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Robust finite-time stabilization of unified chaotic complex systems
with certain and uncertain parameters∗
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This paper deals with the finite-time stabilization of unified chaotic complex systems with known and unknown
parameters. Based on the finite-time stability theory, nonlinear control laws are presented to achieve finite-time chaos
control of the determined and uncertain unified chaotic complex systems, respectively. The two controllers are simple, and
one of the uncertain unified chaotic complex systems is robust. For the design of a finite-time controller on uncertain unified
chaotic complex systems, only some of the unknown parameters need to be bounded. Simulation results for the chaotic
complex Lorenz, Lü and Chen systems are presented to validate the design and analysis.
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1. Introduction
In recent years, the theory and methods of the controlling

chaotic system have received a great deal of attention among
scientists, and have also been extensively studied due to po-
tential applications in secure communication, modeling brain
activity, chemical reactions, ecological systems, etc.[1–4] Sev-
eral approaches to chaos control have been proposed in exist-
ing works. For example, active control,[5] nonlinear control,[6]

adaptive control,[7] sliding mode control,[8] and the backstep-
ping method.[9] These control approaches can stabilize the
chaotic system asymptotically.

However, in the actual engineering process, we may need
to stabilize the system as quickly as possible. Therefore, it is
important to study finite-time stabilization of the chaotic sys-
tem. Attaining finite-time stability of the controlled systems
requires finite time control techniques, which demonstrate bet-
ter robustness as well as disturbance rejection properties.[10]

Finite-time stability, i.e., the solution of an asymptotic system
converging to a desired target (in general, referring to the ori-
gin) in a finite time, which is basically concerned with finite
time control, implies optimality in stable time.[11]

Many research works on finite time chaos control have
been performed.[12–14] Wang et al.[15] proposed terminal slide
mode control for finite-time synchronization of the Duffing
chaotic system. Based on the finite-time stability theory and
Lyapunov function, Yu[16] investigated the stabilization of
three-dimensional chaotic systems in a finite time. Guo and
Vincent[17] proposed a single control input approach for stabi-
lizing three-dimensional chaotic systems in a finite time, and
Gao et al.[18] realized the robust finite time synchronization of
chaotic systems.

There also exist, however, interesting cases of dynami-
cal systems where the main variables of the dynamical sys-
tems are complex. For example, the complex Lorenz equa-
tions were used to describe and simulate the physics of a de-
tuned laser and the thermal convection of liquid flows.[19,20]

The electric field amplitude and the atomic polarization am-
plitude are both complex; for details see Ref. [21] and the
references therein. Another example is when the synchro-
nization of chaotic complex systems is used to transmit in-
formation in secure communications, where the complex vari-
able (the doubling number of real variables) may increase the
message content and enhance the security of the transmit-
ted information.[22,23] In recent years, several nonlinear sys-
tems with complex variables have been introduced, and their
chaotic behaviors analyzed.[19,24] In particular, the control of
chaotic complex systems with known and unknown parame-
ters has been studied well, and many methods have been ap-
plied to achieve the synchronization and stability of chaotic
complex systems.[25–27] However, the finite-time stabilization
of chaotic complex systems with known and unknown param-
eters still need to be studied further.

Motivated by the above discussion, this paper addresses
the finite-time stabilization of unified chaotic complex sys-
tems from the so-called unified chaotic systems presented in
Ref. [28], which are a generalized form of the Lü, Chen,
and Lorenz systems. Based on the finite-time stability the-
ory of a cascade-connected system, we present two continuous
controllers to realize finite-time chaos control of the general
chaotic complex system with certain and uncertain parame-
ters, respectively. The controllers are simple to construct and
robust to parameter uncertainties.
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2. Preliminary definitions and lemmas and sys-
tem description
We give the precise definition of finite-time stability for

chaotic complex systems and introduce some necessary lem-
mas. Consider the following dynamic complex system:

ż(t) = f (z), (1)

where z(t) ∈ Rn is the system state. If there exists a constant
T > 0 [T may depend on the initial state z(0)], such that

lim
t→T
‖z(t)‖= lim

t→T

√
‖zr(t)‖2 +‖zi(t)‖2 = 0

and ‖z(t)‖=
√
‖zr(t)‖2 +‖zi(t)‖2 ≡ 0, if t ≥ T , then the com-

plex system (1) is finite-time stable.
Lemma 1[29] Assume that a continuous, positive-definite

function V (t) satisfies the following differential inequality:

