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TOPICAL REVIEW— Topological insulator
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quantum spin Hall effect
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The quantum spin Hall (QSH) effect is considered to be unstable to perturbations violating the time-reversal (TR)
symmetry. We review some recent developments in the search of the QSH effect in the absence of the TR symmetry. The
possibility to realize a robust QSH effect by artificial removal of the TR symmetry of the edge states is explored. As a
useful tool to characterize topological phases without the TR symmetry, the spin-Chern number theory is introduced.
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1. Introduction
The quantum spin Hall (QSH) effect, a quantum state of

matter, has attracted much attention in recent years because
of its fundamental interest and potential applications in spin-
tronic devices. The QSH effect was first predicted theoreti-
cally by Kane and Mele[1] and by Bernevig and Zhang[2] in-
dependently. Soon after, the QSH effect was observed exper-
imentally in HgTe quantum wells,[3] following the theoretical
prediction.[4] A key ingredient to the QSH effect is a strong in-
trinsic spin–orbit coupling, which acts as spin-dependent mag-
netic fluxes coupled to the electron momentum. In the ideal
case, where the electron spin is conserved, the two spin sectors
of a QSH system behave like two independent quantum Hall
(QH) systems without Landau levels.[5] They contribute op-
posite quantized Hall conductivities when the electron Fermi
level is inside the bulk band gap, so that the total Hall conduc-
tivity vanishes but the spin Hall conductivity is quantized. On
a sample edge, two counterpropagating gapless edge modes
with opposite spin polarizations exist in the bulk band gap,
which can transport spin currents without dissipation of en-
ergy.

When the spin conservation is destroyed, e.g., by the
Rashba-like spin–orbit coupling, the spin Hall conductivity
deviates from the quantized value.[6] However, the edge trans-
port can remain dissipationless,[1,7] provided that the time-
reversal (TR) symmetry is present and the bulk band gap is
not closed. In this case, the QSH system can no longer be di-
vided into two QH systems, and the existence of the gapless

edge states is attributed to the nontrivial topological properties
of bulk energy bands. The nontrivial bulk band topology of
the QSH systems is usually described by the Z2 index[8] or the
spin Chern numbers.[9–11] These topological invariants reveal
the fundamental distinction between a QSH insulator and an
ordinary band insulator. Prodan proved[10] that the spin-Chern
numbers are topological invariants, as long as the energy gap
and the spectrum gap of the projected spin operator Pσ̂zP stay
open in the bulk, where P is the projection operator onto the
subspace of the occupied bands, and σ̂z is the Pauli matrix for
the electron spin. Unlike the Z2 invariant, the robust proper-
ties of the spin-Chern numbers remain unchanged when the
TR symmetry is broken.

Extension of the idea of the QSH effect to higher dimen-
sions has led to the proposals of three-dimensional (3D) topo-
logical insulators (TIs).[12–17] The research of the 3D TIs has
been fruitful in recent years, both theoretically and experimen-
tally. A 3D TI has a bulk band gap and gapless surface states
on the sample boundary. A simple 3D TI consists of layers
of 2D QSH systems. However, such a 3D TI is not stable in
the presence of disorders due to the interlayer scattering, and
is called the weak TI. A strong TI is topologically nontrivial
in any direction, and the surface states are characterized by an
odd number of Dirac cones. The metallic surface states of the
3D TIs provide a unique platform for realizing some exotic
physical phenomena, such as Majorana fermions[18] and topo-
logical magnetoelectric effect.[19,20] The existence of topo-
logical surface states in the 3D TIs has been experimentally
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confirmed in Bi1−xSbx, Bi2Te3, and Bi2Se3 materials,[15,21–26]

which evokes a great surge of research interest in this field.
While the TR symmetry was often considered to be a

prerequisite to the QSH effect, its role is two-sided. In a
TR-invariant QSH system, the two oppositely moving edge
states at the Fermi energy are connected to each other un-
der TR, and so have opposite spin orientations. The elas-
tic backscattering from a nonmagnetic random potential is
forbidden. On the other hand, the two opposite movers
have identical spatial probability distributions. Turning on
small TR-symmetry-breaking perturbations immediately cou-
ples the two edge states, giving rise to backscattering. This
makes the QSH effect fragile in realistic environments,[27]

where perturbations violating the TR symmetry are usually un-
avoidable. Experimentally, two-terminal conductance close to
the predicted value 2(e2/h) was observed only for small QSH
samples with dimensions of about (1 µm× 1 µm)[3] in con-
trast to the traditional QH effect, where the Hall conductivity
can be precisely quantized on macroscopic scales. The search
for QSH effect as robust as the QH effect has so far been illu-
sive.

An open question is whether we can have a QSH-like
phase in a system where the TR symmetry is broken. In this ar-
ticle, we will review some recent developments in the search of
QSH effect that is not protected by the TR symmetry or other
symmetries. Such a QSH effect is expected to be more robust
in realistic environments. As a useful tool to classify the topo-
logical phases without the TR symmetry, we will introduce the
spin-Chern number theory, together with its application to the
study of topological properties of the TIs.

2. Spin-Chern number theory
2.1. A brief history

In 2005 and 2006, Kane and Mele,[1] and Bernevig and
Zhang[2] proposed two different models for the QSH ef-
fect. We carried out a numerical work[6] with the Kane–
Mele model to study the stability of the QSH effect to dis-
order and spin-mixing perturbation. We found that the charge
transport through the counterpropagating spin-polarized edge
channels is well quantized. We therefore developed the idea
that the robust QSH effect is associated with a new type of
topological invariant of the system.[6] The concrete formu-
lation of the topological invariant, namely, the spin-Chern
numbers was given in a subsequent work,[9] while Kane and
Mele suggested the Z2 invariant.[8] Consider a finite-size lat-
tice system consisting of Lx×Ly unit cells, and impose spin-
dependent boundary conditions to the many-body wavefunc-
tion 𝛷(· · ·𝑟iα +𝐿 j · · ·) = e iθ α

j Φ(· · ·𝑟iα · · ·), where j = x,y,
𝐿x = Lx𝑎1, 𝐿y = Ly𝑎2 with 𝑎1 and 𝑎2 being the two primitive
vectors of the Bravais lattice, 𝑟iα is a composite index repre-
senting the coordinate and spin of the i-th electron (α =+ and

− corresponding to spin up and spin down), and 0≤ θ α
j < 2π

is the twisted boundary phase. Through a unitary transforma-
tion

Ψ = exp
[
− i ∑

α

∑
iα

(
θ α

x

Lx
xiα +

θ α
y

Ly
yiα

)]
Φ ,

where the summation runs over all electrons and both spins, Ψ

becomes periodic on a torus. One can then define the topolog-
ical Chern number matrix as

Cα,β =
i

4π

∫
dθ

α
x dθ

β
y

[〈
∂Ψ

∂θ α
x

∣∣∣ ∂Ψ

∂θ
β
y

〉
−
〈

∂Ψ

∂θ
β
y

∣∣∣ ∂Ψ

∂θ α
x

〉]
. (1)

By this definition, Cα,β with α,β = +,− are four integer-
quantized topological invariants. We demonstrated that the
nontrivial QSH phase is identified by the nonzero diagonal
matrix elements of the Chern number matrix, namely, the spin-
Chern numbers, which are conserved in the presence of fi-
nite disorder scatterings and spin nonconserving perturbations.
Through the Laughlin’s gedanken experiment,[28] we also nu-
merically showed that for the TR-invariant Kane–Mele model,
as long as the quantization of the spin-Chern numbers is intact,
the gapless nature of the edge states remains robust, indicating
the inherent connection between the spin-Chern numbers and
the edge states. When the strength of disorder exceeds certain
critical value, the spin-Chern numbers become fluctuating, and
energy gaps appear in the edge state spectrum.

Once there were some debates on the spin-Chern numbers
defined in Eq. (1). Let us assume C++ =−C−−= 1 for a given
spin quantization axis. Fu and Kane[29] argued that one can ro-
tate the spin quantization axis continuously and flip it, which
does not close the band gap, but changes the signs of the spin-
Chern numbers, yielding C++ = −C−− = −1. Later, based
on the noncommutative theory for Chern numbers, Prodan[10]

showed that the spin-Chern numbers are true bulk topologi-
cal invariants, whose robustness against disorders and smooth
deformations of the Hamiltonian has important physical con-
sequences. In contrast to the Z2 invariant, which is applicable
only to systems with the TR symmetry, the properties of the
spin-Chern numbers remain valid even when the TR invari-
ance is broken. Prodan suggested to partition the subspace of
the occupied valence band into two nontrivial spin sectors by
using the projected spin operator Pσ̂zP, where P is the pro-
jection operator onto the occupied subspace. Then the Chern
numbers of the individual spin sectors are just the spin-Chern
numbers. Prodan showed that the spin-Chern numbers are
protected by two spectrum gaps, namely, the energy gap be-
tween the conduction and valence bands and the spin spectrum
gap. The spin spectrum gap refers to the gap in the eigen-
spectrum of the projected spin operator Pσ̂zP, which can be
understood as follows. When spin σ̂z is conserved, the eigen-
values of Pσ̂zP can take only two values 1 and −1. When the
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spin conservation is destroyed by some small perturbations,
the eigenvalues of Pσ̂zP will deviate from 1 and −1, forming
two islands near 1 and −1, but a finite spectrum gap usually
still exists between the two islands, which is the so-called spin
spectrum gap.

