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Phase synchronization and synchronization frequency of
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In this paper, phase synchronization and the frequency of two synchronized van der Pol oscillators with delay coupling
are studied. The dynamics of such a system are obtained using the describing function method, and the necessary conditions
for phase synchronization are also achieved. Finding the vicinity of the synchronization frequency is the major advantage
of the describing function method over other traditional methods. The equations obtained based on this method justify the
phenomenon of the synchronization of coupled oscillators on a frequency either higher, between, or lower than the highest,
in between, or lowest natural frequency of the aggregate oscillators. Several numerical examples simulate the different
cases versus the various synchronization frequency delays.
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1. Introduction

The study of synchronization among oscillators has a long
history.[1–7] In most works, the effect of oscillators on each
other has been assumed to be rapid and without delay, which
is an ideal assumption. However, we know that the mutual in-
teraction of oscillators in nature occurs with some delays. For
instance, microwave oscillators work at a frequency as high as
10 GHz. In other words, their periods are about 0.6 ns. Since
signals propagate through space at the speed of light, the signal
will move about 18 cm during one full period of the oscilla-
tors. If the oscillators are separated by, for example, 4 cm, we
can see that each oscillator will go through about one-fourth
period before it is reached by the signal of the other oscillator.
Thus, the time for a signal to travel from one oscillator to the
other represents a substantial portion of the period of the un-
coupled oscillator. This immediately leads to the inclusion of
delay effects in the coupling terms.[8] In another example, we
refer to heart pacemakers, where the effect of the sino-atrial
node signal reaches the atrio-ventricular node after about 0.2
seconds.

The study of coupled oscillators with delay coupling is a
relatively recent and complicated issue. Generally, two meth-
ods have been used to analyze such systems. In the first
method, the nonlinear system is linearized around the fixed
point, then the linear systems analyze tools such as the systems
characteristics equation, and its eigenvalues are employed for
analysis.[8–10] The second method uses averaging (one of the
perturbation methods). The slow-flow dynamics are obtained
first using averaging, and then applying first-degree tailor ex-

pansion, the delay equations are approximated by equations
without delay.[11–13] The advantage of the aforementioned
methods is that they provide a close form equation for analysis
of the bifurcation points, stability and synchronization areas.
However, they have two major disadvantages: first, the oscil-
lators have to be identical; and second, they cannot give in-
formation about the synchronization frequency. In this paper,
the two oscillators are assumed to be completely non-identical,
and the aim is to gain the necessary conditions for the synchro-
nization and the vicinity of the oscillators’ frequency if they
are phase synchronized. To achieve these goals, the describ-
ing function is used.[14] The advantage of this method over
other methods, in addition to achieving the synchronization
frequency, is that delay coupling appears in the equations as a
phase lag, and the phase of equations is only affected by de-
lay. Therefore, the analysis is easier than in the other methods.
This advantage is similar that of the Nyquist method over other
methods in the stability analysis of time delay linear systems,
in which the time delay only causes the rotation of the Nyquist
diagram around the origin.

Since the van der Pol oscillator can model many phenom-
ena in nature, such as the normal state and blocking arrhyth-
mias in the heart,[15] microwave oscillators and lasers,[8] the
behavior of a pair of mutual coupled van der Pol with delay
coupling is studied in this paper.

The paper is organized as follows: phase synchroniza-
tion is investigated and the necessary conditions are achieved
in Section 2. In Section 3, the switching synchronization fre-
quency versus time delay variations are studied. The various
cases of switching are simulated in Section 4, and the conclu-
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sion is given in Section 5.

2. Phase synchronization
Assume two coupled van der Pol oscillators with delayed

coupling as follows:

ẍ(t)−µ1
[
1− x2 (t)

]
ẋ(t)+ω

2
1 x(t)

= α1 [y(t− τ)− x(t)] , (1)

ÿ(t)−µ2
[
1− y2 (t)

]
ẏ(t)+ω

2
2 y(t)

= α2
[
x
(
t− τ

′)− y(t)
]
, (2)

where µ1 and µ2 are damping coefficients, ω1 and ω2 are nat-
ural frequencies, α1 and α2 are coupling intensities, and τ and
τ ′ are delay-time couplings. Equations

