
the generalized projective synchronization under feedback control and adaptive control are obtained. As an example, we
use Chua’s circuits to demonstrate the effectiveness of our proposed approach.
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1. Introduction

Complex networks have attracted considerable attention
from researchers in various fields recently. In fact, complex
networks exist widely in our daily life, such as in ecological
and food webs,[!] the World Wide Web, [ the transmission of
diseases, 3%1 neural networks,”! and social networks. 8 Thus,
the study of complex networks is highly relevant to our daily
life. In general, a complex network consists of a large number
of nodes and connections between them. These nodes can have
different meanings in different situations, such as micropro-
cessors, computers, and companies. Several important char-
acteristics of complex networks include the complexity of the
topological structure, dynamical evolution, node diversity, and
SO on.

Among various complex dynamical behaviors, synchro-
nization is a significant and interesting phenomenon.*~'?! The
synchronization in coupled chaotic systems has been studied
extensively, both in terms of theory and practical applications,
since Pecora and Carroll!'3! used the master stability func-
tion approach to determine the stability of the synchronous
state in coupled systems. So far, different types of chaos
synchronization have been studied, such as complete synchro-
nization (CS),!'"*"18! cluster synchronization,!'”! lag synchro-
nization (LS),?"! generalized synchronization,?!-*?! projec-

23-251 and anti-synchronization. 2%

tive synchronization (PS),!
The synchronization observed in a network is usually called
“inner synchronization” as it is a collective behavior within
this network. In addition, one may also consider “outer syn-

chronization”, which refers to the synchronization between
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[271 However, until now, there

two or more complex networks.
have been few studies regarding the coexistence of outer and
inner synchronization.!?®! Therefore, in this paper we will in-
vestigate a new generalized projective synchronization, where
the states of the nodes in each network can realize complete
synchronization (i.e., inner synchronization) and the states of
a pair of nodes from both networks can achieve projective syn-
chronization (i.e., outer synchronization).

In 1999, Mainieri and Rehacek!>”! observed projective
synchronization in coupled partially linear chaotic systems,
where the drive and response vectors synchronize up to a
nonzero constant . Recently, many important studies on
the projective synchronization in dynamical networks have
been made.?°! However, research dealing with coupled com-
plex networks with different sizes is still in the initial stages.
Hence, we will consider the projective synchronization of cou-
pled complex networks with arbitrary sizes.

To realize the generalized projective synchronization be-
tween two coupled complex networks with different sizes, lin-
ear feedback control and adaptive control are utilized, respec-
tively. This implies that pinning control*! can be considered
a special case in our proposed control method. Based on the
Lyapunov stability theory and Lasalle’s invariance principle
for ordinary differential equations, several sufficient condi-
tions for guaranteeing the existence of the generalized projec-
tive synchronization are obtained.

This paper is organized as follows. In Section 2, a gen-
eral model of two coupled complex dynamical networks is de-
scribed and some preliminaries are given. In Section 3, the
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generalized projective synchronization between two complex
dynamical networks under linear feedback control is investi-
gated, and some synchronization criteria are derived using the
Lyapunov stability theorem. In Section 4, we further obtain the
synchronization criteria of the two coupled complex dynam-
ical networks under adaptive control by Lasalle’s invariance
principle. In Section 5, numerical simulations are performed
to show the effectiveness and feasibility of the proposed syn-
chronization control scheme, and a conclusion is presented in
Section 6.

2. Preliminaries

We consider two coupled complex networks with arbi-
trary sizes, which can be regarded as a drive-response dynam-
ical network. The drive network can be described as

d:c()

N _
)+cZa,-jFaz/(t), (l: 1,2,...,N;

= f(='( ), (1)
j=1
and the response network is given by
d & .
%( ) = F(Y'(0) +c Y bijTy! (1) +wi(r),
j=1
(i=1,2,...,N), )

where u;(t) are the feedback controllers. For ¢ > 0, x/(t) =
(¥, xb,...,xi)T € R" and yi(t) = (3},y5,...,y5)T € R" are
the state vectors of the i-th node in the driving network and the
response network, respectively. The function f: R" — R"
is continuous, and the constant ¢ > 0 denotes the coupling
strength. The matrix I' = diag{y1,%3,..., ¥} is an inner cou-
pling matrix that determines the interaction of the variables.
The matrix A =

metric) is an irreducible matrix with zero-sum rows, where
Ny
Y a;j and g;; are defined as follows: if there is
J=Li#j
a connection from node j to node i (i # j), then a;; > 0;

,N1). The matrix

(a;j) € RN (A is not necessarily sym-
ajj = —

otherwise a;; =0 (i # jand i,j = 1,2,...