The issue of the spin-Chern numbers pointed out by Fu
and Kane[29] can then be easily resolved. The rotation of the
spin quantization axis not only changes the Hamiltonian, but
also modifies the operator Pσ̂zP. When the spin quantization
axis is flipped, the two spin sectors must exchange, which im-
plies that the spin spectrum gap must close during the rotation,
and the spin-Chern numbers are allowable to change signs,
leading to an equivalent description in different reference sys-
tems. Here, we should point out that Prodan’s argument is
suited only to noninteractive electron systems. How to extend
the spin-Chern numbers to interactive electron systems is an
open question. The original definition Eq. (1) is formulated for
a many-body wavefunction, and can be directly applied to in-
teractive electron systems. However, a hiding quantity which
plays a similar role to the spin spectrum gap in the many-body
scenario is still worth to be explored in the future.

2.2. Analytical method

Inspired by the work of Prodan,[10] we made a progress in
analytical calculation of the spin-Chern numbers in 2009.[11]

We took thin films of 3D TI Bi2Se3 as an example, where the
nontrivial topological structures appear in the isospin sectors.
Here, isospin is used to represent the bonding and antibonding
of the electron states on the two surfaces. We analytically cal-
culated the isospin-Chern numbers in the general case, where
the isospin operator τ̂z is not conserved. An explicit connec-
tion between the isospin-Chern number and the Z2 index was
established, the two invariants were found to yield an equiva-
lent description for TR-invariant QSH systems. In the follow-
ing, we introduce the analytical approach[11] to the spin-Chern
numbers.

We consider the effective Hamiltonian for a thin film of
Bi2Se3

H (𝑘) = E0−Dk2 +
(
M0−Bk2)

τ̂zσ̂z

+vF(kyσ̂x− kxσ̂y)+ γU τ̂x, (2)

where σ̂α with α = x,y,z are the Pauli matrices for electron
spin, and τ̂α for bonding and antibonding of the surface states
on the two surfaces of the thin film. For simplicity, we shall
call τ̂α the isospin. Here vF, E0, D, B, and M0 are the model pa-
rameters, and γU τ̂x stands for a gate voltage applied between
the two surfaces of the film.

The following calculation is revised from the original
derivation,[11] and the same result is obtained. By using a uni-
tary transformation H = S†HS, where S = 1

2 (1+ σ̂z)+
1
2 (1−

σ̂z)τ̂x, the Hamiltonian is transformed into

H (𝑘) = E0−Dk2 +(M0−Bk2)τ̂z

+[vF(kyσ̂x− kxσ̂y)+ γU ]τ̂x . (3)

The transformed Hamiltonian Eq. (3) can now be easily solved
by diagonalizing the operator in the square bracket first, and
the eigenenergies are obtained as

Ec(v)
± (𝑘) = E0−Dk2 +(−)

√
(M0−Bk2)2 +(γU± vFk)2, (4)

where c (v) stands for the conduction (valence) bands. The
energy bands are two-fold degenerated at γU = 0, and the de-
generacy is lifted when γU is nonzero. The γU term plays
a role similar to the Rashba spin–orbit coupling in the 2D
electron systems. When B2 > D2, the valence bands are in-
verted. Under this condition, if M0 and B have opposite signs,
i.e., M0/B < 0, an energy gap always exists between the con-
duction and valence bands. If M0 and B have the same sign,
i.e., M0/B > 0, an energy gap opens at small |U |. When |U |
reaches a critical value

U0 =
vF

γ

√∣∣∣∣M0

B

∣∣∣∣,
the energy gap closes. With further increasing |U |, the gap
reopens. The wavefunctions of the two valence bands can be
written as a direct product

ϕ±(𝑘) = φ±(𝑘)⊗χ±(𝑘) . (5)

Here, φ±(𝑘) = (1/
√

2)(i e−iθk ,±1)T and

χ±(𝑘) = [sinα
±
k ,−sgn(γU± vFk)cosα

±
k ]T

are wavefunctions for spin and isospin, respectively, where
e−iθk = (kx − iky)/k, and 2α

±
k = ctg−1[(M0 − Bk2)/|γU ±

vFk|].
The definition of the isospin-Chern numbers relies on a

smooth decomposition of the occupied valence band into two
sectors through the diagonalization of the operator τ̂z (in the
representation of H) in the subspace of the valence band. Since
τ̂z commutes with momentum, the decomposition can be done
for each 𝑘 separately. By expressing S†τ̂zS = τ̂zσ̂z as a 2× 2
matrix on the basis of ϕ+(𝑘) and ϕ−(𝑘) in the representation
of H(

〈ϕ+|τ̂zσ̂z|ϕ+〉 〈ϕ+|τ̂zσ̂z|ϕ−〉
〈ϕ−|τ̂zσ̂z|ϕ+〉 〈ϕ−|τ̂zσ̂z|ϕ−〉

)
=

(
0 t(k)

t(k) 0

)
, (6)

where

t(k) =
{
−cos(α+

k +α
−
k ), (k ≤ |γU/vF|),

cos(α+
k −α

−
k ), (k > |γU/vF|),

(7)

and diagonalizing the matrix Eq. (6), we obtain the eigenval-
ues of τ̂z (strictly speaking, Pτ̂zP) as λ (k) = λ±(k)≡±|t (k)|.
The corresponding eigenfunctions of τ̂z are

ψ±(𝑘) =
1√
2
[ϕ+(𝑘)± sgn(t(k))ϕ−(𝑘)] . (8)
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Clearly, the spectrum of τ̂z consists of two branches,
namely, λ+(k) and λ−(k). We find that for M0/B < 0, there is
always a finite gap between the two branches around zero. For
M0/B > 0, there is a gap for |U |<U0. However, if |U | ≥U0,
λ+(k) and λ−(k) touch each other, and the gap vanishes. As
long as the gap between the two branches of the τ̂z spectrum
exists, the electron states in the valence band are naturally par-
titioned into two sectors, namely, ψ+(k) and ψ−(k). One can
define a Chern number for each isospin sector

C± =
1

2π

∫
d2k F±(k) , (9)

where F±(k) = i𝑒̂z · [∇k×〈ψ±(k)|∇k|ψ±(k)〉].
By using the expression for the gradient operator in the

polar coordinate system

∇k = 𝑒̂k
∂

∂k
+ 𝑒̂θk

1
k

∂

∂θk
,

and noticing ∂ 𝑒̂θk/∂k = 0 and ∂ 𝑒̂θk/∂θk =−𝑒̂k, it is straight-
forward to obtain

F±(k) =
1
2k

∂

∂k
P±(k)

with

P±(k) = 2i〈ψ±|
∂

∂θk
|ψ±〉,

which is dependent on k not θk. Substituting these relations
into Eq. (9), we obtain for the isospin-Chern numbers

C± =
1
2
[P±(∞)−P±(0)] . (10)

The evaluation of the Chern numbers now amounts to the cal-
culation of the two limits of P±(k) at k = 0 and k→ ∞. It is
easy to obtain P±(0)=∓sgn(M0)−1 and P±(∞)=±sgn(B)−
1, so the isospin-Chern numbers are

C± =±1
2
[sgn(M0)+ sgn(B)] . (11)

This result indicates that when M0 and B have opposite signs,
C± = 0 and the system is an ordinary insulator. When M0 and
B have the same sign and |U | < U0, C± = ±1 and the system
is in a QSH state. Equation (11) does not apply to |U | > U0,
where the isospin spectrum gap always closes, as mentioned
above. By continuity analysis, we find that the system is an
ordinary insulator for |U |>U0.

2.3. Comparison with Z2Z2Z2 index

Based upon the above result, we can establish a relation
between the spin (isospin)-Chern numbers and the widely used
Z2 index. By defining a function P(k) = [P+(k)−P−(k)]/2,
one can find that the Z2 index essentially counts the number
of zeros of P(k) for k ∈ [0,∞).[11,41] If P(0)P(∞) > 0, P(k)
will have an even number of zeros, which is considered to
be topologically trivial. If P(0)P(∞) < 0, P(k) has an odd

number of zeros, corresponding to a topologically nontrivial
state. On the other hand, the spin-Chern number classifica-
tion evaluates the difference between P(∞) and P(0). Clearly,
whenever the Z2 index is nontrivial, the spin-Chern number
C+−C− = P(∞)−P(0) must be nonzero. In general, the in-
verse proposition is not true. Therefore, the Z2 nontrivial sys-
tems represent a subset of the spin-Chern insulators. The spin-
Chern numbers are so far found to yield an equivalent descrip-
tion to the Z2 index for TR-invariant systems. We notice that
the Z2 index does not apply to systems without the TR symme-
try, as its definition relies on the assumption of the presence of
the TR symmetry. In contrast, the spin-Chern numbers remain
valid when the TR symmetry is broken.

