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In this paper, a multi-symplectic Hamiltonian formulation is presented for the coupled Schrédinger—Boussinesq equa-
tions (CSBE). Then, a multi-symplectic scheme of the CSBE is derived. The discrete conservation laws of the Langmuir
plasmon number and total perturbed number density are also proved. Numerical experiments show that the multi-symplectic
scheme simulates the solitary waves for a long time, and preserves the conservation laws well.
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1. Introduction

This work is aimed at developing a multi-symplectic
scheme for the coupled Schrodinger—Boussinesq equations
(CSBE) as

i — U +uv =0, xeR, >0, Q)
Vi — Vxx + a(Vz)xx""ﬁVxxxx = (|M‘2)XX7
xeR, t>0, 2)

where i = v/—1, u(x,) represents the complex short-wave am-
plitude, v(x,7) the long-wave amplitude, and ¢ and f3 are real
parameters. Equations (1)—(2) were considered as a model of
the interactions between short and intermediate long waves,
and were originated in describing the dynamics of Langmuir
soliton formation, the interaction in a plasmal!'~*! and the di-
atomic lattice system, ! etc.

The exact solutions of the CSBE have been considered
by several authors (see Refs. [2], [3], [S]-[8] and references
therein). However, only a few numerical methods exist in the
literature for solving the CSBE. Zhang et al.!! studied a con-
servative difference scheme to solve the CSBE, and Bai et
al."%1") proposed the time-splitting Fourier spectral method
and the quadratic B-spline finite element method of the CSBE.

Numerical methods are important tools in investigating
the special characters or structures of Hamiltonian PDEs.
In recent decades, multi-symplectic methods,!'?! which pre-
serve multi-symplectic geometric structures under numerical
discretizations, have been widely developed and studied by
many researchers to solve Hamiltonian PDESs, such as nonlin-
ear Schrodinger equation,[!3-1°! the Zakharov system,?%! the
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Klein-Gordon—Zakharov equations,*!??! and the Zakharov—
Kuznetsov equation,m]. Until now, the methods that could
preserve the multi-symplectic geometric structure for solving
the CSBE have not been found. Therefore, we intend to study
the multi-symplectic scheme for the CSBE.

An outline of this paper is as follows. In the next section,
we give the initial-boundary value problem and some of the
properties of the CSBE. In Section 3, a new multi-symplectic
scheme is constructed for the CSBE by discretizing the Hamil-
tonian formulation. In Section 4, we study the discrete conser-
vation laws of the CSBE, and some numerical experiments are
displayed in Section 5. In the last section, we give the conclu-
sions of this paper.

2. Initial-boundary value problem

In this section, we consider the CSBE with initial-
boundary value conditions as

i —uye+uv=0, a<x<b, t>0, 3
Vit = Vi + @) e+ Brone = (1),
a<x<b, t>0, 4
u(x,0) = up(x), v(x,0) =vp(x),
ve(x,0) =vi(x), a<x<b, (5)
u(a,t) = u(b,t) = v(a,t) =v(b,t) =0, t>0,(6)
uy(a,t) = ux(b,t) = O, ve(a,t) = ve(b,t) =0,
t >0, (7

where ug(x),vo(x), and v(x) are given smooth functions.
Moreover, we supplement Egs. (3)—(7) by imposing the com-
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patibility conditions
uo(a) = uo(b), vola) =vo(b),
b
vi(a) =vi(D), / vi(x)dx=0. (3)

From Eqs. (3) and (4), it is easy to verify that!!'!]

S =0, & Cywnae=o o)
dta ulx, =V, d[avx7 = V.

Thus, we introduce a new potential function g(x,7), which sat-

isfies
X
ai(et) = [ wlnndy 10, (10)
a
and then the problem (3)—(7) is equivalent to the following
form:
iy — e +uv =0, a<x<b,t>0, 1)
Vi =(qx, a<x<b,t>0, (12)

g —v+avi+Bvn = u?, a<x<b,t>0, (13)
u(x,0) = up(x), v(x,0)=vp(x),

v (x,0) =vi(x), a<x<b, (14)
u(a,t) =u(b,t) =0, v(a,t) =v(b,t) =0,

qla,t) = q(b,t) =0, =0, (15)
uy(a,t) =uy(b,t) =0, vi(a,t) = vy(b,t) =0,
gx(a,t) = qy(b,t) =0, t>0. (16)

For the initial-boundary value problem (11)—(16), there
are at least three conservation laws. 0]
(i) The Langmuir plasmon number

b b
zum:/a |u|2dx=/a uo2dx = 1,(0), 1>0. (17)

(i1) The total perturbed number density

b b
Iv(t):/ vdx:/ vodx=1,(0), >0,  (18)
a a
(iii) The total energy

Iu(t) = /b [(ux)2 - %(‘Ix)z + %vz + g(vx)2

- %& +v|u|2]dx =1I4(0), r>0. (19)

Physically, these conserved laws play major roles in all
physical theories, and can be useful tools for qualitative anal-
ysis.