B = (b;j) € RV>*M (B is not necessarily symmetric) is an ir-
Ny
reducible matrix with zero-sum rows, where b;; = — ), b;;
J=Lit]

and b;; are defined as follows: if there is a connection from
node j to node i (i # j), then b;; > 0; otherwise b;; =0 (i # j
andi,j=1,2,...,N;). The symmetrical part of a matrix H is
denoted by HS = (H+HT)/2.

Now, we introduce the following definitions and assump-
tions.

Definition 1 Generalized projective synchronization
(GPS) between networks (1) and (2) is said to be achieved,
if

lim [l (r) — 2/ (1)[| =0, (i,j=1.2,....\),
lim [ly'(1) =5/ (0] =0, (i,j=1.2,.... M),

lim [l (r) — @' (r)[| =0, (i=1,2,...,N),

where N = min{N;, N, }, and o is the ratio coefficient.

To achieve the goal given by Definition 1, one can intu-
itively understand the function of the coupling terms and con-
trollers u; in dynamical networks (1) and (2) in the following

Ny .
way. The coupling terms ¢ Y, a;;I'z/(t) and ¢ ): by’ (t)

j=1
are devoted to achieving the complete synchromzatlon in each

network (since the self-nonlinear dynamics of all nodes are the
same, the coupled terms can vanish asymptotically), while the
controllers u; will be designed to realize projective synchro-
nization between the networks (1) and (2).
Definition 2 The matrix A = (a;;) € RV"M is said to
belong to M, if the following two conditions are satisfied: (i)
0(+#j),a=— Z ajj (i=1,2,...,Ny); (ii) the real

J=Li]
parts of all eigenvalues of A are negative except an eigenvalue

0 with a multiplicity of one.
It is clear that A € M is irreducible. Suppose that £ =

(81,62,

is a left eigenvector corresponding to the elgenvalue 0 of A.
Let = = diag{&;,&,...,Ey, fand U = E —£T¢. Then, & >0
holds fori=1,2,...,N;.B%

Definition 3 Function class QUAD (A, P):B let P =
diag{p1,p2,...,pn} be a positive definite diagonal matrix,
and A = diag{p1,B2,...,B,} a diagonal matrix. The QUAD
(A, P) denotes a class of continuous function f(x,7) : R" x
[0,00) — R" satistying: (z —y)TP[f(x,1) — f(»,1) — A(x—
y)] < —e(@—y)T(x—y) fore >0, z,y € R", and ¢ > 0.

Assumption 1 For all x; € R" and arbitrary constants y;
(i=12,...,

,&n,) € RV (without loss of generality, Z &E=1

m), a positive constant L always exists, such that

HZM: Ol <LHZM B 3)

where || - || denotes the Euclidean vector norm, and m € Z .

In fact, there are many systems that can meet the con-
dition in Assumption 1. For example, in Section 5, we will
verify that the well-known Chua’s circuit can satisfy the in-
equality condition (3).

3. GPS under linear feedback control

Theorem 1 Suppose that Assumption 1 holds, and A €
M. Let P = diag{pi,p2,...,pn} be a positive definite ma-
trix, and A = diag{pi, B2, ..., Bn} be a diagonal matrix, such

that f(x) € QUAD(A,P). If there exist constants ¢, B;, ¥;
(j=1,2,...,n), and matrix K, such that

B;iU + (CJ/jEA)S <0,

pi+1L?