3. Time-reversal-symmetry-broken QSH effect
The QSH effect was considered to be closely related to

the TR symmetry which provides a protection for the edge
states and the Z2 invariant. An open question is whether we
can have a QSH-like phase in a system where the TR symme-
try is broken. We have carried out an investigation[30] of the
Kane and Mele model by including an exchange field, which
breaks the TR symmetry. We calculated the spin-Chern num-
bers Cs analytically, and used the integer invariants to distin-
guish different topological phases in the model. We found
a TR symmetry-broken QSH phase with C± = ±1, indicat-
ing that the nontrivial topological properties of the bulk en-
ergy bands remain intact, regardless of the broken TR symme-
try. As the exchange field is beyond a critical value, the bulk
band gap closes and reopens, and the system enters a quan-
tum anomalous Hall (QAH) phase[6] with C± = 1 (or −1).
By further inclusion of an alternating sublattice potential, we
showed that the transition from the TR-symmetry-broken QSH
phase to the ordinary insulator state is generally accompanied
by closing of the band gap. Our conclusion extended the con-
ditions under which the topological QSH state of matter can
happen, and opened the door to the magnetic manipulation of
the QSH effect. Let us now introduce the theory[30] in detail.

3.1. Model and phase diagram

We begin with the Kane and Mele model defined on a 2D
honeycomb lattice with the Hamiltonian

H = −t ∑
〈i j〉

c†
i c j +

iVso√
3 ∑
〈〈i j〉〉

c†
i 𝜎 · (𝑑k j×𝑑ik)c j

+iVR ∑
〈i j〉

c†
i êz · (𝜎×𝑑i j)c j +g∑

i
c†

i σzci. (12)

Here, the first term is the usual nearest neighbor hopping term
with c†

i =(c†
i↑,c

†
i↓) being the electron creation operator on site i

and angular bracket 〈i, j〉 standing for the nearest-neighboring
sites. The second term is the intrinsic spin–orbit coupling with
coupling strength Vso, where 𝜎 is the Pauli matrix, i and j
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are two next nearest neighbor sites, k is their unique common
nearest neighbor, and vector 𝑑ik points from k to i. The third
term stands for the Rashba spin–orbit coupling with coupling
strength VR, and the last term represents a uniform exchange
field of strength g. For convenience, we set h̄, t, and the dis-
tance between next nearest neighbor sites all to be unity.

Hamiltonian (12) is expanded in the long-wavelength
limit at Dirac points K and K′ to the linear order in the rel-
ative wave vector k =

√
k2

x + k2
y . The eigenenergies for the

two valence bands near Dirac point K are given by

E1,2 =

√
3

2

(
−
√

k2 +(VR±Vso)
2±VR

)
with subscripts 1 and 2 representing two bands originating
from the sublattice degrees of freedom. The wavefunctions
will be denoted as ϕ1,2(𝑘). The energy gap ∆E between the
conduction and valence bands is plotted in Fig. 1(a) as a func-
tion of |g|/Vso for some different values of VR/Vso. It is found
that, for VR < Vso with increasing |g| from 0, the gap first de-
creases; as |g| reaches a critical value gc, the gap closes at the
k = 0 point; and as |g| further increases, the gap reopens. The
critical exchange energy gc is determined by the condition of
touching the conduction and valence bands. For VR <Vso, we
have

gc

Vso
=

√
3

2

[
1−
(

VR

Vso

)2
]
. (13)

It indicates that gc decreases with increasing VR/Vso. For
VR ≥ Vso, we have gc = 0, and the band gap always exists
for finite g. As will be shown below, the insulating state for
|g|< gc corresponds to the QSH phase, while that for |g|> gc

is also topologically nontrivial with gapless chiral edge states,
exhibiting a quantized charge Hall conductance.
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∆
E
/
V
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∆
σ

g/Vso
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(b)

0.8

1.0

1.2

Fig. 1. (a) Normalized energy band gap ∆E/Vso and (b) spectrum gap
of σ̂z as functions of |g|/Vso for some different values of VR/Vso.[30]

To define the spin-Chern number Cs, a smooth decompo-
sition of the occupied valence band into two sectors is carried
out through the diagonalization of the electron spin operator σ̂z

in the valence band. Since σ̂z commutes with momentum, the
decomposition can be done for each 𝑘 separately. The minimal
spectrum gap ∆σ between the eigenvalues of σ̂z as a function
|g|/Vso for different values of VR/Vso is plotted in Fig. 1(b).
The spectrum gap is always nonzero, so we can unambigu-
ously calculate the corresponding spin-Chern numbers. It is
found that for |g| < gc, C± = ±1. Out of this region, we ob-
tain C± = 1 for g > gc, and C± = −1 for g < −gc. Figure 2
shows a phase diagram determined by the spin-Chern numbers
in the g/Vso versus VR/Vso plane. There are three topologi-
cally distinct phases characterized by C± =±1, C+ =C− = 1,
and C+ = C− = −1, respectively. From our calculation, the
boundary between the different topological phases is just the
condition of closing the band gap.

g/Vso

-1.0 -0.5 0 0.5 1.0
0

0.4

0.8

1.2

QSHE 

QAHE 

V
R
/
V

so

QAHE 

 C+=-1  C+=+1

 C+=+1

Fig. 2. Phase diagram determined by the Chern numbers in the VR/Vso
versus g/Vso plane. The phase diagram in the half plane of VR/Vso < 0
is mirror symmetric to that of VR/Vso > 0, and hence not plotted.[30]

3.2. Properties of edge states

To study the edge states in each region, we calculate the
energy spectrum of a long ribbon with zigzag edges and 240
zigzag chains across the ribbon. For |g| < gc, corresponding
to the C± =±1 region in the phase diagram, the energy spec-
trum is shown in Fig. 3(a). One can easily distinguish the edge
states from the bulk states. There is a small energy gap in the
edge modes due to the absence of TR and inversion symme-
tries, as can be seen from the inset of Fig. 3(a). At a given
Fermi level in the band gap, there exist four different edge
states labeled as A, B, C, and D. Through the analysis of the
spatial distributions of the wave functions, one can find that
states A and B localize near one boundary of the ribbon, while
C and D localize near the other boundary. Take states A and B
on one boundary for example. From the slopes of dispersion
curves at points A and B, it is easy to determine that the two
edge states are counterpropagating. We also examine the spin
polarization of the wave functions, state A being almost fully
spin-up polarized, and state B spin-down polarized. There-
fore, in the C± = ±1 region there exist two counterpropagat-
ing edge states with opposite spin polarizations on the sample
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edge, which give rise to no net charge transfer but contribute
to the transport of spin.

The characteristic of the edge states in the C± = ±1 re-
gion with g 6= 0 discussed above is very similar to that of the
QSH phase at g = 0 protected by the TR symmetry. In particu-
lar, they have the same spin-Chern numbers C± =±1, indicat-
ing that they belong to the same topological class. As a result,
we call it the TR symmetry-broken QSH phase. For the QSH
phase protected by the TR symmetry, nonmagnetic impurities
do not cause backscattering on each boundary, and the spin
transport in the edge states is dissipationless at zero tempera-
ture. In the TR symmetry-broken QSH phase, there is usually
a weak scattering between forward and backward movers, as
evidenced by the small energy gap in the edge state spectrum,
leading to a low-dissipation spin transport.
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Fig. 3. Energy spectrum of a zigzag-edged graphene ribbon. The pa-
rameters are chosen to be Vso = 0.1, VR = 0.05, and (a) g = 0.03 or
(b) g = 0.15. At a given Fermi level in the band gap, there exist four
different edge states, which are labeled as A, B, C, and D.[30]

A similar analysis can be applied to the C± = 1 re-
gion, where the Chern numbers of the filled bands sum up
to C = 2, corresponding to a QAH phase with Hall conduc-
tivity σxy = 2e2/h. The related edge state spectrum is shown
in Fig. 3(b). It is found that states A and C localize at one
boundary and propagate along the same −x direction, while
states B and D localize at the other boundary and propagate
along the same +x direction. As a result, in the QAH phase,
two edge states at each boundary lead to spin-up and spin-
down currents propagating along the same direction, yielding
a quantized charge conductance. The symmetry-broken QSH
and QAH phases are topologically distinct. The topological
phase transition between them can occur at |g|= gc where the
band gap just closes. We mention here that there is great re-
vived interest[31–35] in the QAH phase in TIs, and the QAH
effect has been realized experimentally very recently.[36]