V̇ (t)≤−cV η ∀t ≥ t0, V (t0)≥ 0, (2)

where c > 0, 0 < η < 1 are all constants. Then, for any given
t0, V (t) satisfies the following inequality:

V 1−η(t)≤V 1−η(t0)− c(1−η)(t− t0), t0 ≤ t ≤ t1 (3)

and

V (t)≡ 0, ∀t ≥ t1 (4)

with

t1 = t0 +
V 1−η(t0)
c(1−η)

. (5)

Proof 1 Consider the following differential equation:

Ẋ(t) =−cXη(t), X(t0) =V (t0). (6)

Although this differential equation does not satisfy the global
Lipschitz condition, the unique solution of Eq. (6) can be
found as

X1−η(t) = X1−η(t0)− c(1−η)(t− t0). (7)

Therefore, from the comparison Lemma,[30] one obtains

V 1−η(t) =V 1−η(t0)− c(1−η)(t− t0), t0 ≤ t ≤ t1 (8)

and

V (t) = 0, ∀t ≥ t1

with t1 given in Eq. (5).
Lemma 2 When a, b, and c < 1 are all positive numbers,

the following inequality holds:

(a+b)c ≤ ac +bc. (9)

Proof 2 It is straightforward to prove that the function
f (λ ) := λ c+(1−λ )c arrives at its minimal value 1 at λ = 1/2
when 0 < λ < 1 and 0 < c < 1. Thus, f (λ )≥ 1. Since a and
b are positive numbers, namely, a+b 6= 0, set λ = a/(a+b).
Then

f (a, b) =
( a

a+b

)c
+
(
1− a

a+b

)c
=

ac

(a+b)c +
bc

(a+b)c ≥ 1.

Hence, (a+b)c ≤ ac +bc.
Referring to the unified chaotic system,[28] we consider

the following general chaotic complex system:
ż1 = (25α +10)(z2− z1),

ż2 = (28−35α)z1 +(29α−1)z2− z1z3,

ż3 =
1
2
(z̃1z2 + z1z̃2)−

(8+α)z3

3
,

(10)

where z1, z2, and z3 are state variables and α ∈ [0,1] is the sys-
tem parameter. System (10) is called the unified chaotic com-
plex system because system (10) is chaotic for any α ∈ [0,1].
When 0≤ α < 0.8, system (10) is called the generalized com-
plex Lorenz system, and the complex Lorenz system (α = 0)
has been discussed in Ref. [24]. When α = 0.8, system (10)
is called the complex Lü system.[25] When 0.8 < α ≤ 1, sys-
tem (10) is called the generalized complex Chen system, and
the complex Chen system (α = 1) has also been discussed in
Ref. [24]. In the following, we consider the finite-time stabil-
ity of unified chaotic complex systems.

3. Finite-time stability of determined unified
chaotic complex systems
Consider the controlled chaotic complex system

ż1 = (25α +10)(z2− z1)+u1,

ż2 = (28−35α)z1 +(29α−1)z2− z1z3 +u2,

ż3 =
1
2
(z̃1z2 + z1z̃2)−

(8+α)z3

3
+u3.

(11)

Next, we will design a complex controller vector to stabilize
the unified chaotic complex system (11) in a finite time. The
design procedure also consists of two steps.

Step 1 Let the complex controller u1 =−(25α +10)z2−
[(zr

1)
β + j(zi

1)
β ] , where β = q/p and p > q are positive odd

integers. Introducing the controller u1, the first equation of
Eq. (11) is

ż1 =−(25α +10)z1− [(zr
1)

β + j(zi
1)

β ]. (12)

Consider the candidate Lyapunov function V1 = z1z̃1/2, where
z̃ denotes the conjugate of variable z, so V1 = [(zr

1)
2+(zi

1)
2]/2.