ẍ(t)−µ1
[
1− x2 (t)

]
ẋ(t)+ω

′
1

2x(t) = α1y(t− τ) , (3)

ÿ(t)−µ2
[
1− y2 (t)

]
ẏ(t)+ω

′2
2y(t) = α2x

(
t− τ

′) (4)

are rearranged for analysis, where ω ′1
2 = ω2

1 +α1 and ω ′22 =

ω2
2 +α2. To use the describing function, we decompose the

equations into linear and nonlinear parts, that is

ẍ−µ2ẋ+µ2 ḟ (x)+ω
′
1

2x = α1yτ , (5)

ÿ−µ2ẏ+µ2 ḟ2 (y)+ω
′2
2y = α2x′τ , (6)

where yτ = y(t− τ), x′τ = x(t− τ ′), and the nonlinear function
f (·) is

f (·) = 1
3
(·)3 . (7)

Suppose that the synchronization frequency is ω ′′, there-
fore, the signal that effects x has ω ′2 and ω ′′ frequencies. On
the other hand, the signal that effects y has ω ′1 and ω ′′ frequen-
cies. According to the natural and imposed frequencies for x
and y, and taking into account the first harmonics, we obtain

x(t) ≈ x1 sin
(
ω
′
1t +ϕ

′
1
)
+ x2 sin

(
ω
′′t +ϕx

)
+x3 sin

(
ω
′
2t +ϕ

′′
1
)
, (8)

y(t) ≈ y1 sin
(
ω
′
2t +ϕ

′
2
)
+ y2 sin

(
ω
′′t +ϕy

)
+y3 sin

(
ω
′
1t +ϕ

′′
2
)
, (9)

where ϕ =
[

ϕ ′1 ϕx ϕ ′′1 ϕ ′2 ϕy ϕ ′′2
]

is the phase vector of
the signals. One can consider one phase (for instance ϕ ′1) as
the basis for the other phases. A block diagram of the two
coupled van der Pol oscillator system is illustrated in Fig. 1,
where the transfer function Gx(p) is

Gx (p) =
µ1 p

p2−µ1 p+ω ′1
2 . (10)

One can see from Eq. (10) that the transfer function is
a band pass filter which attenuates high and low frequencies,
and we can overlook signals with frequencies ω ′1±ω ′2 and
higher order harmonics. It is clear that we cannot ignore fre-
quencies ω ′1−ω ′2 if one of the transfer function zeros is not
in the origin.

yry

x
rx ↩

α2

e−τp

e−τ ′p

µ2p

Gx↼p↽

Gy↼p↽
⇁

↩

⇁

f↼S↽

f↼S↽

α1
µ1p

Fig. 1. Block diagram of the two bidirectional coupled van der Pol os-
cillator system.

According to Eq. (5), Eq. (6), and the transfer function
Eq. (10), we obtain the input rx

rx (t) ≈ −
α1y1

µ1ω ′2
cos
(
ω
′
2t +ϕ

′
2−ω

′
2τ
)

− α1y2

µ1ω ′′
cos
(
ω
′′t +ϕy−ω

′′
τ
)

− α1y3

µ1ω ′1
cos
(
ω
′
1t +ϕ

′′
2 −ω

′
1τ
)
. (11)

Signals x and y [Eqs. (8) and (9)] are phase synchronized if the
amplitude of the synchronization frequency (ω ′′) is very high
in comparison with the amplitudes of the other frequencies.
The input signal (11) can be approximated as shown if the two
oscillators are phase synchronized

rx (t)≈−
α1y2

µ1ω ′′
cos
(
ω
′′t +ϕy−ϕτ

)
, ϕτ = ω

′′
τ . (12)

For the nonlinear function, we also have

f (x) =
1
3

x3 ≈ N1x1 sin
(
ω
′
1t +ϕ

′
1
)
+N2xx2 sin

(
ω
′′t +ϕx

)
+N3xx3 sin

(
ω
′
2t +ϕ

′′
1
)
,

N1x =
1
4
(
x2

1 +2x2
2 +2x2

3
)
,

N2x =
1
4
(
2x2

2 + x2
2 +2x2

3
)
,

N3x =
1
4
(
2x2

1 +2x2
2 + x2

3
)
. (13)

The nonlinear function as f (x) = x3/3 instead of f (x, ẋ) = x2ẋ
has two important advantages.