To further investigate the transition from the TR-
symmetry-broken QSH phase to an ordinary insulator state,
we include an alternating sublattice potential M ∑i τc†

i ci into
Hamiltonian (12) with τ = ±1 for i on sublattices A and B,
respectively. For g 6= 0 and M 6= 0, since both the TR and the
two-fold rotation symmetries are lifted, the two Dirac cones
at K and K′ become asymmetric, leading to an indirect mini-
mal band gap ∆E between the two Dirac points. We find that
for a system initially in the QSH phase of |g| < gc with gc

given by Eq. (13), as |M| is increased, the indirect band gap
closes at a smaller critical value |M| = M− and reopens at a
greater critical value |M|= M+ with M∓ = gc∓|g|. The con-
duction and valence bands overlap in between, i.e., ∆E = 0 for
M−≤ |M| ≤M+. The spin-Chern numbers are calculated from
the lattice model by projecting the two valence bands into two
spin sectors in a similar manner to that shown above for the
continuum model. For the phase diagram shown in Fig. 2, nu-
merical calculations based on the lattice model have been per-
formed, the obtained result is found to agree with that from the
continuum model. The spin-Chern numbers are well defined
only in the regions |M| < M− and |M| > M+, where ∆E > 0.
We find C± = ±1 for |M| < M− and C± = 0 for |M| > M+.
The phase diagram in g versus M plane obtained is plotted in
Fig. 4(a). The calculated C± and the minimal band gap ∆E

varying along the arrowed dashed line in Fig. 4(a) are shown
in Fig. 4(b) as functions of M/Vso. A general feature of the
phase diagram is that the transition between the QSH phase
with C± = ±1 and the ordinary insulator state with C± = 0 is
always accompanied by closing of the band gap, which serves
as another signature that the TR-symmetry-broken QSH phase
is topologically nontrivial and distinct from the ordinary insu-
lator.
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Fig. 4. (a) Phase diagram on the g/gc versus M/Vso plane for gc =
0.5× (

√
3/2)Vso, and (b) calculated Chern numbers and band gap as

functions of M/Vso for g = 0.5gc and Vso = 0.1.[30]

It is known that topological invariants must be carried by
extended states. It becomes fundamentally important to show
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that extended states in the QSH systems survive TR symme-
try breaking. By using the well-established scaling theory for
Anderson localization, we have shown that indeed there exist
extended states in the QSH systems when the TR symmetry
is broken, as long as the spin-Chern numbers are quantized to
nonzero values.[37,38]

4. General relation between edge states and bulk
spin-Chern numbers
Now we have shown that the nontrivial topological prop-

erties of the QSH state can survive weak perturbations which
break the TR symmetry. We then turn to the properties
of the edge states in general conditions without any ficti-
tious symmetry constraints. In order to reveal the general
characteristics of the edge states and their connection to the
bulk topological invariant in a QSH system, we have pre-
sented a topological argument[39] similar to the Laughlin’s
gedanken experiment[28] without considering any symmetries.
We showed that as required by the nontrivial spin-Chern num-
bers and the gauge invariance, edge states must appear near the
sample boundary, for which either the energy gap or the spin
spectrum gap needs to close. These two different scenarios
lead to gapless or gapped edge modes, respectively. In partic-
ular, it was demonstrated that gapless edge states can appear in
a TR symmetry-broken QSH system by tuning the confining
potential at the boundaries. They are associated with the bulk
topological invariants, and are robust against relatively smooth
impurity scattering potentials. Our result offered an interest-
ing example for counterpropagating gapless edge states that
are not protected by symmetries, which shed some light on the
underlying mechanism of the QSH effect in a broad sense. Let
us go into more details of the work.[39]

4.1. A general gauge argument

We first look back on a looped ribbon of the QH sys-
tem with a magnetic flux φ (in units of flux quantum hc/e)
threading the ring adiabatically. The Fermi energy EF is as-
sumed to lie in an energy gap. In the spirit of the Laughlin
argument,[28] increasing φ from 0 to 1 effectively pumps one
occupied state from one edge to the other, giving rise to the
transfer of one charge between the edges, essentially because
there is a nonzero Chern number (Hall conductivity) in the
bulk. On the other hand, the system Hamiltonian is gauge-
invariant under integer flux changes, i.e., if φ is increased from
0 to 1, the system will reproduce the same eigenstates as at
φ = 0. To assure this gauge invariance, there must be gap-
less edge modes on the edges (when the perimeter of the ring
is large), so that the spectral flow can form a closed loop, as
illustrated in Fig. 5(a), along which the electron states can con-
tinuously move with changing φ .

We then propose a topological understanding of the QSH
system in terms of the same looped ribbon geometry. The oc-
cupied valence band can be decomposed into two spin sectors
by using the projected spin operator. The unoccupied con-
duction band can be divided similarly. The two spin sectors
are separated by a nonzero spin spectrum gap in the bulk.
They carry opposite spin-Chern numbers, so that increasing
φ pumps a state of the spin-up sector in the occupied band
from one edge to the other, and pumps another state of the
spin-down sector in the opposite direction. In order for the
system to recover the initial eigenstates as φ changes from 0
to 1, the spectral flow needs to form closed loops, similarly
to the QHE system. However, for the QSH system, if not en-
forced by any symmetry, two different scenarios can occur on
the edges. One is that gapless edge modes appear on the edges,
so that states can move between the conduction and valence
bands with changing φ to form closed loops in the spin-up and
spin-down sectors separately, as shown in Fig. 5(b). In this
case, the states in the two loops cannot evolve into each other
due to the nonvanishing spin spectrum gap both in the bulk
and on the edges. The other scenario is that a closed loop of
spectral flow is formed between the two spin sectors within
the valence (or conduction) band, as shown in Fig. 5(c). In
this case, the spin spectrum gap must vanish on the edges, but
the energy gap may remain open in the edge state spectrum.

EF

EF

(b)  QSHE

(a)  QHE

(c)

spin up

spin down

EF

left edge right edge

φ

conduction bands

conduction bands

valence bands

valence bands

Fig. 5. (a) Schematic diagram of the flow of electron states in a looped
ribbon of the QHE system, with adiabatically increasing the magnetic
flux φ that threads the ring. The bulk electron states below Fermi en-
ergy EF drift from left to right, gapless edge modes ascend through EF
on the right edge, states above EF drift from right to left, and gapless
edge modes descend through EF on the left edge, forming a closed loop.
(b) In the first scenario for the QSH system, gapless edge modes appear
on the edges of the ring, so that electron states in each spin sector be-
have like that in the QHE system, but those in two spin sectors move
in opposite directions. (c) In the second scenario for the QSH system,
the edge states are gapped, whereas the spin spectrum gap closes on the
edges. In the bulk, electron states in the two spin sectors drift in the
same way as in that in panel (b), but on the edges they join together
within the valence (conduction) band.[39]

4.2. Gapped and gapless edge states

To demonstrate the above two different scenarios, we con-
sider a sample of strip geometry with the Hamiltonian given

067201-7



Chin. Phys. B Vol. 22, No. 6 (2013) 067201

in Eq. (12). Besides, we also include an alternating sublattice
potential with strength HC representing a sublattice staggered
confining potential, which is given by HC = ∑i Vic

†
i ci with

Vi =±V0
(

e−xi/ξ + e−(xNx−xi)/ξ
)
, (14)

where ± is taken to be positive for sites on sublattice A (solid
dots) and negative on sublattice B (hollow dots), as shown in
Fig. 6(a). In Eq. (14), Vi is strongly x-dependent across the
ribbon, and equals to ±V0 at the edges (xi = 0 and xi = xNx ).
It decays exponentially away from the edges with a character-
istic length ξ , as shown in Fig. 6(b). When the ribbon width
is much greater than ξ , Vi essentially vanishes in the middle
region of the ribbon. Here, we note the case of a uniform stag-
gered potential Vi = ±V0 (|Vi| being independent of xi). As
has been shown above, with increasing |Vi|, there is a transi-
tion from the TRS-broken QSH phase to an ordinary insula-
tor state, where the middle band gap closes and then reopens.
Therefore, for the confining potential Vi given by Eq. (14) with
a large V0, the ribbon in Fig. 6 can be regarded as a TRS-
broken QSH ribbon sandwiched in between two trivial band
insulators.
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Fig. 6. (a) Schematic diagram of an armchair honeycomb lattice ribbon
with atom sites in two sublattices separately labeled by solid and hollow
dots, where a is the distance between nearest-neighbor sites. (b) Pro-
files of |Vi| as functions of xi for an abrupt confining potential (dashed
line) and a relatively smooth confining potential (solid line).[39]

In order to assure the system in the TRS-broken QSH
state, we set the parameters Vso = 0.1t, VR = 0.1t, and g= 0.1t.
The length of the armchair ribbon Ny is taken to be infinite.
The energy spectrum of the ribbon, together with the corre-
sponding eigenfunctions ϕm(ky), can be numerically obtained
by diagonalizing the Hamiltonian for each momentum ky in
the y direction. The calculated energy spectrum of the arm-
chair ribbon with width Nx = 240, for the confining potential
with V0 = 12t fixed and two different decay lengths, is plotted
in Figs. 7(a) and 7(b). One can easily see that the edge states
appear as thin lines in the middle bulk band gap of the energy
spectrum. In Figs. 7(a) and 7(b), the spin polarization of the
edge states is labeled with ↑ and ↓, indicating that two spin-
filtered channels on each edge flow along opposite directions.
For the nearly hard-wall confining potential of ξ = 0.1, the

sublattice potential Vi is nonzero only on the outermost arm-
chair lines. In this case, two small energy gaps are observed in
the edge state spectrum shown in Fig. 7(a) as a consequence of
the broken TRS, in agreement with the previous observation.
With increasing the decay length ξ of the confining potential,
the energy gaps of the edge states become smaller and smaller.
As ξ is large enough, e.g., ξ = 4 in Fig. 7(b), interestingly, the
edge states become gapless.

