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Adaptive function projective synchronization of uncertain complex
dynamical networks with disturbance∗
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We investigate the problem of function projective synchronization (FPS) in drive–response dynamical networks with
non-identical nodes. An adaptive controller is proposed for the FPS of complex dynamical networks with uncertain pa-
rameters and disturbance. Not only are the unknown parameters of the networks estimated by the adaptive laws obtained
from the Lyapunov stability theory and Taylor expansions, but the unknown bounded disturbances are also simultaneously
conquered by the proposed control. Finally, a numerical simulation is provided to illustrate the feasibility and effectiveness
of the obtained result.
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1. Introduction
Over the past few decades, there has been increasing in-

terest in the study of complex dynamics networks.[1–9] As a
typical kind of dynamics, synchronization in complex net-
works has received a great deal of attention, and many types
of synchronization phenomena have been reported, such as
complete synchronization, anti-synchronization, phase syn-
chronization, lag synchronization, intermittent lag synchro-
nization, generalized synchronization, intermittent general-
ized synchronization, time scale synchronization, and projec-
tive synchronization.[10–22]

Projective synchronization (PS) means that the drive and
response systems can be synchronized up to a scaling factor.
PS was first reported by Mainieri and Rehacek[23] in partially
linear systems. Later, Chen et al.[24,25] put forward another
new PS called function projective synchronization (FPS). FPS
is characterized by master and slave systems that can be syn-
chronized up to a scaling function, not a constant. Obviously,
setting the scaling function to constant or unity will obtain
projective or complete synchronization, respectively. So FPS
is a more general definition of PS. The FPS of chaotic sys-
tems has been widely studied because the unpredictability of
the scaling functions can additionally enhance the commu-
nication security.[26,27] Therefore, it is necessary to develop
FPS methods. Very recently, FPS has been investigated in a
two-cell quantum-CNN chaotic oscillator,[28,29] coupled par-
tially linear chaotic systems,[30] and some non-partially lin-
ear systems.[31,32] Zhang et al.[33] investigated the FPS in a
drive–response dynamical network (DRDN), and it was shown
that FPS with a desired scaling function can be realized in a

DRDN by using a simple control law. Moreover, the scal-
ing function does not need to be differentiable, bounded, and
nonzero at all times. However, the assumption of identical
nodes is not realistic for many real-world networks. For ex-
ample, the nodes in the metabolic networks and the internet
are distinct in general. The behavior of dynamical networks
with non-identical nodes is much more complicated than that
in identical-node cases.[34] Du[35] investigated the problem
of FPS in DRDNs with non-identical nodes. Based on the
adaptive open-plus-closed-loop (AOPCL) method, a general
method of FPS, which is robust to limited data accuracy and
noise effects, was derived. However, artificially adding distur-
bances can make the message transmission more complicated,
and hence it is very difficult to realize drive–response FPS. On
the other hand, in practice, the parameter mismatch is unavoid-
able, and this can destroy the FPS of the drive–response sys-
tems. However, so far, few works have considered the FPS of
drive–response systems in which the time-delay coupled com-
plex dynamics networks have uncertain parameters and distur-
bance.

Motivated by the above discussion, in this paper, we pro-
pose a general FPS scheme for complex dynamical networks
with uncertain parameters and disturbance. A simple adaptive
controller is designed to achieve the FPS. Not only are the un-
known parameters of the networks estimated by the adaptive
laws obtained from the Lyapunov stability theory and Taylor
expansions, but the unknown bounded disturbances are also si-
multaneously conquered by the use of the updating laws. For
the coupling matrix, we do not assume it to be symmetric or
irreducible. In addition, numerical simulations are performed
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to verify the effectiveness of the theoretical results.
The rest of this paper is organized as follows. The net-

work model is introduced and some necessary definitions,
lemmas, and hypotheses are given in Section 2. The FPS for
uncertain complex networks with non-identical nodes is dis-
cussed in Section 3, and examples and their simulations are
given in Section 4. Finally, the conclusions are drawn in Sec-
tion 5.