5 Iy, +cpjyiB*+p;jviK <0, (j=1,2,...,n),

where K = diag(ki,k2,...,ky,) and Iy, denote the N>-th or-
der identity matrix. Then, driving network (1) and response
network (2) under linear feedback control

wi(t) =Tki(y'(t) —as(t)), (i=1,2,....N2), (4
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Ny .
with s(t) = Y &x'(¢), will achieve generalized projective
i=1

synchronization.
Proof According to Ref. [32], we can deﬁne the syn-

5133()

Then, we have the synchronization error of the response Sys-
temas 8y'(t) = y'(t) —as(t) fori=1,2,...,N,. We construct
a Lyapunov function candidate as

V(t) =Vi(t)+Va(t),

chronization state of the driving network as s(¢) =

where

and

Ny N
Since £A =0, we have Y. &c ¥ ayI'z!(t) = 0. Then,
k=1~ I=1

we obtain
déz'(r)  dxi(r) &, dzk(r)
e~ dr _,{;ék dr
N A
= f(z'(t)) +¢c Z]a,-jf':c](t)
j=
N Ny
- Y &l 0) +e Y aulal ()]
k=1 I=1
N N .
- Z §kf(:1ck(t)) +c Z aijI'z’ (1)
k=1 j=1
:f(a:i(t))—f( +cZa,-ij/()+J
J=1
where

N ) N
J= f(;iiiw’(t)) - L&/

Differentiating V; (¢) along systems (1) and (2), we obtain
dv; ([)
dr
T dézi(¢)

= Zél dr
= ;é,-(es:c"(r)) "P(1(@'(0) ~ 1(s0))
Ny

+c Za,-jl":nj(t) +J)
j=1

N _
— ; &i(a' (1) — s(t))Tp(f(m’(t)) —f(s(0))
~A@(r) - s(1)))

N '
COR s(0)"P(A('(1) - 5(0))

Ny '
+cY aTx! (1) JrJ)
j=1

IN

N

;@‘(—

i= v
-‘r;éi(wl(t)

N

+c Z aijF:cj(t)>

J=1

= %éi(*
+251<

—s(t)' PAz'(1) +
Nj

x PY aiI'z/(t)+c(s(t
j=1

2(—€)V1

max (p;)

+cXT(”A®PI‘)X

n
= Z pjEj(t

max(p;) (pi)

PA:E()

IN

N
where &;(1) = (x}(1),x5(1),...,x}"
Kronecter product of two matrices.

With Assumption 1, computing the derivative of V5 (¢)

along systems (1) and (2), we have
dva (1)
dr
V(50 doy'(r)
=Y (6y'1))'P
,;( y'(1)) &
Ny

=Y WO -as0)" P(r) -

i=1

+Y (') — as(r)) (

i=1 j=1

ds(r)

+ L (0 —eg

N,
+1 (/0 - as(0) P L by (u'(0) -
T (' (1) — as(0)) )
< Z )) P (8y'(1))
N 4 M . T
+zl(( ) -a) &)
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1) —s(0)" (2 (1) — s(1))

s t))TP(A(wi(z) —s(1))

)—s(1))" (1)~ s(t))

('(1))" PAs(r)

()"

+s()TPAs(t) +

N

'p Z a;; 'z ( ))

Jj=1

ds

*ar

XT((5—§T§)®PA)X

)

Zbul“y 1)

)T(f(yi(t)) -

c(2'(1)"

ﬁJU+C7J'-AS)wJ( )s

ads(t)

dr

Ocs(t))

, and ® denotes the

)
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(/) - a6 (w'0)

+(Y —aS) (cBe P +K® PT)(Y —aS)

Y. 5 (89/@) P2 (3y'(1)

N, L2 ) Ny ) T . N .
+i§{ E(y (1) — ai;éim (t)) (y (1) fa;@x (;))
+(Y —aS)"(cBo Pl + K@ PI')(Y —aS)

n 2 L2
Y (65,(0)" (%5 ) T (69,0

+(89,()" (cp1;B° + 1K) (85;(1)),
where Y — &S = (y'(t) — as(t),...,y™ (1) — as(r))", and
0g;(t) = (5y]1 (t),Syf(t),...,Syyz(t))T. Using the condi-
tions in this theorem, we can obtain constants c, f;, 7y;, and
matrix K such that
ﬁjU-l- (C’}/jEA)S <0,
p 2 L2
(245 ) Iy, + ey B+ pyK <0,
where j = 1,2,...,n. Then, we obtain
dv(z dvi(z) dWa(z 1%
() _ W) anl) _ vie
dr dr dt max(p;)

Therefore, the inner complete synchronization of driving net-

IN

IN

work (1), and the outer projective synchronization between
driving network (1) and response network (2) are achieved si-
multaneously. Thus, we complete the proof. If we only discuss
the outer synchronization in Theorem 1, without loss of gener-

ality, we assume N; < N,, and derive the following corollary.