The time derivative of V1 along the trajectory of Eq. (12) is

V̇1 = zr
1[−(25α +10)zr

1− (zr
1)

β ]

+zi
1[−(25α +10)zi

1− (zi
1)

β ]

= −(25α +10)(zr
1)

2− (zr
1)

β+1

−(25α +10)(zi
1)

2− (zi
1)

β+1

≤ −(zr
1)

β+1− (zi
1)

β+1
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= −
(

1
2

)−(1+β )/2[1
2
(zr

1)
2
](1+β )/2

−
(

1
2

)−(1+β )/2[1
2
(zi

1)
2
](1+β )/2

= −
(

1
2

)−(1+β )/2{[1
2
(zr

1)
2
](1+β )/2

+

[
1
2
(zi

1)
2
](1+β )/2}

. (13)

According to Lemma 2, we have[
1
2
(zr

1)
2
](1+β )/2

+

[
1
2
(zi

1)
2
](1+β )/2

≥
{

1
2
[(zr

1)
2 +(zi

1)
2]

}(1+β )/2

,

then

−
[

1
2
(zr

1)
2
](1+β )/2

−
[

1
2
(zi

1)
2
](1+β )/2

≤ −
{

1
2
[(zr

1)
2 +(zi

1)
2]

}(1+β )/2

.

Hence, we obtain

V̇1 = −
(

1
2

)−(1+β )/2{[1
2
(zr

1)
2
](1+β )/2

+

[
1
2
(zi

1)
2
](1+β )/2}

≤ −
{

1
2
[(zr

1)
2 +(zi

1)
2]

}−(1+β )/2(1
2

)−(1+β )/2

= −
(

1
2

)−(1+β )/2

V1
(1+β )/2. (14)

Since 0 < β < 1, then 0 < (1+β )/2 < 1. From
Lemma 1, state z1 will reach z1 = 0 at a finite time T1 =

[zr
1(0)+ zi

1(0)]/(1−β ).
Step 2 Let u2 = −L1z2− [(zr

2)
β + j(zi

2)
β ], where L1 ≥

29α−1 and u3 =−L2z3− zβ

3 , where L2 ≥−(8+α)/3. Then
when t > T1, the last two equations of the system (11) become

ż2 = (29α−1)z2−L1z2− [(zr
2)

β + j(zi
2)

β ],

ż3 =−
(

8+α

3

)
z3−L2z3− zβ

3 .
(15)

Choose the Lyapunov function for Eq. (15) as follows

V2 =
1
2
(z2z̃2 + z2

3) =
1
2
[(zr

1)
2 +(zi

1)
2 + z2

3].

The derivative of V2 along the trajectories of Eq. (15) is

V̇2 = żr
2zr

2 + żi
2zi

2 + ż3z3

= [(29α−1)zr
2−L1zr

2− (zr
2)

β ]zr
2

+[(29α−1)zi
2−L1zi

2− (zi
2)

β ]zi
2

+

[
−
(

8+α

3

)
z3−L2z3− zβ

3

]
z3

= −[L1− (29α−1)][(zr
2)

2 +(zi
2)

2]

−
[

L2 +
8+α

3

]
z2

3− (zr
2)

β+1

−(zi
2)

β+1− zβ+1
3 . (16)

Also, L1 ≥ 29α−1 and L2 ≥−(8+α)/3. Hence

V̇2 ≤ −(zr
2)

β+1− (zi
2)

β+1− zβ+1
3

= −
(

1
2

)−(1+β )/2[1
2
(zr

2)
2
](1+β )/2

−
(

1
2

)−(1+β )/2[1
2
(zi

2)
2
](1+β )/2

−
(

1
2

)−(1+β )/2(1
2

z2
3

)(1+β )/2

. (17)

Similarly, according to Lemma 2, we have

V̇2 ≤ −
{

1
2
[(zr

2)
2 +(zi

2)
2 + z2

3]

}(1+β )/2(1
2

)−(1+β )/2

= −
{

1
2
[z2z̃2 + z2

3]

}(1+β )/2(1
2

)−(1+β )/2

= −
(

1
2

)−(1+β )/2

V2
(1+β )/2. (18)

Since 0 < β < 1, 0 < (β + 1)/2 < 1. From Lemma 1,
the complex state variables z2 and z3 will converge to z2 =