2. Model description
We consider the following DRDNs and mismatched

terms:

𝑥̇d(t) = 𝑓(𝑥d(t))+𝛥d, (1)

𝑥̇r
i(t) = 𝑔i(𝑥

r
i(t))+𝐺i(𝑥

r
i(t))𝜃i + c

N

∑
j=1

ai j𝛤1𝑥
r
j(t)

+c
N

∑
j=1

bi j𝛤2𝑥
r
j(t−di)+𝛥i +𝑢i, (2)

where superscripts d and r stand for the drive system and
the response networks, respectively. In Eq. (1), 𝑥d(t) =

(xd
1(t), xd

2(t), . . . , xd
n(t))

T ∈ Rn denotes the state vector of
the drive system, 𝑓 : Rn→ Rn is a continuously differentiable
vector function determining the dynamic behavior of the drive
system, and 𝛥d contains the mismatched terms, including the
modeling errors, parameter perturbations, noise disturbance,
etc, which could exist in many control systems. If there are
no mismatched terms in drive system (1), 𝛥d is a zero vec-
tor. In Eq. (2), 𝑥r

i(t) = (xr
i1(t), xr

i2(t), . . . , xr
in(t))

T ∈ Rn de-
notes the state vector of the i-th node, 𝑔i : Rn → Rn and 𝐺i :
Rn → Rn×mi are known continuous nonlinear function matri-
ces, 𝜃i ∈Rmi is an unknown constant parameter vector, 𝑑i ≥ 0
is an unknown coupling delay, 𝛥i ∈ Rn is the disturbance,
𝑢i ∈ Rn is the control input, and c is the coupling strength.
𝛤1 = diag(r1,r2, . . . ,rn) and 𝛤2 = diag(ς1,ς2, . . . ,ςn) are the
inner coupling matrices with ri = 1 and ςi = 1 for the i-th
state. This means that two nodes are coupled via the i-th state
variable, i.e., 𝛤1 and 𝛤2 determine the variables with which
the systems in the nodes are coupled. 𝐴 = (ai j)N×N ∈ RN×N

and 𝐵 = (bi j)N×N ∈ RN×N are the weight configuration ma-
trices, representing the topological structure of the network.
If there is a connection from node i to node j ( j 6= i), then
bi j 6= 0,ai j 6= 0; otherwise, bi j = ai j = 0 ( j 6= i). The diagonal
elements of matrices 𝐴 and 𝐵 are defined as

aii =−
N

∑
j=1, j 6=i

ai j, bii =−
N

∑
j=1, j 6=i

bi j, i = 1,2, . . . ,N. (3)

Definition 1 (FPS)[35] For the DRDN model with mis-
matched terms, it is said that the DRDN model (1) and (2) is
FPS if there exists a continuously differentiable scaling func-
tion α(t) such that lim

t→∞

∥∥𝑥r
i−α(t)𝑥d

∥∥= 0, i = 1,2, . . . ,N.

Let the error term be

𝑒i = 𝑥r
i−α(t)𝑥d, i = 1,2, . . . ,N, (4)

where α(t) is the scaling function. Our task is to find an appro-
priate controller so that the DRDN achieves synchronization,
i.e., lim

t→∞
‖𝑒i‖= 0, i = 1,2, . . . ,N.

Assumption 1[36] For any positive constant εi, the time-
varying disturbance 𝛥i(t) is bounded, i.e., ‖𝛥i(t)‖ ≤ εi.

3. The controller design for FPS
In this section, we propose an adaptive method for the

FPS between the uncertain complex dynamical network (2)
with delayed coupling and the drive system (1).

Theorem 1 For a given synchronization scaling function
α(t) and any initial conditions 𝑥d(0), 𝑥r(0), the DRDN (1)
and (2) can realize FPS with the following control law:

𝑢i = 𝑦̇(t)−𝑔i(𝑦(t))−qi𝑒i(t)

−𝐺i(𝑥
r
i(t))𝜃̂i(t)−βi(t)sgn(𝑒i(t)), (5)

q̇i = k3𝑒
T
i (t)𝑒i(t), (6)

˙̂𝜃i(t) = k1𝐺
T
i (𝑥

r
i(t))𝑒i(t), (7)

β̇i(t) = k2𝑒
T
i (t)sgn(𝑒i(t)), (8)

where k1,k2,k3 are positive constants and 𝑦(t) = α(t)𝑥d. In
Eq. (5), 𝜃̂i(t) is the estimated parameter for network (2).