Corollary 1 Suppose that Assumption 1 holds, A €
M. Let P = diag{pi,p2,...,pn} be a positive definite ma-
trix. If there exist constants y; (j = 1,2,...,n), matrix K =
diag{ki,kz,...,ky, }, and N;-th order identity matrix Iy, such
that

2 2
p; L )
(71+7>INl+pjj/jK<O, (j=1,2,...,n),

then the two networks (1) and (2) can realize projective syn-

chronization under the following feedback control:
. . Ny )
Fki(y’(t) — OC:B’(I)) +oac ) a,'jF:IZJ(I)
j=1

N .
- Zz biijj(t)7 (l: 1727"‘7N1)7
j=1

. M .
Fk,-y’(t)Jrac Yy aijF:c/(t)
j=1

Ny .
—cy, b,’ij](l‘), (iZNl +1,N; +2,...,N2),
=1

where the gain k; is a constant, and « is the ratio coefficient.

Proof We let the synchronization error of GPS be e/(t) =
yi(t) — oxi(t), fori=1,2,...,N;. We construct a Lyapunov

function candidate as
()" P(e(1)).

Then, with the above control, the derivative of V (¢) along sys-

MZ

V(t)

1M
2il

tems (1) and (2) is given by
dv(r)

dr

= ¥ (€0)"P(5(4/0) - as(@')

i=1

Ny . N )
+chiijJ(t) —acZaijF:E/(t)+ui(t))

=1 =1
= 1 (€)' P(s(/ 1) - as(a'))
i= N |
+Y (e’(t))TP<ki1“e’(t))
i=1
Nll i T2/ i
< ¥ 5 (@) PA(el()
i=1
23 L) - ar@@)) (rwo) - ar@o))
=2
+ y (e'(1))" P(kiTel (1))
i=1
Ny ) ) M o2 .
< Y S (@) P W) + Y 5 () ()
i=1 i=1
Ny
et)) P(kIe
+ 1 (@) P(kre)
2 2
= E"(Iy @ (% + %In))E—i—ET(K@PI')E
- Xn:é(t)T[(p%—l—LZ)I + K| &)
—j:1 J 7 T )M TP i)

Using the conditions in this theorem, we can obtain constants
¥;, matrix K, and N;-th order identity matrix Iy, such that

p; L2
(e <, 613

Then, we obtain (dV(¢))/(dt) < 0. Therefore, driving net-
work (1) and response network (2) can realize projective syn-
chronization. The proof is completed.

Remark 1 In Corollary 1, if N; > N,, we can take the
control

T'ki(y'(r) — az'(1)) + ac I)\g a;; T/ (1)
=1

—c Y biiTy/(t), (i=1,2,....N2),
1

. N .
—Fk,-ocw’(t) +oc Zl, aijl“wf(t)
=1

Ny .
—c Y bijI'y/(t), (i=N+1,N2+2,...,Np).
j=1

070504-4



Chin. Phys. B Vol. 22, No. 7 (2013) 070504

Then, we can still draw similar conclusions using the above
method.

Remark 2 If we take the synchronization state of the
driving network as f(s) = ds/dt, then we can obtain similar
results as in Theorem 1, and the conditions can be obtained in
reality.

Remark 3 If N, < Nj, then our control method can be
considered as a pinning control. 3!}

4. GPS under adaptive control

The gains k; of the controller w;(¢) in Eq. (4) derived
above require that the system parameters must be known be-
forehand. However, in many real applications, it may be dif-
ficult to determine exactly the values of the system’s parame-
ters. Even if we know them exactly, the derived gains k; may
be so large that it is of no significance in some real applica-
tions. To overcome these drawbacks, adaptive gains k; should
be adapted. In this case, the controllers u; are chosen as

wi(t) = k()L (y' (1) —as(t)), (i=1,2,....,N2), (5

where the time-varying gains k;(¢) are updated according to
the following adaptive algorithm:

ki(t) = qi(y' (1) — as(0) "PT(y' (1) — as(1)),

(i=1,2,....,N), (6)

where ¢; > 0 and k;(0) are arbitrary constants. Then, we can
have the following results.

