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Coupled edge plasmon modes of metal/dielectric multi-wedges∗
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We present a metallic/dielectric multi-wedge model to investigate the coupled edge plasmon modes (CEPMs), where
all wedges have a common edge and the wave propagates along the edge direction. A general theoretical method valid
to many practical structures is presented. The analytical dispersion relations of CEPMs in these structures are obtained
and the CEPM properties are discussed with numerical results and the dispersion relations. For all structures mentioned in
this paper, we find that the structures containing an even number of metallic wedges have four CEPMs and those with an
odd-number of metallic wedges have two CEPMs. Further, the periodic structures containing any odd number of periods
and any even number of periods possess their common CEPMs, respectively.
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1. Introduction

The coupling of the surface or edge plasmons of met-
als with electromagnetic waves has led to some new optical
phenomena and research fields.[1–6] These phenomena pos-
sess many potential applications to nano-optics [7] and sub-
wavelength optics.[8] The potential applications have aroused
great interest in investigating the surface plasmon,[2,9] the edge
plasmon,[10–12] and the plasmon polaritons,[2,13] as well as
the optical effects of these quasi-particles in various metal-
lic structures in different geometries.[5,6,14,15] We also see
other interesting work on the plasmonic optical features of
metallic structures.[16,17] Theoretically, numerical simulation
methods are often used in a designated geometry to find the
properties of the structures when it is very difficult or im-
possible to obtain analytical results, such as the finite differ-
ence time-domain method (FDTD) and vector finite-element
method (VFE). For some special metallic/dielectric interfacial
structures, such as one-dimensional photonic crystals and su-
perlattices, the analytical results can be found easily.[18] In the
electrostatic regime, the surface plasmon (SP) was found at the
interface between a metallic film,[2,6] sphere or cylinder[19,20]

and a dielectric surrounding, and the edge plasmon was ex-
plored around the tip of a metallic wedge.[10,12] The earliest
work on discussing the edge modes was presented by Do-
brzynski and Maradudin,[21] where they used a single metallic
wedge with two planar surfaces, and found two edge plasmon
modes, or the symmetrical and anti-symmetrical modes. Sub-
sequently the edge modes of the wedges with the hyperbolic
or parabolic cylinder surface were discussed.[11,12] It is well-
known that the interaction between electromagnetic waves and

the edge plasmons can cause a very high optical localization
around the tip of a metallic wedge and it may be very impor-
tant for the nano-optical and sub-wavelength optical technolo-
gies.

We present a multi-wedge model containing metallic
wedges to find the dispersion features of coupled edge plas-
mon modes (CEPMs). Our multi-wedge model is composed
of alternate metallic and dielectric wedges, where all wedges
have a common edge and the sum of their interior angles is
equal to 2π . This model covers many practical situations, such
as one single metallic wedge on a dielectric substrate,[22] one
metallic bi-wedge in vacuum and on a dielectric substrate,[23]

and one dielectric bi-wedge on a metallic substrate.[24]

2. Model and mathematical descriptions
The model is a multi-wedged structure with the cross sec-

tion as shown in Fig. 1, where the sum of all wedge angles is
∑
j

α j = 2π and ε j indicates the dielectric constant of wedge j.

We propose that the wave propagates along the z axis normal
to the cross section. In the electrostatic approximation, the
potential function of CEPMs in the j-th wedge satisfies the
Laplace equation

∇
2
φ j = 0, (1)

and the corresponding electric field 𝐸 j =−∇φ j. In the cylin-
der coordinate system, the solution of Eq. (1) is [21]

φ j = R(µr)(A j eµθ +B j e−µθ )e ikz, (2)

where k is defined as the wave number, µ is a separated con-
stant and a real number, R(µr) is the modified Bessel function,
or the Bessel function of imaginary argument, and decreases
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as r increases. The boundary conditions of the potential func-
tion and the corresponding electric displacement component
Dθ = εEθ continuous at the interface between two adjacent
wedges determine the dispersion relation of CEPMs. As a re-
sult, the boundary conditions at the j-th interface lead to the
following equations

A j eµα j +B j e−µα j = A j+1 +B j+1, (3a)

ε j(A j eµα j −B j e−µα j) = ε j+1(A j+1−B j+1). (3b)

We find a general dispersion equation of CEPMs from these
equations,

det
( N

∏
j

Tj−1
)
= 0, (4)

where det means the determinant of the matrix in the parenthe-
sis, N is the number of interfaces or components in the struc-
ture, and Tj is the transform matrix and found from Eq. (3) to
be

