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Relativistic solutions for diatomic molecules subject to
pseudoharmonic oscillator in arbitrary dimensions
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The exact solutions of the N-dimensional Klein—-Gordon equation in the presence of an exactly solvable potential
of V(r) = D (r/re —re/r)?* type have been obtained. The N dimensional Klein-Gordon equation has been reduced to a
first-order differential equation via Laplace transformation. The exact bound state energy eigenvalues and corresponding
wave functions for CH, Hj, and HCI molecules interacting with pseudoharmonic oscillator potential in the arbitrary N
dimensions have been determined. Bound state eigenfunctions used in applications related to molecular spectroscopy are

obtained in terms of confluent hypergeometric functions.
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1. Introduction

Over the last decades, a good few studies have focused
on exactly solvable quantum mechanical wave equations. The
solutions of the relativistic and nonrelativistic quantum me-
chanical wave equations with various physical potentials have
been regarded as important problems in atomic and molec-
ular quantum mechanics. Due to the mathematical difficul-
ties, Klein—-Gordon and Schrodinger-type equations consti-
tute extra-mathematical methods. Recently, the generaliza-
tions of these equations to multidimensional space have in-
creased interest in the area of quantum physics. Multidi-
mensional coordinates have been quite extensively used to
describe triatomic and diatomic structures.'=3 The relation-
ship between hydrogen atom and a harmonic oscillator po-
tential in arbitrary dimensions was also studied.*®! More-
over, Schrodinger equation in arbitrary high dimensions was
investigated by using different methods such as asymptotic it-
eration method (AIM),!”] exact quantization rule method,!®!
Nikiforov—Uvarov method, ! orthogonal polynomial solution
method,'%!1] etc. The solutions of the Klein—~Gordon equa-
tion with the generalized Hulthén and Kratzer potentials in D
dimensions have been also investigated with the AIM.!>13]
The aim of the present paper is to obtain the exact bound sa-
tate solutions of the N-dimensional Klein—-Gordon equation
with pseudoharmonic oscillator-type potential for diatomic
molecules. This potential is expressed in the form!!4!

V() =pe (L"), M

Ve r

where D, = %Ke rﬁ is the dissociation energy with the force
constant K., and r. is the equilibrium constant. Pseudo-
harmonic oscillator potential is generally used for discussion
of molecular vibrations. Owing to importance of the pseu-
doharmonic potential in chemical physics, the quantum sys-
tems with this oscillatory-type potential in two dimensions, [1°]
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in three dimensions, 21 and in arbitrary dimensions!®-2!-2?]

were also investigated. In this paper, N-dimensional Klein—
Gordon equations with pseudoharmonic oscillator potential
are solved by the Laplace convolution integral. The various
types of problems that can be treated with the Laplace inte-
gral transform include ordinary and partial differential equa-
tions as well as integral and integro-differential equations.>!
In the quantum mechanics, the solutions of the Schrédinger
equation with various potentials such as N-dimensional har-
monic oscillator, **! one-dimensional Morse potential,!>! and
Coulomb potential?27] have been obtained by Laplace trans-
form with binomial expansion. Besides, the Klein—Gordon
equation with ring-shaped oscillator potential was solved via
Laplace-convolution integral.[?8! The paper is organized as
follows: In Section 2, the N-dimensional Klein—Gordon equa-
tion is briefly shown. In Section 3, the solutions of the hyper-
radial Klein—Gordon equation for the pseudoharmonic poten-
tial are obtained and the energy eigenvalues of relevant di-
atomic molecules are calculated. Finally, the last section is
devoted to a brief summary and conclusion.

2. Klein—Gordon equation in hyperspherical co-
ordinates

The N-dimensional Klein—Gordon equation for a di-
atomic molecule in a spherically symmetric potential is given
by 28]

1 2
—REEVAY(r,Q) + (ucz + 5506, <p)) W(r,Q)
1 2
— (E=3V(10.9)) ¥(r2), )
where S(r,0,¢) and V(r,0,¢) are the scalar and vector po-
tentials respectively. When S(r,0,¢) =V (r,0, @), the Klein—

Gordon equation reduces to Schrodinger-type equation; there-
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fore, bound state solutions are easily obtained by using well-
known mathematical methods. Thus, the N-dimensional
Klein—Gordon equation with central equal scalar and vector
potentials is given as

—uct E+4ucd?
R R
where 7, U, and c are the Planck’s constant, the rest mass, and

the velocity of light respectively, VN is the Laplacian opera-
tor in hyperspherical coordinates, 2 denotes angular variables

Vi + V() |P(nQ)=0, 3

61,0,,6s,...,0y_2,¢. The Laplacian is written in terms of
hyperspherical coordinates as follows:
1 9 0 L%
V2 — O N-1 N—1 4
N er] ar ar h2r2 Y ( )
where
) ) N-2 1
LNfl = —h . . ) )
i1 SIN” Oy 8In” O yo - - -sin“ Oy_2 sin” @