Proof The time derivative of Eq. (4) is

𝑒̇i(t) = 𝑥̇r
i(t)− 𝑦̇i(t), i = 1,2, . . . ,N. (9)

Substituting Eq. (2) into Eq. (9), we have

𝑒̇i(t) = 𝑔i(𝑥
r
i(t))+𝐺i(𝑥

r
i(t))𝜃i + c

N

∑
j=1

ai j𝛤1𝑥
r
j(t)

+c
N

∑
j=1

bi j𝛤2𝑥
r
j(t−di)+𝛥i +𝑢i− 𝑦̇(t). (10)

The vector function 𝑔i(𝑥
r
i(t)) is linearized as follows in the

neighborhood of the goal value via the Taylor expansions:

𝑔i(𝑥
r
i(t)) = 𝑔i(𝑦(t))+

∂𝑔i(𝑦(t))
∂𝑦(t)

(𝑥r
i(t)−𝑦(t))+ · · · ,

i = 1,2, . . . ,N. (11)

Keeping the first-order terms in Eq. (11) and substituting in
Eq. (10), we have

𝑒̇i(t) = 𝐽i𝑒i(t)−𝐺i(𝑥
r
i(t))θ̃i(t)−βi(t)sgn(𝑒i(t))

+c
N

∑
j=1

ai j𝛤1𝑒 j(t)+ c
N

∑
j=1

bi j𝛤2𝑒 j(t−di)

+𝛥i−qi𝑒i(t), i = 1,2, . . . ,N, (12)

where 𝐽i = ∂𝑔i(𝑦(t))/∂𝑦(t) is the Jacobian matrix of 𝑔i(𝑦(t))
with respect to 𝑦.
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Choose the following Lyapunov function candidate:

V (t) =
1
2

N

∑
i=1

𝑒T
i (t)𝑒i(t)+

1
2

N

∑
i=1

1
k3
(qi−q∗)2

+
1
2

t∫
t−di

N

∑
i=1

𝑒T
i (ξ )𝑒i(ξ )dξ +

1
2k1

N

∑
i=1

θ̃
T
i (t)θ̃i(t)

+
1

2k2

N

∑
i=1

β̃
2
i (t),

where β̃i(t) = βi(t)− β ∗i , 𝜃̃i(t) = 𝜃̂i(t)− 𝜃i, and β ∗i are the
positive constants designed later.

The time derivative of V (t) along the trajectories of
Eq. (12) is

V̇ (t) =
N

∑
i=1

𝑒T
i (t)𝑒̇i(t)+

N

∑
i=1

1
k3
(qi−q∗)q̇i

+
1
2

N

∑
i=1

[𝑒T
i (t)𝑒i(t)−𝑒T

i (t−di)𝑒i(t−di)]

+
1
k1

N

∑
i=1

˙̂𝜃T
i (t)𝜃̃i(t)+

1
k2

N

∑
i=1

β̇i(t)β̃i(t).

By the application of control input (5) to error dynamics 𝑒̇i(t),
we have

V̇ (t) =
N

∑
i=1

𝑒T
i (t)[𝐽i𝑒i(t)−𝐺i(𝑥

r
i(t))𝜃̃i(t)

−βi(t)sgn(𝑒i(t))+ c
N

∑
j=1

ai j𝛤1𝑒 j(t)

+c
N

∑
j=1

bi j𝛤2𝑒 j(t−di)+𝛥i

−qi𝑒i(t)]+
N

∑
i=1

1
k3
(qi−q∗)q̇i

+
1
2

N

∑
i=1

[𝑒T
i (t)𝑒i(t)−𝑒T

i (t−di)𝑒i(t−di)]

+
1
k1

N

∑
i=1

˙̂𝜃T
i (t)𝜃̃i(t)+

1
k2

N

∑
i=1

β̇i(t)β̃i(t)

=
N

∑
i=1

𝑒T
i (t)𝐽i𝑒i(t)−

N

∑
i=1

𝑒T
i (t)𝐺i(𝑥

r
i(t))𝜃̃i(t)

−
N

∑
i=1

𝑒T
i (t)βi(t)sgn(𝑒i(t))+ c

N

∑
i=1

𝑒T
i (t)

N

∑
j=1

ai j𝛤1𝑒 j(t)

+c
N

∑
i=1

𝑒T
i (t)

N

∑
j=1

bi jΓ2𝑒 j(t−di)+
N

∑
i=1

𝑒T
i (t)𝛥i

−
N

∑
i=1

𝑒T
i (t)qi𝑒i(t)+

N

∑
i=1

1
k3
(qi−q∗)q̇i

+
1
2

N

∑
i=1

𝑒T
i (t)𝑒i(t)−

1
2

N

∑
i=1

𝑒T
i (t−di)𝑒i(t−di)

+
N

∑
i=1

1
k1

˙̂𝜃T
i (t)𝜃̃i(t)+

1
k2

N

∑
i=1

β̇i(t)β̃i(t).