Theorem 2 Suppose that Assumption 1 holds and A €

M. LetP:diag{pl,pz,...

and A = diag{p,B,...,Bn} be a diagonal matrix, such that

f(x) € QUAD(A, P). Under the adaptive controllers (5) and

the time-varying gains (6), two coupled complex networks (1)

, Dn } be a positive definite matrix,

and (2) will achieve the generalized projective synchroniza-
tion.

Proof We construct a Lyapunov function candidate as

V(e) =Vi() +Vs(1),

1 M
Zéz (8a'(1 8x' (1)),
1N2 T ; 1 M N 2
3 = 5 Y )
(0= 3 X (0/0) P 0) + 5 1 (6 k()

where k! is a constant. Differentiating V) (¢) along the sys-
tem (1), according to the Proof in Theorem 1, we have

n
Z pjEj(t

Evaluating the time derivative of V3(¢) along systems (1) and
(2), we have

dvs(r)

Cdr

Vi(t) < ) (BiU + 1, EA%)&(1)-

max(p;)

G Tp ddy'(r)
; ) dt

y'(1)) PT(8y (1))

Ny
+;(k3‘fkl(t))(5

Ny . s
= Y W0 —as@)"P(r) o)

i=1

Ny T Ny ‘
+L (0~ as() P(cY biyly'(r))

j=1
Ny
+ LK (8y'(0) PT(3y'(1)
! i Tp2(,

< Y50 -as) P y(0) - as())

15 (o) oS50 (1) - 50
T M
— as(r)) P(c;bijf(y’(t)—

+Y k(89 (1)) PL(8y(r))
i=1
M

; (8y'(1) P (8y'(1))
L3 (o) -agaseon)’

. M .
< (1'@) —a L&)
+(Y —aS)(cBe Pl +K* @ PT)(Y —aS)
Y (890" (25— ) Ins(89,(1))
)(85;(1)),

=1
as(r),y*(t) -

IA

IN

+(89;(0) (cpjyB* + pjvi K

where Y — S = (y' (1) —

as(t),...,yM(t) —

T _
Ocs(t)) , 0g(t) = (5y}(t),~~~,5y;y2(t))T, and K* =
diag{k},k3,--- ,ky, }. Therefore,
. dvi(r) dws(r)
V() = —L 4 =3
®) dr dr

< (=i +Zn:P1

max(p) T X &;(1) (BjU + ¢y, E A% &;(1)

) I, (85;(0))

+(89;(1)) (cp;v;B* + pjyi K*) (89;(1))-
Then, we can choose suitable c,f;,7;, K, and K* (j =
1,2,...,n) such that

BiU + (cy;EA)® <0,
pi+L?

2
Thus, we have

Iy, +cp;yiB*+p;viK* <0, (j=1,2,...,n),

av()  (—eW
AT max(p;) =0.

It is obvious that the largest invariant set contained in set
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E={dvV(t)/dt =0} = {8x' = 0,8y' =0} is M = {6x' =
0,8y = 0,ki(t) =ki,i=1,2,...
invariance principle, starting with the arbitrary initial values
given by Egs. (1), (2), (5), and (6), the trajectory asymp-
totically converges to the set M, i.e., as t — oo, x'(t) —
s(t),y'(t) — ox'(t) — 0, and k;(t) — k. This indicates that
the inner complete synchronization of the driving network (1)

,N2}. According to Lasalle’s

and the outer projective synchronization between the driving
network (1) and the response network (2) with the adaptive
controllers (5) and the time-varying gains (6) are realized glob-
ally. Therefore, the GPS is realized, and we complete the
proof.