1 d . N O
+————=—sin" “p—|. 5
sin" 2 do ©)
LIZ\P1 is known as hyperangular momentum operator.?%-3!
The N-dimensional Laplacian and hyperangular momentum
operator is given in Appendix A. Then, N-dimensional Klein—
Gordon equation with central potential can be written as

1 9 0o IL? EZ—u?* E 2
[ﬁ*’”N_I*— A < V(”)}
r ar ar w2 h=c? A~ c?
xW¥(r,Q)=0. ©6)

To separate the angular and radial parts of the wave function
¥ (r,Q), the following wave function is written as

¥Y(r,Q)=u(r)Y(6,,0,,6s,...,

Thus, the Klein—Gordon equation is reduced to the following
equations describing the radial and angular motions:

9N727(P)-

2 224
[VNI_I%/\FI% E;ZC V(r)+E h—zitzc
fN*l(ngrle *2)}4@) —0, (7)
L3y, (61,....60-2.0)
= ly-1 (v +N =21, (61,...,0y-2,0), (8)
where /y_1 =¢=0,1,2,... . It is well known that the solu-

tions of Eq. (8) is the hyperspherical harmonics. 2?39

3. Energy eigenvalues and corresponding wave
functions

The hyperradial Klein—-Gordon equation for the pseudo-
harmonic potential is written as follows:

2
2 re

1 dy ,d r
(5 +5-2)

d yad E+pd
N1 dr dr

R 2

—uct ((l+N-2
e = <o ©)

If we use the following abbreviations

E2_ 2 4 E 2
o (Fo g ey

+

K22 K22
E+puc? r\2
7= - D2, x= (7) , (10)
(S

d?u(x) N 1
a2 T2 ax a4
CA(A+N-2)

equation (9) takes the following form
N du(x 1
) + — (kK — Px)u(x)

i u(x) =0, (11)
where
N N 2
— 1 — — _ 2
A=1 2+\/(€+2 1) +92, (12)
A(A+N—=2) =V +L({+N-2), (13)
EN_1£€:O,1,2,... (14)

If we consider the asymptotic behavior of the function u(x)
as x — 0 and x — oo reasonably physical wave function is ex-
pressed as

u(x) = AV 2= 02)xg () (15)

where ¢(x) is a function to be determined. When we use
the reasonably physical solution which is given in Eq. (15),
the equation (11) cannot be reduced by means of the Laplace
transformation. Therefore, we must take a new mathematical
solution of the form

u(x) = x° f(x), (16)
where o is a constant, f(x) is a function which is given as
f(x) _ )C/\+<N72)/27667(Y/2)x¢(x).
When equation (16) is inserted into Eq. (11), we have

I (Fre) Gl -7

%(46 ~40+2NG~ A(A+N-2))| () =0. (7)

If we apply the Laplace integral transform to Eq. (17), this
equation cannot be reduced to first-order differential equation
due to containing the polynomial term,

i[402—4a+2Nc—A(A +N-2)].

4x
When we neglect this polynomial term, we should have
A+N-=-2
=4 % (18)

If we choose 0 = (A +N —2)/2, the function u(x) given in
Eq. (16) diverges for x — oo. This case is not acceptable phys-
ically. Then, we have to choose ¢ = —(A +N —2)/2 so that,

u(x) =x~ AHND2f(x), (19)

and hence equation (17) becomes

2
St (A= 5) U s

= 0. (20)
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3.1. Energy eigenvalues

The Laplace integral transform of the function f(x) is
given by (]

LU =F6) = [ e e
0
Applying this transform to Eq. (20) we have
o PN\AF(s) k2 N
-5 [T -(ar)lre. @

The solution of Eq. (22) is easily obtained as

_ Y\ —(K2/47)—(2A+N) /4
F(S) = A(S+ 5)

7\ (K7/47)~(2A+N) /4
“(-3)

where A is the constant of integration. If F(s) = Z[f(x)],

; (23)

lim f(x) = limsF(s), 24)
X—boo s—0
where s is real. This condition is known as “terminal value
theorem”.!?3] According to this condition, because of the
fact that the function u(x) converges for x — oo, [K2/(47)] —
(2A 4+ N)/4 is not a negative value. Then, we must take

4y 4

2 2A+N
K N i=0,1,2,..). 25)

From Eq. (25), the bound state energy eigenvalues is obtained
as follows:

(Ené + ucz)rﬁ
4D h?c?

2 E 2
:2n+1+\/(f—|—];]—1) L B RE) o6

(Ene — .ucz +2D.)