Tj =
1
2


(

1+
ε j

ε j+1

)
eµα j

(
1−

ε j

ε j+1

)
e−µα j(

1−
ε j

ε j+1

)
eµα j

(
1+

ε j

ε j+1

)
e−µα j

 . (5)

Equations (4) together with Eq. (5) can be used to analyti-
cally solve the dispersion relations of CEPMs in many specific
structures in the next section. A single metallic wedge in vac-
uum or in another medium will be first discussed. Although
the results in this case have been obtained previously,[21] it is
helpful to prove the applicability and correctness of our math-
ematic description. In this case, the wedge is indicated with
subscript 1 and the surrounding medium with 2, dispersion
equation (4) is reduced to

det(T2T1−1) = 2−2Cα1Cα2 −∆
+
12Sα1Sα2 = 0, (6)

where there is an additional condition α1 + α2 = 2π , and
the simple notions ∆

+
i j = εi/ε j + ε j/εi, Cαi = cosh(µαi), and

Sαi = sinh(µαi) are defined and will be also used in the follow-
ing sections. Although we do not use the structure symmetry
here and equation (6) is different in form from the well-known
relations,[21] it can be proven that equation (6) also leads to
those known relations. Under the assumptions of x = ε1/ε2

and y = cth(µα2/2)th(µα1/2), we easily change Eq. (6) into

(y+ y−1) =−(x+ x−1). (7)

It is obvious that there are two solutions,

ε1

ε2
=−th

(
µα1

2

)
cth
(

µα2

2

)
, (8a)

ε1

ε2
=−cth

(
µα1

2

)
th
(

µα2

2

)
. (8b)

These two solutions are just the symmetric mode and anti-
symmetric mode obtained with the symmetry analysis in pre-
vious work.[21]

ε1

ε2
ε3

ε4

εn
…, …, ….

Fig. 1. Cross-section sketch of the model. It is infinite in the z and r di-
rections. We take the cylinder coordinate system and assume the wave
to propagate along the z axis (the common edge).

3. Coupled edge plasmons in specific structures
We are interested in such structures, which are easily ob-

tained in practice or possess higher symmetry. Numerical cal-
culations are unavoidable for the structures to be discussed in
this section, so some special materials and their physical pa-
rameters should be taken. For metallic wedges (or a metal-
lic substrate in a particular structure), the Drude dielectric
function[25,26]

ε = ε∞−
(ε0− ε∞)ω

2
p

ω2 (9)

is utilized, with the physical parameters ε∞ = 4.017, ε0 =

4.896, and ωp = 1.419×1016 rad/s from bulk silver.[25,26] We
take εd = 2.3 for dielectric wedges or a dielectric substrate,
which is near to that of SiO2. Because we consider only dis-
persion properties of CEPMs in the model, the damping is ne-
glected in the dielectric function of metallic components. In
order to clearly analyze the features of CEPMs, we introduce
the bulk plasmon frequency Ωmb =ω/ωp = 0.468 correspond-
ing to ε = 0, and the SP frequency of the metal/vacuum in-
terface Ωmv = 0.419 corresponding to ε + 1 = 0 and that of
the metal/ dielectric interface Ωmd = 0.373 corresponding to
ε + εd = 0.

3.1. Structures composed of one wedge and one substrate

A simple structure is composed of one wedge and one
semi-infinite substrate in vacuum, where the wedge is placed
on the substrate. Three components appear in this structure,
i.e., the wedge with dielectric coefficients ε1, the vacuum with
ε2 = 1 and the substrate with ε3. The angles satisfy α3 = π and
α2 = π −α1. From Eqs. (4) and (5), the dispersion equation
of CEPMs is written as an explicit one

2Cα1Cα2Cπ +∆
+
23Cα1Sα2Sπ

+ ∆
+
13Cα2Sα1Sπ +∆

+
12Cπ Sα1Sα2 = 2. (10)

This equation should be numerically solved to examine disper-
sion properties of CEPMs. However, there are two interesting
cases in this structure, which are valuable to pay close atten-
tion to. One is that the wedge is metallic and the substrate is
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of dielectric, but the other is opposite to the former, i.e., com-
posed of one dielectric wedge and one metallic substrate.