3. Numerical scheme of the CSBE

Introducing the canonical momenta v; = py, gx = p, vy =
w, a; = ¢, by = e, we can obtain the multi-symplectic Hamil-
tonian formulation of the CSBE as

Mz + Kz, =V.,S(z), zeR", (x,1)eR?*  (20)

where
[0 2 00 0 0 0 0]
-2 0 0 0 0 0 00O
0O 000 O O0O0O0UO0
0O 00 0 O O0O0TO0
M = O 00O O 1 0 0}
0O 00 0 -1 00O
0O 00 0 O O0O0O0
L 0O 000 0 00 0|
[0 0 2 0 O 0 0 0]
0 0O 0 2 O 0 0 O
-2 0 0 0 O 0 0 O
K- 0O -2 0 0 O 0 0 O
- 0 0O 0 0 O 0 0 B
0 0O 0 0 O 0O 1 0
0 0O 00 O -1 00
| 0 06 00 - 0 0 0

with state variable z = (a,b,c,e,v,q, p,w)T, and the Hamilto-
nian
S=(a*+b*)yv—(*+e*) - 23y lv2 — 1p2 — lﬁwz
3 2 2 2 '

According to the multi-symplectic geometry theory, the
Hamiltonian formulation (20) satisfies the following local con-
servation laws.

(i) Multi-symplectic conservation law

0 0
5,0+ 5K =0, 1)

where @ and k are the pre-symplectic two-forms

o = 2da ANdb+dv Adg,
Kk =2daAdc+2dbAde+ BdvAdw+dgAdp.

(i1) Local energy conservation law

d d

where the energy density E(z) and the energy flux F(z) are
o 1 1

E(z) = (@ +b%)y = 3v' 4 5v* = 5 p* —ac; —bey - ngx,

F(z) = ac; +be; — ca; — eb; — —vw + = vw;.

2 2

(iii) Local momentum conservation law

9 9
21(2)+ 5-G(z) =0, (23)

where the momentum density /(z) and the momentum flux
G(z) are
I(z) = b : —I—l
z) = ae—bc—Sqw+vp,

1
G(z) = (@+b)v— (P +e*) - %v3 + Evz
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1 1 1 n+1/2 n+1/2 n+1/2 nt1/2\]
fipz—ngera,—ab,Jriqv,—qu,. "‘(dqj'.;.[ /\dpj_H _dq]' /\dpj )} =0. (25)
As usual, we introduce some notations: x; = jh, t, = nt, The component formulation of the multi-symplectic

j:07 1725 e 5J7 I’l:O, 1727' T where h = (b*d)/] and 7 are scheme (24) is
the space and time step length, respectively. The approxima-