0, z3 = 0 at a finite time T2. Then after T2, the complex state
variables of the system (11) will stay at z1 = 0, z2 = 0, z3 = 0.
This means that controlled unified chaotic systems with cer-
tain parameters are finite-time stable by the controller u2 =

−L1z2− [(zr
2)

β + j(zi
2)

β ] and u3 =−L2z3− zβ

3 .
To demonstrate the effectiveness of the proposed method,

we present the simulation results for the finite-time stability
of the unified certain chaotic system. In the numerical simu-
lations, the fourth-order Runge–Kutta method is used to solve
systems with a time step size of 0.001. The initial condition of
the chaotic system is adopted as (z1(0),z2(0),z3(0)) = (−5+
3j,5−4j,10). The controller gains are chosen as L1 = 29α+1,
L2 = (8+α)/3+1, β = 1/3. Figures 1, 2, and 3 show the sim-
ulation results for the certain complex Lorenz, Lü and Chen
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Fig. 1. (color online) The real and imaginary part responses of the com-
plex state variables of the controlled complex Lorenz system (α = 0).
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systems, respectively. From the figures, we can see that the
controlled chaotic complex systems are finite-time stable.
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Fig. 2. (color online) The real and imaginary part responses of the com-
plex state variables of the controlled complex Lü system (α = 0.8).
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Fig. 3. (color online) The real and imaginary part responses of the com-
plex state variables of the controlled complex Chen system (α = 1).

4. Finite-time stability of the unified chaotic
complex systems with unknown parameters
It is known that the parameters of chaotic complex sys-

tems may vary due to disturbance in practice, and their pres-
ence will lead to serious degradation of system performance.
Therefore, their effect cannot be ignored in the system design.
In this section, our aim is to design a control law that realizes
finite-time stability for unified chaotic complex systems with
unknown parameters.

Consider the following unified chaotic complex systems
with uncertain parameters:

ż1 = (25α +10)(z2− z1)+u′1,
ż2 = (28−35α +∆1)z1

+(29α−1+∆2)z2− z1z3 +u′2,

ż3 =
1
2
(z̃1z2 + z1z̃2)−

(
8+α

3
+∆3

)
z3 +u′3,

(19)

where ∆i (i = 1, 2, 3) denote the bounded uncertain param-
eters, namely, |∆i| ≤ δi (i = 1, 2, 3). In following, we will

design a complex robust controller vector U = (u′1, u′2, u′3)
T to

stabilize the uncertain unified chaotic complex systems (19) in
a finite time. The design procedure also consists of two steps.

Step 1 Let the complex controller u′1 =−(25α +10)z2−
[(zr

1)
β + j(zi

1)
β ] , where β = q/p and p > q are positive odd

integers. Introducing the controller u′1, the first equation of
Eq. (19) is

ż1 =−(25α +10)z1− [(zr
1)

β + j(zi
1)

β ]. (20)

According to the discussion of system (12), we know that sys-
tem (20) is also finite-time stable, which means z1 ≡ 0 after a
finite time T3.

Step 2 Let u′2 = −L2z2− [(zr
2)

β + j(zi
2)

β ], where L2 ≥
29α−1+δ2 and u′3 =−L3z3− zβ

3 , where L3 ≥−(8+α)/3+

δ3. Then when t > T3, the last two equations of the system

(19) become
ż2 = (29α−1+∆2)z2−L2z2− [(zr

2)
β + j(zi

2)
β ],

ż3 =−
(

8+α

3
+∆3

)
z3−L3z3− zβ

3 .
(21)

Choose the Lyapunov function for Eq. (21) as

V3 =
1
2
(z2z̃2 + z2

3) =
1
2
[(zr

1)
2 +(zi

1)
2 + z2

3].