(i) The nonlinear part is static, therefore, the describing
function is independent of frequency.

(ii) The function f (x) is odd; therefore, it is not necessary
to consider a bias for consistency of input–output.

According to the block diagram (1), we have

G−1
x (jω)x+ f (x) = rx, (14)
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where

G−1
x (jω) =

j
µ1

(
ω− ω ′1

2

ω

)
−1. (15)

By substituting Eqs. (12) and (13) in Eq. (14) and rewriting it,
we have[15]

[
G−1

x
(
jω ′1
)
+N1x

]
x1 ≈ 0, (16)[

G−1
x
(
jω ′′
)
+N2x

]
x2

≈ α1y2

µ1ω ′′
× exp

{
−j
[

π

2
+(ϕx−ϕy)+ϕτ

]}
, (17)[

G−1
x
(
jω ′2
)
+N3x

]
x3 ≈ 0, (18)

Equations (16) and (18) state that

−1+
1
4
(
x2

1 +2x2
2 +2x2

3
)
≈ 0,

−1+
1
4
(
2x2

1 +2x2
2 + x2

3
)
≈ 0. (19)

According to Eq. (19), the amplitudes x1 and x3 will tend to
zero if the amplitude of x2 becomes greater than

√
2. Since

the amplitudes of x1 and x3 must be very low in comparison
with the amplitude x1, it would therefore be best if one takes
the condition below for phase synchronization

x2 >
√

2 . (20)

Accordingly, for the second oscillator

Gy (p) =
µ2 p

p2−µ2 p+ω ′2
2 , (21)

ry (t) ≈ −
α2x2

µ2ω ′′
cos
(
ω
′′t +ϕx−ϕ

′
τ

)
, ϕ

′
τ = ω

′′
τ
′. (22)

f (y) =
1
3

y3 ≈ N1y1 sin
(
ω
′
2t +ϕ

′
2
)
+N2y2 sin

(
ω
′′t +ϕy

)
+N3y3 sin

(
ω
′
1t +ϕ

′′
2
)
,

N1y =
1
4
(
y2

1 +2y2
2 +2y2

3
)
,

N2y =
1
4
(
2y2

2 + y2
2 +2y2

3
)
,

N3y =
1
4
(
2y2

1 +2y2
2 + y2

3
)
. (23)

And similar to Eq. (14)

G−1
y (jω)y+ f (y) = ry, (24)

where

G−1
y (jω) =

j
µ2

(
ω− ω ′2

2

ω

)
−1. (25)

By substituting Eqs. (22) and (23) in Eq. (25) and rewriting it,
we have (

G−1
y
(
jω ′1
)
+N1y

)
y1 ≈ 0, (26)(

G−1
y
(
jω ′′
)
+N2y

)
y2

≈ α2x2

µ2ω ′′
exp
{
−j
[

π

2
− (ϕx−ϕy)+ ϕ

′
τ

]}
, (27)[

G−1
y
(
jω ′2
)
+N3y

]
y3 ≈ 0. (28)

Equations (26) and (28) demonstrate

−1+
1
4
(
y2

1 +2y2
2 +2y2

3
)
≈ 0,

−1+
1
4
(
2y2

1 +2y2
2 + y2

3
)
≈ 0. (29)

Similar to Eq. (19), amplitudes y1 and y3 will tend to zero if
the amplitude of y2 becomes greater than

√
2. Therefore, the

other necessary condition is

y2 >
√

2. (30)

3. Synchronization frequency
Assuming θ = ϕx−ϕy as the phase difference of two os-

cillators and rearranging Eqs. (17) and (27), we can obtain[
j

µ1

(
ω
′′− ω ′1

2

ω ′′

)
−1+

1
4

x2
2

]
x2

≈ α1y2

µ1ω ′′
× exp

[
−j
(

π

2
+θ +ϕτ

)]
, (31)[

j
µ2

(
ω
′′− ω ′2

2

ω ′′

)
−1+

1
4

y2
2

]
y2

≈ α2x2

µ2ω ′′
× exp

[
−j
(

π

2
−θ +ϕ

′
τ

)]
. (32)

