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Decoherence dynamics of a charge qubit coupled to the noise bath*
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By virtue of the canonical quantization method, we present a quantization scheme for a charge qubit based on the su-
perconducting quantum interference device (SQUID), taking the self-inductance of the loop into account. Under reasonable
short-time approximation, we study the effect of decoherence in the ohmic case by employing the response function and the
norm. It is confirmed that the decoherence time, which depends on the parameters of the circuit components, the coupling
strength, and the temperature, can be as low as several picoseconds, so there is enough time to record the information.
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1. Introduction

Due to their easy integration in the forming of large-
scale circuits and scalable quantum information process-
ing, nanoscale solid-state qubits, especially superconducting
qubits based on Josephson junctions, are considered to be
leading candidates in this field.['"*! A basic type of these
qubits is the Josephson junction charge qubit (JJCQB), and
the simplest model of the JJCQB is proposed. One of its
significant advantages is direct operation controlled by exter-
nal voltage sources.®! In the vicinity of a degeneracy voltage
point, the proposed system is reduced effectively to a two-
state quantum system, which is used as the local states |0)
and |1).1% However, such an isolated model is only an ideal
case since any practical models are always affected more or
less by their environment. Decoherence (i.e., the destruction
of quantum coherence induced usually by the interaction be-
tween qubits and their environment) may be the primary ob-
stacle for the qubit to be taken as the cell of a quantum com-
puter. Hence, it is important to explore the roles of vari-
ous dominant decoherence origins and mechanisms. Deco-
herence has recently been widely studied both theoretically
and experimentally.[”-''! The common methods used in these
studies include the Born—-Markov approximation, the quasia-
diabatic propagator path integral method, and the short-time
approximation. Increasing attention has been paid to the de-
coherence dynamics of two-state systems in the presence of
the noise bath for promising quantum computations. It would
therefore be interesting to describe such a system and explore
its mechanism. In this work, we take advantage of some rea-
sonable approximations to investigate decoherence dynamics,
by reference to a concrete model, i.e., a charge qubit based on
superconducting quantum interference devices (SQUIDs).
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This paper is structured as follows. In Section 2, we be-
gin with the introduced model and a brief general formula
derivation by means of some reasonable approximation in or-
der to obtain an analytic expression of the system Hamiltonian.
Then, we explain the reason why the system can be regarded
as a two-state one. In Section 3, we try to analyze the decoher-
ence time of the system mainly using two methods: response
function and norm. The last section provides the conclusion.

2. The model and electric circuit quantization

The mesoscopic electric circuit of the JJCQB based on
SQUID is shown in Fig. 1. It consists of a coupling capac-
itance C and a small superconducting island, labeled by the
dashed line, which connects two tunnel junctions with capaci-
tance Cj and Josephson coupling energy Ej to a superconduct-
ing electrode. A control gate voltage Vj is coupled via a gate
capacitance C, to the system. For a single Josephson junction,

—
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Fig. 1. A charge qubit with tunable coupling via the gate voltage and
the external magnetic flux.
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the two characteristic Josephson equations are given by

. . 2e
I = I sin @;, (Pj:Elfij, (D

where ¢ is the phase difference between two electrode orders
across the junction, and I. = 2eE; /i is the critical current.

We now focus on the classical Hamiltonian of the sys-
tem via the principle of canonical quantization. Regarding
@i (i =1,2) as the generalized coordinates, the Lagrangian
of the system!!?] is

L =T Lih C hg 222
R Ot

s (;qr») cos (p} 7 )

where Cx = 2C;+C+Cg, @ = (@1 + ¢2)/2, and ng =
C,V,/(2e) are, respectively, the equivalent total capacitance

—2E; {1 —Co

of the system, the mean phase, and the gate charge number,
which plays the role of a control parameter. The magnetic
flux @ through the SQUID loop, which must be the integer
multiple of the magnetic flux on the magnetic flux quantum
Py (Py = 2.0678 x 10715 W), includes the external classical
magnetic flux @,. Using Eq. (2), we can obtain the generalized
momentum p; conjugated to ¢ as

% 1 (h

2
56 2 ) Cy2( +ngh = nh, 3)

where n is the excess number of Cooper pairs tunneling across
the island. Apparently, the generalized momentum pj is pro-
portional to n. Note that the number n follows the relation

Z Cjuji — 2ne = —Cuc — Cgug, which is based on the principle
i=
of continuity of the electric current at the nodes of the circuit.