tion of the value of the function u(x,t) at the node (x;,z,) is 2ot g 2 12 nt1)2
denoted by ", etc. . T(bj+1/2 j+1/2)+h(cj+1 ¢ )
Lo L . _ o 12 12 o6
Using the central box scheme to discretize the Hamil- =Vian%i (26)
tonian formulation (20), we obtain the following multi- 2 2
: l(2 ) g 2t g )+7(e4+1/2_ 4+1/2)
symplectic scheme:[!?! A ARYC R A Ve g J
Ao nt1)2,n41)2
lM(z”H o )—|—1K(zn+l/2— ”+1/2) _2Vj+1/2bj+1/2’ 27)
T N A O A J 2 a412 at1)2 +1/2
n+1/2 - E(C‘?H _“? )= _ZC?+1/2> (28)
- VZS(ZHW)’ . 2 pIt2 /2y s et 29
where 7ﬁ( LT )= €ir1/20 (29)
1 B
+1/2 1 1 +1/2 +1/2 S n+l o n P n+1/2_ n+1/2
Z;'l+1//2 - E(z;'lill/ﬁz;'lﬂﬂ): E(z;‘lﬂ/ +277) 2 @i = dy2) + 5 (W =y )
o n+1/2\2 n+1/2 n+1/2\2 n+1/2\2
- %(z;?+z7+l+z;’+1+zﬁll). = W)+ Vi @)+ (b)) G0)
1o n 1 ar12 a2y
Scheme (24) has the following discrete multi-symplectic con- - E(Vj+l/2 - vj+l/2) + ﬁ( 1 Tl )=0,3D
servation law: Lowt12 at12 nt1/2
1 _%(qjqq —4q; ):_pj+]/27 (32)
+1 +1
o [z(da?+1/2/\db?+1/2 —ddyp AdDL ) B, nvi2  avij2, n1/2 13
a1 il N n _Z(vj+1 -V )——BWJ.+1/2. (33)
+(d"j+1/2/\d‘lj+1/2*d"j+1/2/\dq/ﬂ/z)}
+ % [Z(daﬁ}/ 2 AdC?i;/ 2 —da;&]/ 2 /\dc;+l/ %) In the numerical calculation process, we only use the
! /2 ) a2 g2 ) g /2) original variables u and v. Therefore, by removing the inter-
J+1 J+l J J mediate variables of Eqgs. (26)—(33), we can obtain an equiva-
+B (dv;’ill 2 A dw;fill /2_ dv?+1/ A dW?-H/ %) lent multi-symplectic scheme
|
2 0+l §2
i5t”;31 +25rb‘7+5t”?+1 B &; “7+ + 8¢ u 1 LTV 2 2 e1/2] (34)
41 2h2 2 =12 T2 2 T2 T
SAVI )+ AV 652V HASIVE | + 8V, 8 ST 280V 4 8!
1672 4ht
B (v?:zl - 2v’}7] + v';;é) +2(Vi =2+ V) + (v;’le — 2\/’}+1 + v’}ié)
16h2
o n—1/2\2 n—1/2\2 n—1/2\2 n—1/2\2 n+1/242 n+1/2\2 n+1/2\2 n+1/2\2
T {(Vj73/2) = 2) " = 0n) ™+ (V)" (Vi T500)" = (v 000)" = (00) " + (v4570) }
1 n—1/22 n—1/22 n—1/2,2 n—1/22 nt1/2)2 n+1/2)2 n+1/22 n+1/2,2
=2 [‘”j—3/2| - |”j—1/2‘ - |”j+1/2| + ‘”j+3/2| +|”j—3/2‘ - |“/—1/2| - ‘”j+1/2| +|”j+3/2‘ } ) (35)
\
where 5,u7 = u';“ — uj?, 5,2u;? = u?“ — 2u7 + u;ffl, SXZMS‘ = discrete Langmuir plasmon number:
u;f_l—Zu’}—&-u;fH,5;‘14?:u?_2—4u'}_1+6u_’}—4u?+1—|—u;f+2, 7 . 7 .
+ _
etc. h21|u7+1/2| —h;|u;?+1/2| . (36)
Jj= Jj=

. . . Proof Equati 34 b itt
4. Properties of the multi-symplectic scheme roo ql_la ion (34) can be rewritten as
i n+l  _ .n n+l  _ .n ]
In this section, we consider the discrete analogues of the 2T [(uﬁl/z u/+1/2) * (”j_1/2 “j_1/2)

conservation laws (17) and (18). 1 n+l1/2 | n+1/2 n+1/2
. g (W) 20
Theorem 1 Under the periodic boundary conditions, the
. . . LT nt1/2 nt1/2 | nt1/2 nt1/2]
multi-symplectic schemes (34) and (35) have the following + 5 Ui12Viv1)2 +u j—12Vj-12| = 0. (37)
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e

Multiplying Eq. (37) by u and summing over j, we have

[—I+1I1=0. (38)

Considering the periodic boundary conditions, each term of
Eq. (38) can be computed as

] = i n+l/2
- 7;[ 1+1/2 J+1/2)

n iy 1/2
+(ujf11/2 wi_yp)u +/}

n+1/2
j+1/2)” W2

n+1/2

n+l _ .n
Uiti)2 Wiy o)ty

: J
! +1
2t LZI(“?H/Z
J
+Y(
j=1

+1 n+1/2 +1 n+1/2

Jr(u’; fu'i)ul f(u;’+%fuj+%)uj+l ]
o —
_ 1 +1 “n+1/2 . n+l)2
= EZ( T~ W) (W )

~
I

n+l _ n n+1 P
(“j+1/2 ”j+1/2) (”j+1/2+”j+1/2)

I
|-
N

j=1
iy +1 2 2
n n
= 5 L | aP = 1 2P)
j:
o T
+ (”%1/2”}}“/2 - ”?+1/2“j+1/2)} ’ (39)
1 nt1/2 | ntl)2 T2 n+1/2 2
IIZZ|:1+1 ]1 )uj —2u ]
j:
o 1 / n+l/2 n+1/2
T2 Z 1 U
/2 n 12y L a2 40
+u; Uiy )— Z'1|Mj 1“1, (40)
=

1 n1/2 /2 w2 L2 1 /2 et T2
ur = Z [ Ui12Vjr124%) U Vil

R ARy Y w2 | k)2
= QZ.IV+1/2”]+1/2( Uy )
=
L S22
- Z 1+1/2| J+1/2| : (41)

j=1
Substituting Egs. (39)-(41) into Eq. (38) and taking the imag-
inary part, we obtain Eq. (36).