We calculate the ky-dependent spectrum of the projected
spin operator Pσ̂zP, whose matrix elements are given by〈
ϕm (ky)

∣∣ σ̂z
∣∣ϕn (ky)

〉
with m and n running over all the oc-

cupied states. By diagonalizing this matrix, the spectrum of
the projected spin Pσ̂zP can be obtained. For the Kane–Mele
model given by Eq. (12), if VR = 0, σ̂z commutes with Hamil-
tonian H. It follows that the spectrum of Pσ̂zP consists of
just two values ±1, which are highly degenerate. When the
Rashba term is turned on, σ̂z and H no longer commute, and
the degeneracy is lifted. In this case, the spectra of Pσ̂zP be-
tween +1 and−1 spread towards the origin, but a gap remains
in a bulk sample if the amplitude of the Rashba term dose not
exceed a threshold.

For the ribbon geometry, the situation is more compli-
cated due to the existence of the edges, and numerical calcu-
lations are performed to obtain the spin spectrum. The calcu-
lated spectrum of Pσ̂zP for the same parameters as those used
in Figs. 7(a) and 7(b) is shown in Figs. 7(c) and 7(d), which
exhibits a very interesting behavior. For the hard-wall confin-
ing potential with ξ = 0.1, while the energy spectrum of edge
states is slightly gapped, the spectrum of Pσ̂zP continuously
changes between +1 and−1 with increasing ky without show-
ing any gap, corresponding to the second scenario shown in
Fig. 5(c). On the other hand, for a relatively smooth confin-
ing potential with ξ = 4.0, the energy spectrum of the edge
states is gapless, but the spectrum of Pσ̂zP displays a big gap,
and sudden changes happen at the cross points in the energy
spectrum of the edge states, corresponding to the first scenario
shown in Fig. 5(b). From Fig. 7, it follows that as long as
the system is in the QSH state, a gapless characteristic always
appears either in the energy spectrum of edge states or in the
spectrum of Pσ̂zP, leading to the two types of closed loops for
the continuous flow of electron states illustrated in Figs. 5(b)
and 5(c).

The result shown in Figs. 7(b) and 7(d), for the relatively
smooth confining potential, is of particular interest. It indi-
cates that gapless edge states can exist in the TRS-broken QSH
system, accompanied with a gapped spectrum of Pσ̂zP. Such
an interesting behavior can be further understood by the fol-
lowing argument. As long as the bulk energy gap does not
close, the projected spin operator Pσ̂zP is exponentially lo-
calized in the real space with a characteristic length about
λ ∼ h̄vF/∆E , where vF is the Fermi velocity and ∆E is the
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magnitude of the energy gap. For the parameter set used in
Fig. 7, λ is estimated to be between 1 and 2 lattice constants.
When the confining potential Vi is varying relatively slowly in
space, i.e., ξ � λ , one can find that Pσ̂zP roughly commutes
with the confining potential. In this case, the confining poten-
tial is of no influence to the spectrum of Pσ̂zP. Since the spin

spectrum has a gap in the bulk, this gap remains open on the
smooth edges, as seen in Fig. 7(d). As a result, the energy gap
has to close due to the topological requirement, resulting in
gapless edge modes, as observed in Fig. 7(b). The gapless na-
ture of the edge states is found to remain robust in the presence
of a weak long-range correlated disorder.
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Fig. 7. Energy spectra (panels (a) and (b)) and spectra of the projected spin Pσ̂zP (panels (c) and (d)) of an armchair ribbon for ξ = 0.1
(panels (a) and (c)) and ξ = 4 (panels (b) and (d)), in which L (R) stands for states on the left (right) edge, and ↑ (↓) for the up (down)
spin polarization. The horizontal arrows in panel (a) point to the small energy gaps in the energy spectrum. At ξ = 0.1, while the
energy spectrum in panel (a) is gapped, the spin spectrum in panel (c) is gapless. At ξ = 4, the energy spectrum in panel (b) is gapless,
however the spin spectrum in panel (d) is gapped.[39]

5. Stabilization of the QSH effect
As pointed out in the introduction, the QSH effect pro-

tected the TR symmetry is unstable in realistic environments
where perturbations violating the TR symmetry are often un-
avoidable. It is therefore highly desirable to search for QSH
effect that is protected by topology alone, rather than by any
symmetries. The study in the preceding sections has con-
firmed the possibility to realize the QSH effect, characterized
by gapless edge states, in the absence of the TR symmetry.
However, the proposed method to tune the confining potential
at the sample boundary is difficult in practice. We have shown
above that the nontrivial bulk band topology of the QSH sys-
tems remains intact, even when the TR symmetry is broken,
implying that the instability of the QSH effect is solely due to
the properties of the edge states.

In a recent work,[40] we proposed a more practical way
to realize the QSH effect without the TR symmetry, which is
expected to be stable to symmetry-breaking perturbations. We
showed that creating a narrow ferromagnetic (FM) region near
an edge of a QSH sample can push one of the counterprop-
agating edge states to the inner boundary of the FM region,
and leave the other on the outer boundary. The moving direc-
tions and the spin orientations of the individual edge states are
unchanged, so that the QSH effect persists. Importantly, the

edge states are spatially separated, so that the QSH effect be-
comes robust against general perturbations without fictitious
symmetry constraints. We presented both qualitative discus-
sion and quantitative calculation to demonstrate the physical
picture and the practical feasibility of this proposal. Our work
paved a road to realize a robust QSH effect via magnetic ma-
nipulation.

5.1. Model Hamiltonian

We start from the effective Hamiltonian for an HgTe
quantum well[5] with an exchange field given by H = H0 +H1

with

H0 = vF(τ̂zkxσ̂x + kyσ̂y)+Dk2 +(M0−Bk2)σ̂z . (15)

Here, vF, D, M0, and B are the parameters of the model, 𝜏
stands for Pauli matrices for two spin states, and 𝜎̂ for the elec-
tron and hole bands. An exchange field can be created in the
HgTe layer by doping magnetic atoms, such as Mn.[33] Within
the mean-field approximation, the exchange field can be de-
scribed by[33] H1 = (g0σ̂z + g1)τ̂z, where g0 = 1

2 (GH −GE)

and g1 = 1
2 (GH + GE) with 2GE (2GH) being the exchange

splitting of the electron (hole) bands. For convenience, we set
the reduced Planck constant h̄ to be unity. And B2 > D2 is
assumed to ensure the valence bands to be inverted.[11,41,42]
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It is worth mentioning that the model Hamiltonian (15)
can describe not only the HgTe quantum wells, but also a class
of QSH systems.[43] For example, setting g1 = 0 and making
a unitary transformation H =U†HU with

U =
1
2
[(1+ τ̂z)+(1− τ̂z)σ̂y]exp

(
−i

π

4
σ̂z

)
,

we obtain

H = vF(kyσ̂x− kxσ̂y)+
(
M0−Bk2)

τ̂zσ̂z +Dk2 +g0σ̂z.

One can find that this Hamiltonian is identical to that of a thin
film of 3D TI Bi2Se3 with an exchange field,[11,41,42] for which
𝜎̂ stands for spin up and spin down, and 𝜏 for bonding and an-
tibonding of the surface states on two surfaces.

Since τ̂z is a conserved quantity, one can easily diago-
nalize Eq. (15), and obtain two conduction bands and two va-
lence bands. Under the condition of |g1| < max(|M0|, |g0|), a
nonzero middle band gap exists, except at g0 =±M0 where the
conduction and valence bands touch; otherwise the conduction
and valence bands overlap and the system is a metal. As has
been discussed in Ref. [33], for HgTe quantum wells doped
with Mn, GE and GH have opposite signs, so the above condi-
tion is satisfied. Given |g1| < max(|M0|, |g0|), the spin-Chern
numbers for τz =±1 can be derived to be

C± =±1
2
[sgn(B)+ sgn(M0±g0)] . (16)

At g0 = 0, C± =±sgn(B) if BM0 > 0, corresponding to a QSH
phase, and C± = 0 if BM0 < 0, corresponding to an ordinary
insulator. We focus on systems with BM0 > 0, and for the
sake of definiteness, we will confine ourselves to the parame-
ter region of B < 0 and M0 < 0, which is the case of the HgTe
quantum wells exhibiting the QSH effect. (All the conclusions
reached in this work do also apply to B> 0 and M0 > 0.) In this
case, C± = (−1,1) at g0 = 0. With increasing g0 to g0 = |M0|,
C± undergo a transition from (−1,1) to (0,1).