5. Numerical simulations

In this section, numerical simulations are performed to
verify the theorems obtained above. The local dynamics of
the nodes is controlled by the chaotic Chua’s circuit®®! which
is described by

X1 :p[xz — X —8(x1)]7

Xy = X1 —Xxp + X3,

X3 = —qxy,

—mo)(]x+ 1| = |x=1[)/2, p=9,
= —8/7. Then, we have

where g(x) = mox + (m

q=100/7, my = —5/7, and m,

IIZuz ol
= <;ﬂip(x2 -

—5lh))”

< (3p* +3+6p*mj+6p* (m) —

(et
+(3p*+3+4) (i I»lixé) +3 (; Mixg) :

If L? > max{3p? + 3 + 6p*m} + 6p*(my — mo)*,3p> + 3 +

q2, 3}, then Assumption 1 holds. Thus, we can select L = 25.
We consider two coupled complex dynamical networks,

both with a small-world topological structure, > which can be

given by
daiil(t) :f@i(”)“% aiilz/ (1), (i=1,2,...,N),
t F=
dy’ , N ' '
%(t) = f(y'(r))+¢ ,Zlbijryj(t)JrkiF(y’(t) _ as(t)),
j=

(l: 1725"'7N2)a
(N

where I' = I and s() =

sider the two networks Wlth N1 =30,N, =20,and x = 2. It
is clear that A belongs to M. If we assume P = 10013 and
A = 313, then Assumption 1 holds. If we choose ¢ = 0.4 and
K = —41y,, then the eigenvalues of A;U + (cy;ZA)* and
[(p3+ L) /2y, + cp;y;B* + p,¥; K are all negative. In this
case, the conditions of Theorem 1 are satisfied, and the two

2 &x'(¢). For simplicity, we con-

coupled networks (7) can achieve projective synchronization.
The simulation results are plotted in Fig. 1. Figures 1(a)-1(c)
show the states of the variables, figure 1(d) shows the inner
synchronization error

N N

ZZ*II

i=1j=

(1))l

of the driving network, and figure 1(e) shows the outer projec-
tive synchronization error

ZH

between the dr1V1ng network and the response network. Obvi-

") I(N = min{Ni,N>})

ously, the GPS is achieved.

t t t
8 6
) (d) (e)
a 6 S 4
~
s 4 =
= < 2
g 2 )
0 0
0 1 2 3 4 0 1 2 3 4

Fig. 1. The waveforms of variables (a) x| (t),

i (t), (b) x5(t), ¥5(¢), and (c) x4(¢), ¥5(¢). (d) The inner synchronization error E;(t) of

driving network (1). (e) The outer projective synchronization error E(¢) between driving network (1) and response network (2) with linear

feedback controllers (4).
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In order to illustrate how to apply Theorem 2 to judge
whether two coupled networks can achieve the GPS with adap-
tive controls (5) and (6), we select suitable parameters as P =
I'=51,c=04, (k1(0),k2(0),...,kn,(0)) = (—=9,-9,...,-9),
and g; = 0.05. The simulation results are plotted in Fig. 2.
Figures 2(a)-2(c) show the states of the variables, while fig-

20

ure 2(d) shows the inner synchronization error E|(¢) of the
driving network, and figure 2(e) shows the outer projective
synchronization error E(f) between the driving network and
the response network. Figure 2(f) illustrates the evolution of
the time-varying gains k;(¢). It is clear that two coupled com-
plex networks with adaptive controllers can realize the GPS.

(d)

B, (t)/10°

0 1 2 3 4 0 1
t

2 3 4 1 2 3 4
t t

Fig. 2. The waveforms of variables (a) x| (¢), ¥ (¢), (b) x}(¢), ¥} (¢), and (c) x§(¢), ¥ (¢). (d) The inner synchronization error E; (¢) of
driving network (1). (e) The outer projective synchronization error E(¢) between driving network (1) and response network (2) with linear
feedback controllers (5) and (6). (f) The evolution of the time-varying gains k; (7).

6. Conclusions and remarks

In this paper, we investigated a new generalized projective
synchronization phenomenon in a system of two coupled com-
plex networks with different sizes via linear feedback control
and the adaptive control method. Using stability analysis, we
obtained some of the criteria of the generalized projective syn-
chronization of the two coupled networks. Analytical results
show that under suitable conditions, the two complex networks
can realize generalized projective synchronization with differ-
ent sizes, i.e., the outer projective synchronization between
the driving network and the response network is achieved, and
the inner complete synchronization in the driving network and
the response network is also realized. Numerical simulations
demonstrate the effectiveness of the proposed generalized pro-
jective synchronization scheme.
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