The set of Eqs. (31) and (32) is composed of four equa-
tions according to the real and imaginary parts and has four
unknown parameters ω ′′, θ , x2, y2. Suppose that two oscilla-
tors are phase synchronized, and without losing the generality,
assumeτ = τ ′⇒ ϕτ = ϕ ′τ . The real parts of Eqs. (31) and (32)
are (

−1+
1
4

x2
2

)
x2 =−

α1y2

µ1ω ′′
sin(θ +ϕτ) , (33)(

−1+
1
4

y2
2

)
y2 =

α2x2

µ2ω ′′
sin(θ −ϕτ) (34)

and the imaginary part

x2

(
ω
′′− ω ′1

2

ω ′′

)
=−α1y2

ω ′′
cos(θ +ϕτ) , (35)

y2

(
ω
′′− ω ′2

2

ω ′′

)
=−α2x2

ω ′′
cos(θ −ϕτ) . (36)

The real parts discuss the amplitudes and the imaginary parts
cover the synchronization frequency versus time delay.

If the time delay is so small that 0 < θ ±ϕτ < π/2, the
system will act as though it were without delay. In this case,
only the amplitudes of the oscillators are distorted. Case 1 in
the simulation section exemplifies this case. Figure 2 shows
the effect of a small time delay coupling.
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By increasing the time delay, the system first becomes
synchronized. With the increase in the time delay, the system
goes back to the synchronization situation, but the synchro-
nization frequency will increase abruptly because according
to Eqs. (35) and (36), the synchronization frequency switches
from ω ′′ ≤min(ω ′1,ω

′
2) to ω ′′ ≥max(ω ′1,ω

′
2). Since the time

delay is not very large in this case, the phase θ ±ϕτ is situ-
ated in the third quadrant of the plane. Therefore, according to
Eqs. (33) and (34), the amplitude x2 will be greater than 2 and
the amplitude y2 will be smaller than 2. Figure 3 in the simu-
lation section justifies this, and explains the phenomenon that
has been observed in the cells of chicken heart pacemakers,
where some of the pacemaker cells discharge at a frequency
higher than the highest frequency.[17]

Further increasing the time delay will cause an increase
in phase delay ϕτ , so the phase θ +ϕτ is situated in the third
quadrant and the phase θ − ϕτ in the second quadrant. In
this case, the amplitudes of x2 and y2 become greater than 2
according to Eqs. (33) and (34), and the synchronization fre-
quency is situated between two ω ′1 and ω ′2 frequencies accord-
ing to Eqs. (35) and (36). Figure 4 demonstrates the results
with a large time delay.

If the time delay increase is high, the phase θ +ϕτ will
be situated in the fourth quadrant, and phase θ − ϕτ in the
first quadrant. In this case, the amplitudes of x2 and y2 be-
come greater than 2 according to Eqs. (33) and (34), but the
synchronization frequency drops to a frequency lower than the
minimum frequency of two oscillators [ω ′′ ≤ min(ω ′1,ω

′
2)].

Figure 5 demonstrates the result with a very large time delay
(Case 3).

It is stated in Ref. [17] that some pacemaker cells dis-
charge at a frequency lower than the lowest frequency. This
case explains the phenomenon.

4. Simulation
In this section, the effects of time delay on the amplitude

and synchronization frequency are simulated in four different
cases.

4.1. Case 1: small delay

Assume the system parameters are ω1 = 1.6, µ1 = 2, α1 =

1.6, ω2 = 1, µ2 = 1, α2 = 1.6 (∴ ω ′1 = 2.0396, ω ′2 = 1.6125)
and the time delay τ = 0.0483. According to Fig. 2, the syn-
chronization frequency and phase delay are τ = 0.0483,ω ′′ =
1.2483, which lead to φτ = 3.5◦. Choosing coupling inten-
sities larger than α1 = α2 = 1.6 causes a very low amplitude
distortion.

As mentioned in the previous section, because 0 < θ ±
ϕτ < π/2, we expect x2 <

√
2 and y2 >

√
2 from Eqs. (33) and

(34), and min(ω ′1,ω
′
2) ≤ ω ′′ ≤ max(ω ′1,ω

′
2) from Eqs. (35)

and (36). Figure 2 confirms the results obtained in Section 2.