The numerical results in the first case are illustrated in
Fig. 2, where figure 2(a) shows the mode frequencies versus
the coefficient µ for various wedge angles and figure 2(b) il-
lustrates the mode frequencies versus wedge angle α1 for dif-
ferent values of µ . The two modes appear in this case, e.g., the
high-frequency mode with the limit value Ωmv, and the low-
frequency mode with the limit frequency Ωmd. The frequency
of high-frequency mode decreases with the increase of µ for
smaller values of α1, but increases for larger values of α1. The
frequency of the low-frequency mode rises as µ increases. The
α1 dependences of mode frequencies for different values of µ

show that the frequency of the low-frequency mode increases
with α1 increasing and gradually tends to the limit value Ωmd.
All curves of the high-frequency mode intersect at the point
(α1 ≈ 2π/3, Ωmv). It is proven that there is such a wedge
angle that the CEPM frequency is independent of the coeffi-
cient µ and equal to the SP frequency of the metal/vacuum
interface. The high-frequency mode monotonically declines
in frequency as α1 increases, and finally reaches its minimum
the same as the maximum of the low-frequency mode. The
high-frequency and low-frequency modes do not exist at the
limit of α1 = 0 and this point also can be found from Eq. (12).
In fact, no surface plasmon can appear at the interface between
two insulating dielectrics.
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Fig. 2. (color online) Edge plasmons of one metallic wedge on the di-
electric substrate, showing (a) mode frequencies versus separated con-
stant µ and (b) versus wedge angle α1. The arrows point to the coordi-
nates of the intersection position in panel (b).

In the other case, the numerical results are shown in
Fig. 3. We first discuss the µ dependence of mode frequency
for various wedge angles as illustrated in Fig. 3(a). We see that
the two CEPMs are situated in the range between the two sur-
face plasmons, i.e., Ωmv and Ωmd. It is different from Fig. 2(a),
where they are situated outside the range, except the high fre-
quency mode in particular conditions. We also present the fre-
quencies versus wedge angle α1 for different values of µ as
shown in Fig. 3(b). This system is obviously different from
that in the first case. The two CEPMs possess the same fre-
quency Ωmv or Ωmd, for α1 = 0 or π . In fact, the structure in
the case of α1 = 0 or π corresponds to just the metal/vacuum
or metal/dielectric interfaces. The high- and low-frequency
modes both decrease in frequency as the wedge angle α1 in-
creases.
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Fig. 3. (color online) Edge plasmons of one dielectric wedge on the
metallic substrate, showing (a) mode frequencies versus separated con-
stant µ and (b) versus wedge angle α1. The two ends of curves in panel
(b) correspond to the two SP frequencies, Ωmv and Ωmd.

3.2. Four-component structures with two identical wedges

Structures including two identical metallic wedges or two
identical dielectric wedges are also interesting. In this case,
equation (4) becomes

det(T4T3T2T1−1) = 0. (11)

Here, there are many specific structures to be discussed,
which are the structures in the vacuum as follows: the metallic
bi-wedge, metallic bi-wedge on a dielectric substrate, and di-
electric bi-wedge on a metallic substrate. There generally are
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four components in these structures, and we take α1 = α3 = α

and ε1 = ε3 = ε for two identical wedges. α2 and ε2 = 1 cor-
respond to the vacuum component. After doing some algebra
calculations, equation (11) is written as an explicit dispersion
equation as follows:

(4Cα2Cα4 +∆
+
21∆

+
41Sα2Sα4)C2α +2(∆+

21Sα2Cα4 +∆41

+ Sα4Cα2)S2α −∆
−
21∆

−
41Sα2Sα4 = 4, (12)

where ∆i j = εi/ε j− ε j/εi and ∆
+
i j has been defined above.

We first consider the structure composed of two identical
metallic wedges in vacuum, where ε2 = ε4 = 1, so dispersion
relation (12) is reduced to

2Cα2+α4 +[4Cα2Cα4 +(∆+
21)

2Sα2Sα4 ]S
2
α

+ ∆
+
21Sα2+α4S2α = 2. (13)

It can be naturally used to discuss dispersion properties of
CEPMs in the metallic bi-wedge structure in vacuum. The
most interesting case is α2 = α4 = α ′ that corresponds to the
highest symmetric structure (or the opposite-wedge structure).
A simple dispersion equation is found from det[(T2T1)

2−1] to
be

(∆+
21Sα S′α +2CαC′α)

2−4 = 0. (14)