5.2. Properties of edge states

Next we consider a QSH sample with a strip geometry,
as shown in Fig. 8. Since the spin-Chern numbers in Eq. (16)
do not depend on D and g1 for |g1| < max(|M0|, |g0|), with-
out loss of generality, we set D = g1 = 0 for now to make
a physical discussion, and the effect of finite D and g1 will
be taken into account in numerical calculation later. The ex-
change field g0 is taken to be nonzero in narrow regions of
width l near the two edges of the strip, namely, region I of
0 < y < l and region II of (L− l)< y < L, and vanishes in re-
gion III of l < y < (L− l). The system as a whole has a bulk
energy gap around energy 0 for g0 6= ±M0. The edge states
in the bulk energy gap can be solved analytically by replacing
ky with −i∂y in the system Hamiltonian. For τz = 1, an edge

mode with energy E+(kx) = vFkx is found on one side of the
strip, whose wavefunction is given by

ϕ+(kx,y) = |1,1〉φ+(kx,y). (17)

Here, |τz,σx〉 with τz = ±1 and σx = ±1 is used to represent
the common eigenstate of τ̂z and σ̂x. The spatial wavefunc-
tion is φ+(kx,y) = C[e−y/ξ1(g0) − e−y/ξ2(g0)] for y < l, and
φ+(kx,y) = D1 e−(y−l)/ξ1(0)−D2 e−(y−l)/ξ2(0) for y ≥ l, with
C, D1, and D2 to be determined from the conditions of con-
tinuity and normalization of φ+(kx,y). The two characteristic
length functions are defined as

ξ1,2(ε) =
2|B|

vF±
√

v2
F−4B(M0−Bk2

x + ε)
. (18)

For τz =−1, we find another edge mode with energy E−(kx) =

−vFkx and wavefunction

ϕ−(kx,y) = |−1,1〉φ−(kx,y), (19)

where φ−(kx,y) = E[e−y/ξ1(−g0)− e−y/ξ2(−g0)] for y < l, and
φ−(kx,y) = F1 e−(y−l)/ξ1(0)−F2 e−(y−l)/ξ2(0) for y≥ l. Owing
to the two-fold rotation symmetry, the edge modes on the other
side of the strip have dispersion relations E±(kx) = ∓vFkx.
Their wavefunctions can be obtained through replacements
y→ L−y, σx→−σx, and kx→−kx in Eqs. (17) and (19). The
energy spectrum of the edge states appears to have a mirror
symmetry between kx and −kx. However, this is an accidental
event, and the system does not possess the mirror symmetry if
g0 6= 0.

exchange field

g0

y


o x
I

III

II

l
L

Fig. 8. Schematic diagram of the QSH sample with a long strip geome-
try. The profile of the y-dependent exchange field is shown by the thick
(red) line.[40]

In Eqs. (17) and (19), the 𝜏 and 𝜎̂ parts of wavefunc-
tions do not change with varying g0. In Fig. 9(a), the modu-
lus squared of spatial wavefunctions φ+(0,y) and φ−(0,y) are
plotted as functions of y for several values of g0. Here, the
momentum is taken to be dimensionless by properly choosing
the units for vF and B, and vF is used as the unit of energy. At
g0 = 0, we have |φ+(0,y)|2 = |φ−(0,y)|2, and the two lines co-
incide with each other, which is required by the TR symmetry
at g0 = 0, as mentioned above. With increasing g0, the peak
of |φ−(0,y)|2 becomes sharper and closer to y = 0. On the
contrary, the shape of |φ+(0,y)|2 widens with increasing g0,
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and spreads across region I at g0 = |M0| = 0.2. With further
increasing g0, |φ+(0,y)|2 becomes localized near y = l = 100,
i.e., the inner boundary of region I. This transition is directly
caused by the sign change of ξ2(g0) in φ+(0,y) at g0 = |M0|,
from positive to negative. The other characteristic lengths in
φ+(0,y) and φ−(0,y) remain positive during this process.
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and edge states for (b) g0 < |M0| and (c) g0 > |M0|.[40]

The evolution of the edge states with varying g0 is fur-
ther illustrated in Figs. 9(b) and 9(c), and can be understood
in terms of calculated spin-Chern numbers. For g0 < |M0|,
the spin-Chern numbers C± in the three regions take the same
value (−1,1). This indicates that the three regions are topo-
logically equivalent, and can be regarded as a QSH system as
a whole. As a result, the edge states of both up spin (τz = 1)
and down spin (τz = −1) appear near the sample boundaries
y = 0 and y = L, as shown in Fig. 9(b). For g0 > |M0|, the
situation is quite different, because C± undergo a transition at
g0 = |M0| from (−1,1) to (0,1) in regions I and II. For the
spin-down electrons, the three regions have the same Chern
number C− = 1, and as a whole are equivalent to a QH sys-
tem. Therefore, the spin-down edge states remain localized
near y = 0 and y = L. For the spin-up electrons, region III
with C+ =−1 is a QH system, sandwiched between two insu-
lators in regions I and II with C+ = 0. The spin-up edge states
thus shift to their interfaces, namely, y = l and y = L− l, as
shown in Fig. 9(c). Comparing Fig. 9(c) for g0 > |M0| with
Fig. 9(b) for g0 < |M0|, one finds that both systems have very
similar edge states: the lower edge contains a right mover with
up spin and a left mover with down spin, and conversely for
the upper edge, so as to exhibit the same QSH effect. An

important difference is that for g0 > |M0|, the counterflows
of electrons at the lower (upper) edge are spatially separated
into two different “lanes” located at y = 0 (y = L) and y = l
(y = L− l), which provides an essential protection for the edge
states against backscattering from symmetry-breaking random
potentials. As a result, the QSH state for g0 > |M0| should be
more stable than that for g0 < |M0|. To show this point, we
introduce a specific perturbation violating the TR symmetry.
Since the two edge states given by Eqs. (17) and (19) have op-
posite τz, we include an in-plane Zeeman field throughout the
sample with potential

V = γτ̂y , (20)

which represents a “maximal” coupling between the two edge
states near the degenerate point. A tight-binding model on
a square lattice is constructed for the strip geometry, which
recovers the form of Eq. (15) in the continuum limit. The en-
ergy spectrum is calculated numerically from the tight-binding
model.

-0.2 0 0.2
-0.2

-0.1

0

0.1

0.2

-0.2 0 0.2-0.2 0 0.2-0.2 0 0.2

0 0.1 0.2 0.3
0

0.02

0.04

0.06

E
n
er

g
y
 E

(k
x
)

Momentum kx

g0=0

γ=0

 γ=0.02

g0=0

γ=0.01

g0=0.4

γ=0.01

g0=0.1

γ=0.01

 γ=0.03

 γ=0.01

E
n
er

g
y
 g

a
p

Exchange field g0

(a)

(b)

Fig. 10. (a) Calculated energy spectra for four sets of g0 and γ . (b)
Magnitude of the energy gap of edge states as a function of g0 for three
values of γ . The other parameters are taken to be vF = 1, B = −5,
M0 =−0.2, L = 1000, and l = 200.[40]

The calculated energy spectra for four sets of g0 and γ are
plotted in Fig. 10. Since the dispersion relation for the edge
states is given by E±(kx) =±vFkx on one side of the strip and
E±(kx) = ∓vFkx on the other side, the energy spectra of the
edge states on the two sides collapse, and only two branches
of edge states are seen in each figure. For g0 = γ = 0, the
edge states are gapless, as the system is TR-invariant, and τ̂z is
conserved as well. Upon turning on γ = 0.01, an energy gap
appears in the edge state spectrum even at g0 = 0, signaling the
onset of backscattering. With increasing g0 to 0.1, the energy
gap decreases but remains finite. With further increasing g0 to
0.4, greater than M0 = 0.2, the energy gap vanishes, an indica-
tion of quenching of backscattering. The magnitude of the en-
ergy gap of the edge states is plotted as a function of g0 in the