The solid and dashed lines illustrate the outputs of the first and
second oscillators, respectively. It can be seen that the output
of the second oscillator is distorted a little.

2

0

-2

0 10 20 30 40

Time/s

Samll delay

Fig. 2. The effect of a small delay on the oscillators. The solid and
dashed lines illustrate the outputs of the first and second oscillators.

4.2. Case 2: medium delay

In this case, the parameters are similar to those in Case 1,
except for the delay which is larger than that in Case 1
(τ = 0.0785). The parameters are x2 = 2.18, y2 = 1.669,
ω ′′ = 2.1256 > max(ω ′1,ω

′
2), θ = 226.5◦, ϕτ = 9.57◦, 180◦ <

θ ±ϕτ < 270◦. It is expected that the frequency suddenly in-
creases (in this example from ω ′′ = 1.2483 to ω ′′ = 2.1256)
with a medium delay. It is also expected that x2 >

√
2 and

y2 <
√

2 for 180◦ < θ ±ϕτ < 270◦ from Eqs. (33) and (34),
and ω ′′ ≥max(ω ′1,ω

′
2) from Eqs. (35) and (36), which can be

seen in Fig. 3.

2

0

-2
20 30 40

Time/s

x
y

Fig. 3. Switching the synchronization frequency to a high frequency.

4.3. Case 3: large delay

By increasing the time delay to τ = 0.4189, the third case
occurs. As mentioned in the previous section, the θ +ϕτ phase
is situated in the third quadrant and the θ −ϕτ phase in the
second quadrant. In this case, the synchronization frequency
is situated between two ω ′1 and ω ′2 frequencies, according to
Eqs. (35) and (36). Moreover, according to Eqs. (33) and (34),

2

0

-2

20 30 40

Time/s

x
y

Fig. 4. The large time delay. Both amplitudes are greater than 2 in this case.
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the amplitudes of x2 and y2 become greater than 2 in this case.
This is confirmed in Fig. 4.

The results of the simulation are

x2 = 2.23, y2 = 2.3, ω ′2 < ω ′′ = 1.98 < ω ′1, θ = 210.6◦ ,
ϕτ = 47.4◦, θ +ϕτ = 258◦, θ −ϕτ = 163.2◦ .

One can see that the amplitude is greater than 2 and the syn-
chronization frequency situated between the two frequencies.
This result confirms Eqs. (33)–(36).

4.4. Case 4: very large time delay

By increasing the time delay to τ = 1.5708, the frequency
drops abruptly according to Eqs. (34) and (35). The numerical
results are

x2 = 2.39, y2 = 2.76, ω ′′ = 1.38 < min(ω ′1, ω ′2) ,
θ = 212.5◦, ϕτ = 124◦, θ +ϕτ = 336.5◦, θ −ϕτ = 88.5◦ .

According to θ +ϕτ and Eq. (33), we deduce that x2 >
√

2,
and, θ − ϕτ and equation (34), y2 >

√
2. In addition, Eqs.

(35) and (36) deduce that ω ′′ < min(ω ′1,ω
′
2). All of our ex-

pectances are approved by Fig. 5.

2

4

0

-2

20 30 40
Time/s

x
y

Fig. 5. The effect of a very large time delay. The synchronization drops
to a low frequency.

5. Conclusion
The describing function method was used to study the

behavior of two coupled van der Pol oscillators with delayed
coupling. The necessary conditions and the boundaries of the
synchronization frequency were obtained. The major advan-
tage of this method is its capability in confronting delay, since

the delay appears only in the phase of equations. Another ad-
vantage is finding the boundaries of the synchronization fre-
quency in relation to various time delays. When the delay is
small, the synchronization frequency is also small. By increas-
ing the time delay, the synchronization frequency increases
abruptly. A further increase in the time delay leads to a mid-
dle frequency. When the delay increase is very high, the fre-
quency again switches to a small frequency. According to the
achieved equations, the boundaries of the oscillator amplitudes
were also obtained.

To use the describing function method properly, the sys-
tem is decomposed into linear and nonlinear parts, such that
the transfer function of the linear part acts as a band pass filter.
This attenuates the high and low frequencies and makes the
nonlinear part in the form of a static odd function, which re-
sults in the describing function becoming independent of bias
and frequency.
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