By using the adaptation laws (6)–(8),

V̇ (t) =
N

∑
i=1

𝑒T
i (t)𝐽i𝑒i(t)+ c

N

∑
i=1

𝑒T
i (t)

N

∑
j=1

ai j𝛤1𝑒 j(t)

+c
N

∑
i=1

𝑒T
i (t)

N

∑
j=1

bi j𝛤2𝑒 j(t−di)+
N

∑
i=1

𝑒T
i (t)𝛥i

−
N

∑
i=1

q∗𝑒T
i (t)𝑒i(t)+

1
2

N

∑
i=1

𝑒T
i (t)𝑒i(t)

− 1
2

N

∑
i=1

𝑒T
i (t−di)𝑒i(t−di)−

N

∑
i=1

β
∗
i 𝑒

T
i (t)sgn(𝑒i(t)).

Let 𝑒(t) = (𝑒T
1 (t), 𝑒

T
2 (t), . . . , 𝑒

T
N(t))

T ∈ RnN , 𝑄= (𝐴⊗𝛤1),
𝑃 = (𝐵⊗𝛤2), where ⊗ represents the Kronecker product,

V̇ (t) =
N

∑
i=1

𝑒T
i (t)𝐽i𝑒i(t)+ c𝑒T(t)𝑄𝑒(t)+ c𝑒T(t)𝑃𝑒(t−di)

+
N

∑
i=1

𝑒T
i (t)𝛥i−

N

∑
i=1

q∗𝑒T
i (t)𝑒i(t)

+
1
2

N

∑
i=1

𝑒T
i (t)𝑒i(t)−

1
2
𝑒T(t−di)𝑒(t−di)

−
N

∑
i=1

β
∗
i 𝑒

T
i (t)sgn(𝑒i(t)).

By the use of the fact that 2𝑥T𝑦 ≤ 𝑥T𝑆𝑥+𝑦T𝑆−1𝑦 for any
vectors 𝑥,𝑦 ∈ Rm and a positive definite matrix 𝑆 ∈ Rm×m,
we have

V̇ (t) ≤
N

∑
i=1

𝑒T
i (t)𝐽i𝑒i(t)+ c𝑒T(t)𝑄𝑒(t)+

1
2

c2𝑒T(t)𝑃 T𝑃𝑒(t)

+
1
2
𝑒T(t−di)𝑒(t−di)+

N

∑
i=1

𝑒T
i (t)𝛥i

−
N

∑
i=1

q∗𝑒T
i (t)𝑒i(t)+

1
2

N

∑
i=1

𝑒T
i (t)𝑒i(t)

− 1
2
𝑒T(t−di)𝑒(t−di)−

N

∑
i=1

β
∗
i 𝑒

T
i (t)sgn(𝑒i(t))

=
N

∑
i=1

𝑒T
i (t)𝐽i𝑒i(t)+ c𝑒T(t)𝑄𝑒(t)+

1
2

c2𝑒T(t)𝑃 T𝑃𝑒(t)

+
N

∑
i=1

𝑒T
i (t)𝛥i−

N

∑
i=1

q∗𝑒T
i (t)𝑒i(t)

+
1
2

N

∑
i=1

𝑒T
i (t)𝑒i(t)−

N

∑
i=1

β
∗
i 𝑒

T
i (t)sgn(𝑒i(t)).

Let Θ = diag(𝐽1,𝐽2, . . . ,𝐽N), from Assumption 1, we have

V̇ (t) ≤ 𝑒T(t)
(
𝛩+ c𝑄+

1
2

c2𝑃 T𝑃 +
1
2
𝐼

)
𝑒(t)

−q∗𝑒T(t)𝑒(t)+
N

∑
i=1

[εi−β
∗
i ]‖𝑒i(t)‖ .