The derivative of V2 along the trajectories of Eq. (21) is

V̇3 = żr
2zr

2 + żi
2zi

2 + ż3z3

= [(29α−1+∆2)zr
2−L2zr

2− (zr
2)

β ]zr
2

+[(29α−1+∆2)zi
2−L2zi

2− (zi
2)

β ]zi
2

+

[
−
(

8+α

3
+∆3

)
z3−L3z3− zβ

3

]
z3

= (29α−1+∆2)(zr
2)

2−L2(zr
2)

2− (zr
2)

β+1

+(29α−1+∆2)(zi
2)

2−L2(zi
2)

2

−(zi
2)

β+1−
(

8+α

3
+∆3

)
z2

3−L3z2
3− zβ+1

3

= −[L2− (29α−1+∆2)][(zr
2)

2 +(zi
2)

2]

−
[

L3 +
8+α

3
+∆3

]
z2

3− (zr
2)

β+1

−(zi
2)

β+1− zβ+1
3 . (22)

In addition, L2 ≥ 29α−1+δ2 and L3 ≥−(8+α)/3+δ3,

hence

V̇3 ≤ −(zr
2)

β+1− (zi
2)

β+1− zβ+1
3

= −
(

1
2

)−(1+β )/2[1
2
(zr

2)
2
](1+β )/2

−
(

1
2

)−(1+β )/2[1
2
(zi

2)
2
](1+β )/2

−
(

1
2

)−(1+β )/2(1
2

z2
3

)(1+β )/2

. (23)
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Similarly, according to Lemma 2, we have

V̇3 ≤ −
{

1
2
[(zr

2)
2 +(zi

2)
2 + z2

3]

}(1+β )/2(1
2

)−(1+β )/2

= −
{

1
2
[z2z̃2 + z2

3]

}(1+β )/2(1
2

)(1+β )/2

= −
(

1
2

)−(1+β )/2

V2
(1+β )/2. (24)

Since 0 < β < 1, 0 < (β + 1)/2 < 1. From Lemma 1, the
complex state variables z2 and z3 will converge to z2 = 0,
z3 = 0 at a finite time T4. Then after T4, the complex state
variables of the system (19) will stay at z1 = 0, z2 = 0, z3 = 0.
This means that the controlled unified chaotic complex sys-
tems with uncertain parameters are finite-time stable by con-
troller u′2 =−L2z2− [(zr

2)
β + j(zi

2)
β ] and u′3 =−L3z3− zβ

3 .
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Fig. 4. (color online) The real and imaginary part responses of the com-
plex state variables of the controlled uncertain complex Lorenz system
(α = 0).
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Fig. 5. (color online) The real and imaginary part responses of the
complex state variables of the controlled uncertain complex Lü system
(α = 0.8).

To demonstrate the effectiveness of the proposed method,
we present the simulation results for the finite-time stability
of the unified chaotic complex systems with uncertain pa-
rameters. The initial condition of the chaotic complex sys-
tem is always adopted as (z1(0),z2(0),z3(0)) = (−5+ 3j,5−

4j,10). The uncertainties are selected as ∆1 = −0.5sin(zr
1)+

0.5jcos(zi
1), ∆2 = 0.8cos(zr

2) − 0.2jsin(zi
2), ∆3 = cos(z3).

Then the boundaries of the uncertainties are δ1 = δ2 = δ3 =

1. The controller gains are chosen as L2 = 29α + 1, L3 =

(8+α)/3+ 1 and let β = 1/3. Figures 4, 5, and 6 show the
simulation results for the finite-time stability of the uncertain
complex Lorenz, Lü and Chen systems, respectively. From
the figures, we can see that the controller vector has strong ro-
bustness to the uncertainties. The controlled uncertain chaotic
complex systems are finite-time stable.
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Fig. 6. (color online) The real and imaginary part responses of the com-
plex state variables of the controlled uncertain complex Chen system
(α = 1).

5. Conclusions

In this paper, the finite-time stability of unified chaotic
complex systems with certain and uncertain parameters is
considered. Based on finite-time stability theory, the con-
trollers for the determined and undetermined systems are pro-
posed to stabilize the unified chaotic complex systems, and
the presented controllers for realizing finite-time stability have
strong robustness to the uncertainties. For the design of the
controllers, not all of the boundaries of the uncertainties are
needed. From the proof process, we can see that the two meth-
ods can be extended effectively to other systems, such as the
complex Liu system, the complex Duffing system, the hyper-
chaotic complex Lorenz system, and the hyperchaotic com-
plex Lü system.
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