From Egs. (2) and (3), the classical Hamiltonian can be written
as

H=pj¢— 2 = 4Ec(n—ng)2 —2Ejcos (;<D> cosQ, (4)

where the single-electron charging energy E. = ¢?/(2Cs) de-
pends on the total capacitance of the island. Here, we have
neglected some constant terms which only cause the super-
conducting energy level to shift. According to Dirac’s stan-
dard canonical quantization principle, to endow the quantiza-

tion condition, i.e., the commutation relation [n, ¢] = —i, the
Hamiltonian operator can be expressed as
7 = 4E (i —ny)? — 2E;cos(ed/h) cos §. 6)

In addition, the self-inductance usually needs to be in-
cluded for the SQUID single-charge qubit and the circulating
current satisfies!?!

I = I.(sin ¢, —sin ¢;) = 2I. cos Psin (:ld)x + ;Lf)

_qu,[sm( )th)
+ cos (;qsx) Z (=" . nge_ul/)?)m AR

where L is the self-inductance coefficient for the SQUID loop.
As I is a continuous function of cos @, it can be expanded

l¢.
m=1
Comparing the coefficients of cos™ @ on both sides of Eq. (6),

o). om i) o)
(55 )3 ).
() )b )]

(N

into the Taylor series as follows: I=2I.cos ¢ Z a,, cos™™

we have

=2Ej[cos(e®,/h+eLl/h)] can
also be expanded into the Taylor series about I, Ey(®) =

2E; Z by cos™ @, we have

m=1

Similarly, because Ej(P)

®)

For the model above, L ~ 1nH we suggested, which can
induce an interaction of adequate strength, will suffice. Typi-
cally, 2el.L/h ~ 1073

imation. In light of the above comprehensive consideration,

can be considered as a desirable approx-

the Hamiltonian operator can be rewritten as

A

3
A =4E.(Ai—ny)* —2E; ¥ bycos™! . )

m=0
Here, we shall review the quantum dynamics in the
regime of E. >> Ej, where the charge on the superconducting
islands is the appropriate quantum degree of freedom. In this
instance, a convenient basis formed by the charge states can be
parameterized by the number of Cooper pairs n on the island.
Thus, equation (9) can be rewritten as

A = Y AE.(A—ng)*|n)(n|

3 1 m+1
=26 Y b 5 (i) (n+ 1+ [n+Dial)| . (10)

m=0
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If ng is approximately half-integer, and the charging energies
of the two adjacent states are close to each other, then Joseph-
son tunneling will mix them strongly. When the temperature
T is low enough and the gate-voltage range is near a degener-
acy point where only the two states |[n = 0) and |n = 1) play an
important role, all the other charge states with a much higher
energy can be neglected. In this case, the system is reduced
to a two-state quantum system. Then, by virtue of the Pauli
operators, we can express the Hamiltonian as

Hs = —leaz—leax, (11)

200 2

where B, = 4E.(1 — 2ng) corresponds to the z component of
the magnetic field controlled by the gate voltage, and B, =
2E;(bo + by /4) corresponds to the x component of the effec-
tive magnetic field in spin notation.

The system described by Eq. (11) is an isolated one. In
general, it is impossible to have almost all real-life systems
completely isolated from their environment. The interaction
between them may unavoidably cause qubit decoherence. In
the following section, we will use the response function and
the norm!'*131 to study this problem.

3. Decoherence of the charge qubit

Neglecting the effect of any residual terms coupling to
6y and 6, (because they have only nondiagonal matrix ele-
ments in the 6, representation), the influence of the thermal
reservoir can be reflected entirely by the term coupled only to
6..1'61 Generally, this can be treated as a set of harmonic os-

17,18]

cillators. By employing the spin-boson model, ! we may

describe the above two-state system coupled to such a bath. In
the “spin” 6, representation of a qubit, the total Hamiltonian
of the system can be written as
H = As+H + g
1

N TP S A
—EBZO-Z - EB)(O'x—i— GZZ[ci(czi +a;)]
i

+Y (henalay), (12)

1

where H; = 6ZZ[C,'(&Z +4a;)] and Hg = Z(ha)i&?ﬁi) are, re-

l l
spectively, the interaction part and the thermal reservoir of the
Hamiltonian, parameter c¢; the coupling constant, and d}L (4;) is
the creation (annihilation) operator of the i-th thermal mode.