Simulating the process of looking for Eq. (8), we discover
that this equation possesses four analytical solutions, i.e.,

ε =− th(µα/2)
th(µα ′/2)

, (15a)

ε =− th(µα ′/2)
th(µα/2)

, (15b)

ε =−th(µα/2)th(µα
′/2), (15c)

ε =− 1
th(µα/2)th(µα ′/2)

(15d)

with the constraint condition α + α ′ = π . The former two
are completely identical to those of a single metallic wedge
in vacuum, and are symmetric and asymmetric modes, respec-
tively. An interesting result is that these two modes degenerate
into the surface plasmon localized at the metal/vacuum inter-
face as the metallic-wedge angle is equal to π/2. The latter
two are new and should be called mixed-symmetry modes, or
symmetric/anti-symmetric modes. For such a structure, there
are two reflection symmetric planes at α/2 and α ′/2, respec-
tively. Solution (15c) corresponds to that the potential func-
tion in the metallic wedges is symmetrical and the function in
vacuum is anti-symmetrical. Solution (15d) is completely op-
posite to solution (15c). Thus the four modes are related to
four possible symmetries. The numerical results are shown in
Fig. 4(a). We further see that the top mode related to Eq. (15c)

starts in frequency from the bulk plasmon (ε = 0), but the bot-
tom mode corresponding to Eq. (15d) starts from 0-frequency
(ε → −∞). For µ → ∞, all modes have the same limit fre-
quency, the SP frequency Ωmd. This model can also be used
to determine the influence of angle α2 between the two metal-
lic wedges on the CEPMs. We numerically calculate disper-
sion relation (12) for α1 = π/6 and then the obtained results
are illustrated in Fig. 4(b). We can clearly see the effects of
changing this angle on the CEPMs.
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Fig. 4. (color online) Dispersion curves of four coupled edge plasmon
modes of a metallic bi-wedge in vacuum, showing (a) the opposite bi-
wedge for various wedge angles and (b) the effect of the angle between
two metallic wedges on the CEPMs.

We subsequently discuss the structure of two identical
metallic wedges on the dielectric substrate, where we take
α4 = π and ε4 = 2.3 in dispersion relation (12). Figure 5(a)
shows the numerical results. Comparing these modes with
those of the metallic bi-wedge in vacuum shown in Fig. 4(a),
the four coupled edge-modes are similar to those in the region
of small µ , but they are divided into two groups in the range
of large µ , and each group has an individual limit frequency
Ωmv or Ωmd. We finally discuss such a structure, in which the
dielectric bi-wedge is placed on the metallic substrate, with
α4 = π and ε1 = 2.3 in Eq. (12). This structure is opposite
to the previous structure and we find only two coupled edge
modes as illustrated in Fig. 5(b). The two modes are similar in
feature, and both decrease in frequency and tend to the same
limit Ωmd as µ is enlarged.
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Fig. 5. (color online) Dispersion curves of coupled edge plasmon modes
of one bi-wedge on a substrate, showing (a) the metallic bi-wedge on
the dielectric substrate and (b) the dielectric bi-wedge on the metallic
substrate.

3.3. Periodically metallic/dielectric wedge structures

The last specific systems we are interested in are the pe-
riodic structures composed of alternate metallic wedges and
dielectric wedges. We denote the metallic wedges with wedge
angle α and dielectric constant with ε , and the dielectric
wedges with α ′ and ε ′. The period of these structures is α+α ′

and n represents the period number, so there is the constraint
condition of wedge angles, α +α ′ = 2π/n. The specific dis-
persion relation of CEPMs for each given value of n can be
obtained from

det(Λ n−1) = 0, (16)

with the matrix

Λ = T2T1

=
1
2

(
(2Cα ′ +∆+Sα ′)eµα −∆−Sα ′ e−µα

∆−Sα ′ eµα (2Cα ′ −∆+Sα ′)e−µα

)
. (17)

Here, ∆+ = εε ′−1 + ε ′ε−1 and ∆− = ε ′ε−1− εε ′−1. For nu-
merical calculations in this subsection, we take ε ′ = 1. The
1-period (n = 1) and 2-period (n = 2) structures are just the
single metallic wedge and the opposite-wedge structure, re-
spectively, and have been discussed. For the 3-period structure
and 5-period structure, relation (16) can be rewritten as

det(Λ −1)det(Λ 2 +∆ +1) = 0, (18a)

det(Λ −1)det(Λ 4 +Λ
3 +Λ

2 +Λ +1) = 0. (18b)