Theorem 2 Under the periodic boundary conditions, the
multi-symplectic schemes (34) and (35) have the following
discrete total perturbed number density:

J
n+l
h,lez =

=

Proof Summing Eq. (31) over j, we obtain

J
h .ZIV?H/Z' (42)
]:

pn+1/2 pn+1/2
j+1/2 j+1/2 j+1 J
LT —o, 43
Z FZI - 43)

where we have used the periodic boundary conditions. From
Eq. (43), we can easily obtain conclusion (42).

5. Numerical experiments

In this section, we investigate some of the numerical re-
sults of the multi-symplectic scheme presented in the previous
section. We mainly focus on the issues of long-time simula-
tions and conservation laws.

We take o = —3, B = 1 in Eq. (2), and consider the fol-

lowing initial conditions:®]

u(x,0) = up(x) = Asech (Bx) exp< yx> (44)

v(x,0) = vo(x) = —2B*sech® (Bx), 45)
v;(x,0) = vi(x) = —2yB*sech? (Bx) tanh (Bx), (46)

where 7y is an and A =

V2B2(1 — 2 —4BB2).

In the process of numerical experiments, we choose ¥y =
9/10, B =1/30, and select a sufficiently large interval [-300,
300] such that the solutions decay rapidly to zero as |x| — eo.

arbitrary  parameter,

In such a case, the periodic boundary conditions do not intro-
duce a significant error relative to the whole space problem.

5.1. Long-time simulation test

To study the long-time simulated situation of the multi-
symplectic scheme, we take T =1/10, h = 1/10, and evalu-
ate until # = 500. Figure 1 shows the evolution of the solitary
waves of |u| and v with time. From the figures, we find that the
motion of the solitary waves is well simulated after long time
evaluation, and the oscillatory phenomena has not appeared.

Fig. 1. (color online) The evolution of the solitary waves: (a) |ul, (b) v.
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5.2. Conservation law test

To examine the conservation laws of the multi-symplectic
scheme, we measure the discretization errors for the Langmuir
plasmon number, the total perturbed number density, and the
total energy by

n__qn 0 n__n 0 n __n 0
Error, =1, —1,, Error; =1I;—1;, Errorg=1I—Iy,

respectively, where

J

2

I = hZW?H/z\ )
Jj=1

J
Il =h Z] Vi)
=

= h [(”’f“‘”?)z
j=1 h

~

n n—1 n _ .on—12
P I S
8 T T

1 n 2 ﬁ V?Jrl_v’; g
+§(Vj+1/2) +2<h
o 3 2
_g("?ﬂ/z) +V?+1/2|“l}+1/2‘ }

We also take T =1/10, 2 = 1/10, and evaluate = 500.
In Fig. 2, we give the discretization errors of the conserva-
tion laws with the evolution of time. It can be seen from the
experiments that the multi-symplectic scheme remains stable
for the Langmuir plasmon number, the total perturbed num-
ber density, and the total energy. The round-off error increases
because of the increment in the computational cost.

0 4 0
(a) (b) ()
= -1 -~ 3 L
| | |
o o S 92
— — —
= -2 = 2 =
3 = = .
o o S -3
g g 3
& -3 R =,
—4 0 -5
0 200 400 0 200 400 0 200 400

t

t

Fig. 2. (color online) The discretization errors of the conservation laws: (a) the Langmuir plasmon number, (b) the total perturbed

number density, and (c) the total energy.

6. Conclusions

In this paper, for the CSBE with periodic boundary con-
ditions or in the whole space with the initial data decaying
to zero sufficiently fast as |x| — oo, which can be approxi-
mated in a bounded domain with periodic boundary condi-
tions, we obtain a multi-symplectic scheme using the cen-
ter discrete method. Two discrete conservation laws for the
scheme are proved. The numerical results indicate that the
proposed scheme can keep the invariants well, which is coin-
cident with the theoretical results.
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