3.1. Response function

It has been shown that comprehensive information about
the effect of the thermal reservoir is encapsulated in the spec-
tral function J(®), because any problem can be taken over the
initial states of the environment and a sum over the final states
in a thermal equilibrium statistical average.!!”! The spectral

density of the thermal reservoir is given by

J@) = ZY[3s(0-a)]

T o\ ! )
= —h — - 1
5 aw(wc> exp( wc), (13)

where @ is the high-frequency cutoff of the model. As w
tends to be infinite, J(®) tends to be zero and is the cutoff at
the higher frequency end; as @ tends to be zero, J(®) tends
to be a constant. The s > 1 case is usually called the “super-
ohmic” case; the s = 1 case is “ohmic”; the 0 < s < 1 case is
“sub-ohmic”’; and the s < 0 case is pathological. The o param-
eter is the dimensionless strength of the dissipation describing
the coupling between the two-state system and the environ-
ment. In this paper, we focus on the weak damping, o < 1,
because only this regime plays a major role in quantum state
engineering. Simultaneously, we mainly concentrate on the
decoherence of the ohmic case, for which the situation, i.e.,
the zero bias case B,6; = 0, is relatively simple, correspond-
ing to the spectral density of the form

J(o) = ghaa)exp (— :;’C) (14)
Note that a promising qubit should exhibit prolonged coher-
ent oscillations while integrated in large structures. There-
fore, it is necessary to investigate the decoherence dynam-
ics. The QUAPI solution has been proposed to deal with this
problem.?Y! Using such a method, the influence function can
be expressed with a product of terms corresponding to differ-
ent point intervals of discrete path integral expressions. Then,
the length of the memory time can be obtained from the bath

response function?!]

L) = % /0 (o) [coth (%‘”)

x cos(@t) — isin(a)t)} do, (15)

where § = 1/(kgT), kg is the Boltzmann constant, and 7 is
the temperature of the system. We can confirm from Eq. (15)
that L(¢) satisfies the relation L*(¢t) = L(—t), and the imagi-
nary part Im[L(¢)] of the response function L(z) has nothing
to do with the temperature T, while the real part Re[L(¢)] de-
pends on the coefficient o as well as the temperature 7. It
is shown that the dynamics of the reduced density matrix are
Markovian when the real and imaginary parts of L(¢) behave
as the function 6(¢) and its derivative &’(r). Otherwise, they
will be non-Markovian.

With the help of detailed numerical analysis and draft-
ing, we now turn to the memory of the temporal evolution.
The mesoscopic parameters are set to be C = Cg = 1071 F,
=107 EPY @, =5ps~!, and T = 30 mK[?¥ (see Fig. 2).
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Note that the response function drops off rapidly as the time
evolves until L — 0, i.e., the influence of the environment
quickly becomes weak with the increase in the “interaction
distance”. The broader the Im[L(r)] and Re[L(t)] are, the
longer the memory time will be. From Figs. 2(a) and 2(b), we
can obtain that the length of the memory time is about 3 ps,
which shows that the influence of the bath results in a shorter

decoherence time than the experimental value of 1 ns. 223
8 g T=300 mK
— Re[L(1)]
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Fig. 2. The variation tendency of the bath response function L(r)
for the spectral function J(®) of the system for the ohmic case. (a)
o =0.5x10"7, (b) @ =0.5x 107°. The solid and dashed lines de-
note the real part Re[L(r)] and the imaginary part Im[L(r)] of L(t),
respectively. The insets show Re[L(r)] and Im[L(z)] versus time ¢ for
T =300 mK.

In addition, the length of the memory time has little dif-
ference for different temperatures. It is shown that the tem-
perature T plays a subordinate role in the decoherence of the
cryogenic superconducting world, while the strength of the
dissipation o@ dominates over T since it has a greater influ-
ence on the strength of decoherence by some orders of mag-
nitude. For instance, different values of & can yield a remark-
able amplitude variation in L(¢) from the scale of the coor-
dinate axis, as the above figures show. As a matter of fact,
the time of the elementary quantum gate operation is much
shorter than that of the thermal relaxation, yet the influence
of the environment-induced decoherence must be kept below
a certain boundary value during short-time intervals in order
to enable fault-tolerant quantum error correction.?®! For com-
parison, based on the short-time approximation, we shall use

the norm to discuss the decoherence of this system from an-
other perspective in the next section.

3.2. Norm

It has been demonstrated that the decoherence can be re-
flected by the evolution of the off-diagonal elements of its re-
duced density matrix. Actually, the initial state of the system
is supposed to be

R(0) = p(0) @ pr(0), (16)

where p(0) is the initial state of the qubit, and
pr(0) = exp(—Bhwid ;) Trr [exp(—Bhoid ;)]

is the initial state of the bath. Usually, the reduced density ma-
trix of the quantum system with the environment traced out is
estimated using some approximation schemes.!?’! The evolu-
tion of the reduced density matrix elements of the system, with
the short-time approximation!*®>°! taken into account, can be
expressed as