067201-11



Chin. Phys. B Vol. 22, No. 6 (2013) 067201

lower panel of Fig. 10 for three different values of γ . While it
increases almost proportionally to γ , the energy gap decreases
with increasing g0. When g0 slightly exceeds the critical point
M0 = 0.2, the energy gap essentially vanishes for all the three
values of γ . Furthermore, we find that for g0 <M0, the spin po-
larizations of the edge states 〈τ̂z〉 deviate from ±1 appreciably
near the energy gap, as nonzero γ destroys the conservation
of τ̂z, however nearly full spin polarizations are restored for
g0 > M0. These numerical results confirm our argument that
the QSH effect in the g0 > M0 region is robust against general
perturbations without symmetry constraints.
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Fig. 11. Calculated energy spectra with γ = 0.01 and g1 = 0.3g0 for
(a) g0 = 0.1 and (b) g0 = 0.4, and (c) the corresponding spatial proba-
bility distributions of the two edge states near the lower edge at energy
E =−0.01. The other parameters are the same as those in Fig. 10. Here,
spin up and spin down refer to the edge states with positive and negative
spin polarizations 〈τ̂z〉, as τ̂z is not conserved.[40]

Finally, we investigate the effect of nonzero g1 in the
Hamiltonian on the QSH effect. Nonzero g1 together with g0

is present in FM regions I and II of Fig. 8. The calculated en-
ergy spectra are plotted in Fig. 11 for g0 = 0.1 and 0.4, with
g1 = 0.3g0 set in proportion to g0. The energy spectra of the
edge states on the two sides of the strip are no longer degen-
erate in the presence of nonzero g1, the positions and spin ori-
entations of the split edge states are labeled in Fig. 11(b). The
inclusion of nonzero g1 also breaks the particle–hole symme-
try. It is found that the edge states are gapped for g0 = 0.1
(< M0) and become gapless for g0 = 0.4 (> M0), as shown
respectively in Figs. 11(a) and 11(b). The spatial probability
distributions of the two edge states at E = −0.01 on one side
of the strip are plotted in Fig. 11(c). While the spin-down po-
larized edge state stays near y = 0, the spin-up polarized edge
state moves from near y= 0 to y= l = 200 with tuning g0 from
0.1 to 0.4, exhibiting the same transition as shown in Fig. 9(a).
This result indicates that the presence of nonzero g1 does not
change the physical picture qualitatively, and the robust QSH

effect can be achieved when the exchange field is sufficiently
strong.

5.3. A more realistic model: effect of disorder

We have shown how the QSH effect can be strengthened
by doping magnetic atoms near the edges of a QSH system.
Now we consider a more realistic model for HgTe quantum
wells doped with Mn atoms (Hg1−cMncTe), for which Hamil-
tonian H0 is still given by Eq. (15). However, we take into ac-
count the fact that the doped-Mn atoms are spatially randomly
distributed, and their spins may not be fully aligned. Instead
of the assumption of a uniform exchange field, H1 is taken to
be

H1 = − 1
πλ 2

NMn−1

∑
α=0

( j0σ̂z + j1)𝜏 ·𝑠α

× exp
(
−|𝑟−𝑅α |2/λ

2) . (21)

Here, factor ( j0σ̂z + j1) accounts for different electron–spin
interaction strengths in the electron and hole bands, 𝑟 is the
electron coordinate operator, 𝑅α is the position of the α-th
Mn atom, and NMn is the total number of the Mn atoms. The
local spins (S = 5/2) of the Mn atoms are treated as classical
vectors, and 𝑠α is a unit vector in the direction of the local spin
of the α-th Mn atom. The distribution of the orientations of
the local spins is assumed to be Boltzmann–Maxwell-like[44]

f (𝑠α) ∝ e−η cosθα , where θα is the polar angle of 𝑠α , and η

is a parameter which can be related to the ratio of magnetiza-
tion M to saturated magnetization Ms, M/Ms = −〈cosθα〉 =
coth(η)−1/η . Therefore, for a given ratio M/Ms, the distri-
bution is fully determined. We will set M = Ms/3, for which
the local spins are randomly oriented to a large degree. As
a result, H1 given by Eq. (21) not only provides an exchange
field, but also acts as a scattering potential of magnetic im-
purities. If one makes the mean-field approximation, by re-
placing 𝑠α with its average 〈𝑠α〉=−(M/Ms)𝑒z and averaging
Eq. (21) over a random distribution of 𝑅α , equation (21) re-
covers the form H1 = (g0σ̂z + g1)τ̂z, where g0 = j0cM/Msa2

0
and g1 = j1cM/Msa2

0 with a0 being the lattice constant. By
using the known expressions for mean-field parameters g0 and
g1,[33] we get j0 = 464 meV·nm2 and j1 = 286 meV·nm2,
which are independent of M/Ms and doping concentration c,
as g0 and g1 are proportional to cM/Ms. The coupling range
λ is set to be 10 nm.[45]

The other parameters of the model are taken from
Ref. [46]: vF = 364.5 meV·nm, B = −686 meV·nm2, D =

−512 meV·nm2, and M0 =−10 meV, corresponding to a HgTe
quantum well of thickness 7.0 nm. We consider a sample
having the strip geometry shown in Fig. 8, with linear sizes
Lx = 80 nm and L = 560 nm in the x and y directions. The
doped-Mn atoms are randomly distributed in regions of width
l = 80 nm near the two edges, with the potential described
by Eq. (21). We employ the supercell algorithm,[47] in which
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the Lx×L sample (supercell) is duplicated along the x direc-
tion to form a superlattice. A tight-binding model on square
meshes is constructed, which recovers the form of Eq. (15) in
the continuum limit. The eigenenergies of the superlattice as
functions of the longitudinal momentum qx are calculated by
exact diagonalization, and the results for four different dop-
ing concentrations are plotted in Figs. 12(a)–12(d). The mesh
size is set to be 4 nm, and a good convergence is verified with
smaller mesh sizes. (We note that the longitudinal momen-
tum in the supercell model is equivalent to the magnetic flux

in the Laughlin’s gedanken experiment.[28] Given this equiva-
lence, the two systems have an identical energy spectrum.) For
c = 0.005, apparent energy gaps exist in the edge state spec-
trum, indicating the occurrence of backscattering. With in-
creasing c to 0.01, the energy gaps decrease but remain finite.
With further increasing c to 0.02 and 0.03, the energy gaps es-
sentially vanish, an indication of quenching of backscattering.
In this case, the electron transport through the edge channels
is nondissipative, and the presence of a weak disorder has no
influence on it.
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At a given Fermi energy EF = 4 meV, the typical spa-
tial probability distributions of the edge states on an arbitrarily
chosen cross section of the sample for different doping con-
centrations are plotted in Figs. 12(e)–12(h), in which only the
profile on one side of the sample is shown. For c = 0.005,
the spin-up and spin-down polarized edge states both locate at
y = 0 and have a large spatial overlap. For c = 0.01, while
the spin-down edge state remains near y = 0, the spin-up edge
state moves away from y = 0 toward y = l = 80 nm. However,
an appreciable overlap still exists between the two edge states,
which is the origin of the finite energy gaps for the edge state
spectra in Figs. 12(a) and 12(b). With increasing c to 0.02 and
0.03, the spin-up edge state is peaked at y = l, and there is no
longer any overlap between the spin-up and spin-down edge
states, as shown in Figs. 12(g) and 12(h). This accounts for the
vanishing energy gaps of the edge states shown in Figs. 12(c)
and 12(d). These numerical results are in good agreement with
the physical picture established in the above discussion, and
further support the feasibility of the present proposal for a ro-
bust QSH effect.

6. Topological phase transitions in 3D TIs
So far, we have focused on the 2D QSH systems. Re-

cently, we took a step forward, and applied the spin-Chern
number approach to the study of the topological properties of
3D TIs.[48] For a 3D TI with an exchange field of strength g,
we considered a momentum component, e.g., kz, as a param-
eter, and analytically calculated spin-Chern numbers C±(kz)

for the effective 2D system. The obtained phase diagram for
C±(kz) describes the systematic evolution of the bulk band
topology. For small g, an unconventional topological phase
transition was discovered, which controls the basic properties
of the surface states. The C±(kz) undergo a transition from±1
to 0 with increasing |kz| to a critical value kC

z . Correspond-
ingly, on a sample surface parallel to the z axis, helical surface
states were found to exist in the region |kz| < kC

z , and disap-
pear for |kz| ≥ kC

z . At |kz| = kC
z , the bulk spin spectrum gap

closes, but the energy gap remains open. When |g| is greater
than a critical value gC, a transition of the 3D TI into a Weyl
semi-metal occurs. Two Weyl points appear as the critical
points separating a QH phase of the effective 2D system for
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|kz| < kW
z from an ordinary insulator for |kz| > kW

z , indicat-
ing that their appearance is topological rather than accidental.
Chiral surface states existing in the region |kz| < kW

z give rise
to the Fermi arcs.