K22 ee

where n,/ =0,1,2,....
In the nonrelativistic limit, applying the following trans-

formation
2 2 2
Ey—pc” = Enonrel;,  Epe+pe” — 2,LLC )

we obtain the nonrelativistic rovibrational energy spectrum as
follows:

2

"D,
mry
20*D. ; N N2
Y 2 _
N\ ((+5-1) +4D2, (n0=0,1,2,..).2)

We can calculate the relativistic vibrational energy spec-
trum using the parameters given in Table 1 for CH, H;, and
HCI diatomic molecules. The explicit values of the relativis-
tic and nonrelativistic vibrational energies of these diatomic
molecules for n = 1, ¢ = 0 values (1s state) are given in Ta-
ble 2.

Table 1. Spectroscopic parameters of diatomic molecules in the
ground electronic state. The data in this table are taken from
Refs. [31]-{33]. The unit a.u. is the abbreviation for atomic unit.

Parameter CH H, HCl

De/cm’1 31838.082 38300 37255.00
ulau. 0.929931 0.50391 0.98010
relA 1.11980 0.74160 1.27460

Table 2. N = 3 dimensional relativistic and nonrelativistic vibra-
tional energies of 1s states for relevant diatomic molecules in the
ground electronic state.

CH H, HCI
Enonre1./eV 0.16868 0.38037 0.15606
Ee1./MeV 866.232 469.393 912.965

3.2. Radial eigenfunctions

The inverse Laplece integral transform of the function
F () yields the function f(x). Namely,

fl0) =LY F(s)).

Inserting Eq. (25) into Eq. (23), we should have

F(s) :A<s+g)_ﬁ (s—g)_a, (28)
where
a=—n, ﬁ:n—i—A—i—%. 29)

In order to find the inverse Laplace transformation of F(s),
firstly we find(>]

25+ 1)) a0 =i

2 I'(B)
f—l[(s—%')fa} — h(x) = ’ﬂl:zz:/z 30)
Then,
f) =27 F(s)) = A(g=h) (x), 31

where (g h)(x) is given by integral expression

(g% h)(x) = /0 " o(x— 1)h(t)dr. 32)

Hence, f(x) becomes

A s % o
f(.x) = We ¥ /2/0(.X_T)ﬁ lTa ]e YTdT. (33)
The integral expression yields[*¥
A —yx/2 o+p—1
f(x)zme x 1Fi (o, a+B, yx),
A N
_ /2 A+N/2—1 _ v
T A 1F1( n,A+2,yx). (34)
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Substituting Eq. (34) into Eq. (19) the hyperradial wavefunc-
tion is obtained as follows:

and D, = 5.78, respectively. It has been also proved that in
the nonrelativistic limit ¢ — oo, where c is the speed of light,
solutions of the Klein—Gordon system converge to those of the

N
u(x) = M2 e 72 F, (—n,A—l—E,yx), 35)
where C; = A/[I'(A +N/2)]. Making use of the relation be-
tween the generalized Laguerre polynomials and the confluent
hypergeometric functions, *3)

n'l'(p+14n)

lF](fnap+17Z): r(p+1)

Ly(2), (36)

we can rewrite Eq. (35) as

un((x) _ szA/Zef’yx/ZL’/l\+N/271 (,}/x)’

e () = Czrf‘exp(—zgﬂ)LﬁN/z‘l (éﬂ), (37)

where C, is the normalization constant determined from
Jo lu(r)|>rN=1dr = 1. Applying the orthogonality condition
of Laguerre polynomials, the normalization constant can be
determined as follows:

zn!yA+N/2
AP+ A+N/2-1)1

G = (38)

Consequently, the normalized hyperradial wave function is ob-
tained as

on! A+N/2
une(r)7 = il A
A (n+ A+ N/2-1))!
Y o\sA+N2-1( Y o
xexp( 2r§r)Ln (rﬁr) 39)
with

_E+uc22_N\/N22
P="nh Dt A=1-5 4 (Z+5—1) +y2

4. Discussion and conclusion

In this paper, the exact solutions of the N-dimensional
Klein—Gordon equation with pesudoharmonic potential for di-
atomic molecules are obtained by means of Laplace inte-
gral transformation. An integral transfom approach, i.e. the
Laplace integral transform method, to calculate the relativistic
rovibrational eigenvalues and eigenfunctions is also presented.
N-dimensional exact bound state energy is obtained via initial-
value theorem. Laplace transformation is tested by calculating
the vibrational energies of CH, H,, and HCI molecules. The
3D-relativistic energy eigenvalues (N = 3 dimensional energy
spectrum) for pseudoharmonic oscillator have been shown for
¢ = 0 states with r, = 1.2, g = 1.5 values in Fig. 1. It can be
seen from Fig. 1, that the energy eigenvalue Ey reaches zero at
the critical value at the critical value D, = 0.62 and the energy
eigenvalues become negative for larger D, values. Likewise,
E1o and Eg become zero for the critical values of D, = 3.54

Schrodinger system.