Puv(t) = Trr(p|exp(—iHst/2h) exp[—i(Hi +Hr)t /1]

x exp(—iHst /2h)R(0) exp(iHst /2h)
x expli(Hy + HR)t /] exp(iHst /2h)|V),

(.ua v=0, 1)

We can use the deviation operator (1) = p(t) — p¥(z) to
quantify the effect of the interaction,*”) where p(¢) and
p (1) = exp(—iHst /h)p(0)exp(iflst /1) correspond to the
density matrix of the real evolution (with interaction) and the

a7

ideal evolution (without interaction) of the investigated sys-
tem, respectively. To describe the decoherence of the short-
time evolution, we can use the deviation operator norm

o]l = sup((@|o]@)/(¢|@))'/2. (18)
¢#0

Clearly, ||o||, is a function of time, and depends on the ini-
tial density operator p(0). For the two-state system, ||o||; =
(|610/2 + |o11]>)!/2. In general, the influence of the bath can
be better quantified by the maximal norm

D(t) = sup([|o(z,p(0))|2)- (19)

p(0)

From Eq. (19), we can see that D(¢) is confined to a fairly
small range, 0 < D(¢) < 1. Substituting Eq. (17) into Eq. (19)
yields

Gi0(t) = 3Pro(O)1 — e PO~ e B, 20)

on(t) = %[1— e 2" 0][poo(0) — p11 (0)], 1
lo@)llx = 51— e O] {[po0) - p11 (O)F
+4|p10(0)*sin? (Ey(®)t/20)}/2, (22)
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where

B(1) = 8 /0 " (@)20) exp(— o/ @) sin(w1 /2)
x coth(fhw/2)d.

It is proved that the norm is also appropriate for practi-
cal computation and measuring the characteristics of the ini-
tial decoherence based on the short-time approximation. The
evolution of the norm can be deduced from the parameters of
the system as long as the initial state is given. In order to nu-
merically analyze the decoherence of the system, we can plot
llo(#)]|, —¢ (as shown in Figs. 3(a)-3(c)). The parameters we
used were T =30 mK, o, =5 ps’l, Ey ~ 100 mK (the same
as those in Fig. 2), and @, = @.3"!
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Fig. 3. The deviation norm for a two-state system interacting with
the ohmic case of modes in the short-time approximation. (a) @ =
0.5x 107, (b) @ = 0.5x 1077, and (c) & = 0.5 x 10~8. The dotted,
solid, and dashed lines, respectively, correspond to three initial states,

which are (1, 0)T, (v/3/2,1/2)T and (v/2/2,v2/2)T.

The oscillatory curves demonstrate the |6 (¢)||, norms for
the three different initial states |@)o = (cos @, sin@y)T, which
are, respectively, o =0, @9 = /6, and @y = 7 /4. It is shown
that when @y = 0, ||o(#)]|, is the maximum, and the same
with D(¢) = [1 — eBQ(’)]/Z In addition, D(¢) increases with
time ¢ and D(eo) = 1/2 (see the dotted line in Fig. 3). The
latter two cases oscillate with time periodically (see the solid
and dashed lines in Fig. 3). Comparing Figs. 3(a)-3(c), we
find that ||o(¢)]|; in common increases from zero with time
due to the decoherence. For different values of the dimen-
sionless strength of the dissipation ¢, ||o(?)]|, varies greatly,
which means that the decoherence increases with increasing
a. However, the profiles keep similar shapes and are indepen-
dent of the value of a. Generally, D < 107 is regarded as
low decoherence. From Figs. 3(a)-3(c), we can estimate that
the decoherence time of the two-state system is about 150 ps,
which is longer than the characteristic time of the gate op-
eration (i.e., 12.7 ps*?)), and those obtained on the response
function. In a word, the experimental results and theoretical
results both indicate that this system has enough decoherence
time, and thus the charge qubit is used for quantum computa-
tion and manipulation.

4. Conclusions

In conclusion, we studied a charge qubit based on SQUID
by coupling the symmetric feature of a single JJCQB to a noise
bath, and looked at the quantization scheme of the mesoscopic
electric circuit. Predictions of the model are reasonable since
they are based on some approximation methods. We first em-
ploy the response function to reflect the length of the memory
time, and then the norm to demonstrate the short-time decoher-
ence of the ohmic case. It is demonstrated that the decoherence
time, which is in the order of picoseconds, mainly depends on
the coupling strength, temperature, and initial states. In addi-
tion, the strength of the dissipation o has nothing to do with
the curve shape, and only keeps in touch with the strength of
the decoherence. Therefore, by tuning some reasonable pa-
rameters, we can appropriately suppress the decoherence of
the superconducting qubit. In a word, the charge qubit is con-
sidered as a promising candidate for quantum information pro-
cessing.
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