Let λ = λmax(𝛩+ c𝑄+ 1
2 c2𝑃 T𝑃 + 1

2𝐼), we obtain

V̇ (t)≤ (λ −q∗)𝑒T(t)𝑒(t)+
N

∑
i=1

[εi−β
∗
i ]‖𝑒i(t)‖ .
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Therefore, by taking appropriate q∗ and β ∗i such that

(λ −q∗)< 0, (13)

εi−β
∗
i < 0, for i = 1,2, . . . ,N. (14)

Based on the LaSalle invariance principle, we can obtain
V̇ (t)≤ 0, which means that the FPS between network (2) and
reference node (1) is achieved with the control input (5) and
update laws (6)–(8). This completes the proof.

4. Illustrative example
In this section, we will study the FPS in the DRDN with

uncertain terms. We take the Lorenz system as the drive sys-
tem, which is described as follows:

ẋd
1 = 10(xd

2− xd
1)+2cos(t),

ẋd
2 = (28− xd

3)x
d
1− xd

2 +3sin(t),

ẋd
3 = xd

2xd
1− (8/3)xd

3 +0.1sin(t),

where 𝛥d =
[

2cos(t) 3sin(t) 0.1sin(t)
]

denotes the uncer-
tain terms.

The response network is described as follows: ẋr
i1(t)

ẋr
i2(t)

ẋr
i3(t)

 =

 −xr
i2(t)− xr

i3(t)
xr

i1(t)
xr

i1(t)x
r
i3(t)+0.2


+

 0 0
xr

i2(t) 0
0 −xr

i3(t)

[ θi1
θi2

]

+c
N

∑
j=1

ai j𝛤𝑥r
j(t)+ c

N

∑
j=1

bi j𝛤𝑥r
j(t−di)

+𝛥r(t)+𝑢i(t),

where i = 1,2, . . . ,N, the unknown parameter vector 𝜃i =

[θi1 θi2]
T = [2 10]T, c = 0.1, d = 2, N = 5, and 𝛤 = 𝐼3×3.

The two coupling matrices are chosen as

𝐴=𝐵=


−4 1 1 1 1
0 −3 1 1 1
1 1 −3 0 1
0 1 0 −2 1
1 0 0 1 −2

 .

0 100 200 300
-20

0

20

40

60

t

e
i

i/↪↪↪...↪

Fig. 1. (color online) The time evolution of errors ei1.

e
i

0 100 200 300

-40

-20

0

20

t

i/↪↪↪...↪

Fig. 2. (color online) The time evolution of errors ei2.

e
i

0 100 200 300
-40

-20

0

20

t

i/↪↪↪...↪

Fig. 3. (color online) The time evolution of errors ei3.

q
i

0 100 200 300
0

100

200

300

t

i/↪↪↪...↪

Fig. 4. (color online) The time evolution of feedback gains with mis-
matched terms.

We choose the disturbance 𝛥r(t) =

 0.3cos(t)sin(t)
0.1sin(t)
0.5cos(t)


and take α(t) = 2+ sin(t). The controller 𝑢i can be designed

by Eq. (5) in Theorem 1 and k1 = 5, k2 = 8, k3 = 15.

The simulation results are given in Figs. 1–6, and the nu-

merical results show that the theoretical results are effective.
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θ
i


θ
i


0 100 200 300
-50

0

50

100

t

0 100 200 300
-50

0

50

100

t

(a)

(b)

Fig. 5. (color online) The estimated parameters (a) θi1 and (b) θi2,
i = 1,2, . . . ,5.

β
i


β
i


β
i


0 100 200 300
0

50

t

0 100 200 300
0

50

t

0 100 200 300
0

20

40

t

(a)

(b)

(c)

Fig. 6. (color online) The estimated parameters (a) βi1 and (b) βi2,
i = 1,2, . . . ,5.

5. Conclusion
In this paper, a general FPS scheme is proposed for com-

plex dynamical networks with uncertain parameters and dis-
turbance. A simple adaptive controller is designed to achieve
the FPS. The unknown parameters are estimated using the
adaptive laws obtained based on the Lyapunov stability theory
and Taylor expansions. Even if there are unknown bounded
disturbances, the proposed controller with the estimated pa-
rameters can also achieve the FPS of the drive–response net-
work. In addition, numerical simulations are performed to ver-
ify the effectiveness of the theoretical results.
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