30

Fig. 1. In atomic units (i = 1, ¢ = 1), the relativistic 3D-vibrational
energy spectrum for molecular particles. The quantum states are

considered as n = 0,¢ = 0 (solid li

and n = 2, £ = 0 (dotted line).

The corresponding wave
Laplace convolution integral. M

ine), n = 1, £ = 0 (dashed line),

functions are determined by
oreover, the normalized corre-

sponding eigenfunctions of the 3D-pseudoharmonic oscillator

are given with (n =0, ¢ =0), (n
states as shown in Fig. 2.

=1,/=0),and (n=2,£=0)

2.0
1.5
£ 10 )
3: ’/ \\
/
0.5 KA X
///' ..\\.\" ______
0.5 1.0 Db__—=g 25 3.0
—0.5

Fig. 2. In atomic units (A =1, ¢ =

1), the 3D-relativistic wavefunc-

tions of the molecular particle under pseudoharmonic oscillator po-

tential. Here, upo(r) (dotted line),
(solid line) are displayed.

Appendix A

u10(r) (dashed line), and uo(r)

A.1. Hyperangular momentum operator

The Cartesian coordinates is given in terms of the hyper-
spherical coordinates 6,65, 6s,...,0y_2, ¢ by!’]

X1 = rcos 0; sin 6, sin 65

xp = rsin 0; sin 6; sin O3

---sinOy_, sin @,

-+-sin Oy_» sin Q,

x3 =rcos6,8inB3sin B, - --sin Oy_» sin @,

X4 = rcos 03 sin B4 sin 65

xj =rcosB;_1sinB;sin
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XN = rcosQ, (A1)
where

N:3a435"'7 0§r§oo7 Ogelgzﬂv 0§61§2ﬂ7
=23, N—1.

The scale factors for N-dimensional sphere is written as fol-
lows:

N N2
= ,; ( %) , (A2)
ho=1,
hy =rsinB,sinB3sin Oy - - -sin Oy_p sin @,
hy =rsinB3sin 04 8in Os - - - sin Oy _o sin @,
h3 = rsin04sin Bs sin B - - - sin Oy sin @,
hy, = rsin G4 Sin G2 sin B3 - --sinOy_» sin @,
hy_p = rsing@,
hy_1=r (A3)

forN=3,4,5,...,and 1 <k <N —1. The generalized angular
momentum and momentum operator components are given by

Lij:xipj—xjpi, i:1,2,...,j—1; j:2,37...,N,
., 0 =206, 0 do d
pr = —ih— = —ih Z(—]—)Jr—q)—
8xk =0 8xk 86j axk 8(p
N-2
. 1 8xk d 8xk 0
= —ih Sla=+=—= A4
' Jz‘;)h;(aejaefra(p a<p) (A9
For k=1,2,3,...,N — 1 values, the k-components of angular
momentum operator is defined as
) k+1j-1 5
Li=Y Y Li;
j=2i=1
82
L= -—n—
1 8612’
r 14 0 L?
L= —R|——si 6——71}
2 5in0, 00, 290, Rlsin6,)
roo1 0 0 L3
L3=—p|————sin’0 ——72},
3 Lsin® 63 065 °00;  Msin’ 0;
19 d L}
L= —r|————sin’@ ——73},
4 Lsin3 6, 964 1905 n2sin’ 6,
Tl d d L?
L2 =’ —sin*"1 g ——L],
k sin®~1 6, 96, * a6, 12 sin® 6,

J Ly

. N—2
—— sin _——
(pt9(P K2 sin2¢

} . (AS5)

Thus, N-dimensional angular momentum operator is obtained
as follows:

) L[N=2 1
Ly =—h
Nt [kl sin? O sin® Op5 ... sin® Oy_o sin” @
“(Fraae ™ 3g)
1 d . N, O }
+ ————=—sin — . A6
S 2 99 (p8(p (A6)

A.2. N-dimensional Laplacian operator

The Laplacian in hyperspherical coordinates is given by

N1 9 /h 0
Vi=Y) - — (5 — A7
N ,;)haek(hgaek>’ (A7)
where
N—1
h=[] =r""sin6,sin* 63sin’ 4 ---sin" 2.  (AB)
j=0

When equations (A2) and (A8) are inserted into Eq. (A7), we
obtain

L 12,0
VN_erlarrN or

1 {Nz 1

a=1D)

r = sin® Ot sin® Opin- - sin? Oy_» sin® )
1 Jd . . 0
X (Ti Slnk 1 Gki)
sin*~! 6, 96k

1 9 .y, 0
+m%sm ]

(A9)
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