The solutions of det(Λ − 1) = 0 are just the two modes of
the single metallic wedge, except the constraint condition
α +α ′ = 2π/n. The relations det(Λ 2 + 1) = 0 and det(Λ 4 +

Λ 3 +Λ 2 +Λ +1) = 0 are analytically expressed as

A2 +B2 = 0, (19a)

(A+B)4 +(A+B)3−3(A+B)2−2(A+B)−1 = 0, (19b)

with A = 2CαC′α ≥ 2 and B = ∆+Sα S′α . Obviously equa-
tion (19a) does not own any real solution. Although we can-
not directly obtain any conclusion from Eq. (19b), the nu-
merical calculation is used to look for its solutions. As a
result, no solution is found in an available frequency range
(0 < ω/ωp < 15.0). Thus we conclude that the single metallic
wedge, 3-period and 5-period structures possess their common
CEPMs expressed by Eq. (8), except the constraint condition
(α1 +α2 = 2π/n).

Subsequently we discuss the 4-period and 6-period struc-
tures. The equations det(Λ 4−1) = 0 and det(Λ 6−1) = 0 can
be changed into,

det(Λ 2−1)det(Λ 2 +1) = 0, (20a)

det(Λ 2−1)det(Λ 2 +Λ +1)det(Λ 2−Λ +1) = 0. (20b)

Here, the solutions of equation det(Λ 2−1) = 0 have been dis-
cussed in Subsection 3.2 and the corresponding CEPMs are
just those found from the opposite-wedge structure, or the four
CEPMs explicitly shown by dispersion relations (15). How-
ever, we should also note that the constraint conditions are dif-
ferent for different period structures. Equation det(Λ 2+1)= 0
has also been discussed and no solution is found. The equa-
tions det(Λ 2 +Λ + 1) = 0 and det(Λ 2−Λ + 1) = 0 can be
further written as

(A+1)2 +(B+1)2−1 = 0, (21a)

(A−1)2 +(B−1)2−1 = 0. (21b)

Due to A≥ 2, they do not possess any real solution, so the pe-
riodic structures with n = 2,4,6 have dentical CEPMs, except
the constraint condition.

We think that the above conclusions should be extended
to periodic structures containing any number of periods. It
means that the structures with an odd number of periods have
two common CEPMs and those with an even number of peri-
ods possess four common CEPMs, except that the constraint
conditions are different for different period numbers.

4. Summary and conclusions
We investigate the coupled edge plasmons in the metal-

lic/dielectric multi-wedge structures, where all wedges have a
common edge and the sum of wedge angles is equal to 2π .
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We first present a general mathematical description of cou-
pled edge plasmon modes (CEPMs) with their field compo-
nents continuous at interfaces, and then discuss the proper-
ties of CEPMs in some typical and specific structures. The
physical parameters of metallic components in numerical cal-
culations come from silver, but the dielectric constants of non-
metallic components are ε = 1 (vacuum) and ε = 2.3 (SiO2).
We numerically and analytically calculate dispersion relations
of CEPMs in the following specific structures, or one metal-
lic (or dielectric) wedge on a dielectric (or metallic) substrate,
one metallic (or dielectric) bi-wedge on a dielectric (or metal-
lic) substrate, the opposite metallic bi-wedge in vacuum, and
periodical metallic/dielectric structures. We find that the sys-
tems containing an odd number of metallic wedges have two
CEPMs, but those containing an even number of metallic
wedges offer four CEPMs. Further the periodic structures with
an odd number of metallic wedges have two common CEPMs,
and those with an even number of metallic wedges possess
four common CEPMs, except that the constraint condition is
different. The two coupled edge modes of the bi-wedge struc-
ture given by Eqs. 15(a) and 15(b) were previously calculated
within the complete electromagnetic theory,[27] but the two
modes described by Eqs. 15(c) and 15(d) are new and they
have not been known previously.

Although we neglected the retarded term in the Maxwell
equations and adopted the electrostatic approximation in this
paper, the obtained results are still interesting since plasmons
in metals are in slow electronic oscillation and the plasmon
modes are important references of plasmon polaritons. It has
been proven that the plasmon mode determined with the elec-
trostatic approximation is only slightly different in frequency
from the plasmon polariton described with the complete elec-
tromagnetic theory.[10]
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