6.1. Model and method

Let us start from the effective Hamiltonian proposed in
Ref. [15], H = A2τx(kxσx +kyσy)+M(𝑘)τz +A1kzτxσz +gσz,
which was used to describe the strong TI of Bi2Se3. Here, σm

and τm (m = x,y,z) denote the Pauli matrices in spin and or-
bital spaces, and M(𝑘) = M0−B1k2

z −B2k2
⊥ with k2

⊥ = k2
x +k2

y

is the mass term expanded to the second order. In the last
term, we include an exchange field of strength g to study the
TR-symmetry-broken effect on the topological properties of
the TI. For convenience, the momentum is set to be dimen-
sionless by properly choosing the units of parameters in the
model, namely, M0, A1, A2, B1, and B2.

Making a unitary transformation H =U†HU with

U =
1
2
(1+ τx)+

1
2
(1− τx)σz,

we obtain

H = A2(kxσx + kyσy)+ [M(𝑘)τz +A1kzτx +g]σz. (22)

The eigenstates of Hamiltonian (22) can be easily solved by
first diagonalizing the operator in the square bracket. The four
eigenenergies are obtained as

Ev(c)
± (𝑘) =−(+)

√
A2

2k2
⊥+[g±λ (𝑘)]2 , (23)

where λ (𝑘) =
√

M2(𝑘)+A2
1k2

z , and subscripts± indicate two
valence (conduction) bands with superscript v (c). The elec-
tron wavefunctions in the valence bands are given by

ϕ±(𝑘) = φ±(𝑘)⊗χ±(𝑘) . (24)

Here, φ+(𝑘) = [sgn(A1kz)cosαk, sinαk]
T and

φ−(𝑘) = [sgn(A1kz)sinαk,−cosαk]
T

are wavefunctions in the τz space, and

χ± =

(
kx− iky

k⊥
sinθ

±
k ,−cosθ

±
k

)T

are wavefunctions in the σz space, with

2αk = ctg−1[M(𝑘)/|A1kz|]

and 2θ
±
k = ctg−1[(g±λ (𝑘))/|A2k⊥|].

The basic idea of our theoretical calculation is explained
as follows. We consider one of the momentum components,
e.g., kz, as a parameter. For a given kz, equation (22) is equiva-
lent to a 2D system, for which spin-Chern numbers C±(kz) can

be defined. For a semi-infinite sample of the 3D TI with its
surface parallel to the z axis, kz remains to be a good quantum
number. Correspondingly, nonzero C±(kz) indicate that edge
states with the given kz must appear on the edge of the effective
2D system. The edge states at various kz essentially form the
surface states of the 3D sample. Therefore, the characteristics
of the surface states can be determined from the calculation of
the kz-dependent spin-Chern numbers C±(kz).

6.2. Phase diagram

The spin-Chern numbers for the effective 2D system are
calculated in the standard way, which has been described in
details in the previous sections. By studying a special case
of kz = 0, we find that the topological properties of Eq. (22)
can be described by the spin-Chern numbers C±(kz) associ-
ated with τz. Here, τz corresponds to UτzU† = τzσz in the
original Hamiltonian H, and so can be considered as a spin
operator measuring the difference of spin polarization between
the two orbits. The eigenstates of the projected spin operator
PτzP need to be calculated first, where P is the projection op-
erator into the valence bands. Since PτzP commutes with the
momentum operator, its eigenstates can be obtained at each
momentum 𝑘 separately. The eigenvalues of PτzP are given
by

ξ
±(𝑘) =±

√
cos2 2αk + cos2(θ+

k −θ
−
k )sin2 2αk. (25)

The corresponding eigenfunctions are denoted by Ψ±(𝑘),
whose expressions are lengthy and will not be written out here.
The spin-Chern numbers are just the Chern numbers of the two
spin sectors formed by Ψ±(𝑘), i.e.,

C±(kz) =
i

2π

∫
dkx dky𝑒̂z · [∇2×〈Ψ±(𝑘)|∇2|Ψ±(𝑘〉],

where ∇2 is the 2D gradient operator acting on (kx, ky). By
some algebra, C±(kz) are derived to be

C±(kz) =±
1
2

[
sgn(B2)+ sgn

(
Q(kz)sgn[P(kz)]±g

)]
, (26)

with P(kz) = M0−B1k2
z and Q(kz) =

√
P2(kz)+A2

1k2
z .

Equations (23), (25), and (26) are the main analytical
results of this work. For g = 0, the spin-Chern numbers at
kz = 0 reduce to C±(0) = ± 1

2 [sgn(B2)+ sgn(M0)]. So C±(0)
are nonzero when B2 and M0 have the same sign, and van-
ish otherwise. The C±(0) play a role similar to the Z2 index.
Nonzero C±(0) ensure that surface states exist in the vicinity
of kz = 0 on a surface parallel to the z axis. Without loss of
generality, we will focus on the parameter region of B2 > 0
and M0 > 0, in which Bi2Se3 belongs. We wish to emphasize
here that when kz is considered as a parameter, the effective 2D
Hamiltonian (22) breaks the TR symmetry for any kz 6= 0, even
if g = 0, as its TR counterpart is at −kz. Therefore, while the
kz-dependent spin-Chern numbers given by Eq. (26) remain
valid at any kz, a Z2 index cannot be defined for any kz 6= 0.
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Equation (26) allows us to extract more information about the
basic characteristics of the surface states.

A typical phase diagram for the spin-Chern numbers in kz

versus g plane, as determined by Eq. (26), is plotted in Fig. 13.
For simplicity, A2 is taken to be the unit of energy. For small
|g|, C±(kz) = ±1 at small |kz|, corresponding to a QSH phase
of the effective 2D system, and drop to 0 with increasing |kz| to
a critical value kC

z ≡
√

M0/B1 = 0.2, as indicated by the dotted
lines. The system becomes an ordinary insulator for |kz|> kC

z .
When |g| is greater than a critical value gC, the effective 2D
system enters a QH phase with a nonzero total (first) Chern
number C(kz)≡C+(kz)+C−(kz) = 1 if g> 0, and−1 if g< 0.
The boundary enclosing this phase is determined by equation
g = ±Q(kz), as indicated by the solid curves. The critical ex-
change field is given by gC = min[Q(kz)], and gC ' 0.1 in
Fig. 13.
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It is interesting to see how the energy gap

∆E(kz) = min[Ec
±(𝑘)−Ev

±(𝑘)]|kz

and the spin spectrum gap

∆τ(kz) = min[ξ+(𝑘)−ξ
−(𝑘)]|kz

behave on the boundary (solid and dashed lines) between dif-
ferent phases. From Eqs. (23) and (25), we find that on the dot-
ted lines in Fig. 13, the spin spectrum gap closes at kx = ky = 0,
but the energy gap remains open. On the contrary, on the solid
boundary lines, the energy gap closes at kx = ky = 0, but the
spin spectrum gap remains open. The ∆E and ∆τ as functions
of kz for several values of g are plotted in Figs. 14(a) and 14(b),
respectively. We notice that at g = 0.14 and kz = kC

z = 0.2,
the energy gap and the spin spectrum gap vanish simultane-
ously. This is because the dotted and the solid boundary lines
in Fig. 13 intersect at that point.

6.3. Properties of surface states

To study the surface states directly, we construct a tight
binding model on a cubic lattice with two spins and two orbits
on each site, which recovers the Hamiltonian of Eq. (22) in
the continuum limit. A semi-infinite sample with its surface
parallel to the y–z plane is considered, where ky and kz remain
to be good quantum numbers.

The calculated energy spectrum for g = 0.05 is plotted
as a function of ky for four different values of kz in Fig. 15.
Although g 6= 0 breaks the TR symmetry, the surface states re-
main gapless at kz = 0, because τz in Eq. (22) is conserved at
kz = 0. From Fig. 15, it is found that for kz = 0, kC

z /3, and
2kC

z /3, the surface states always exist in the bulk energy gap,
but no surface states appear at kz = kC

z . To see the evolution of
the surface states with kz more clearly, we define a maximum
level spacing δE between the surface and the bulk states, as
illustrated in Fig. 15. In Fig. 16(a), δE is plotted as a function
of kz. One can see that δE decreases with increasing kz, and
drops to nearly 0 at kz ≥ kC

z . Therefore, we conclude that the
surface states exist only in the region |kz|< kC

z , and vanish for
|kz| ≥ kC

z , which is well consistent with the phase diagram in
Fig. 13.
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Fig. 15. Energy spectra for a semi-finite sample of the 3D TI for four
different kz at g = 0.05. The other parameters are the same as those in
Fig. 13.[48]

The critical momentum kC
z marks a topological phase

transition characterized by the change in the spin-Chern num-
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bers, with the disappearance of the surface states as an observ-
able consequence. This topological phase transition is uncon-
ventional, which is accompanied by closing the spin spectrum
gap rather than the energy gap. While the closing of the spin
spectrum gap may not be observed directly, we find that the
average of operator τz in H, namely,

∑
β=±
〈ϕβ (𝑘)|U†

τzU |ϕβ (𝑘)〉 ∝ cos(2αk),

changes its sign at 𝑘 = (0,0,±kC
z ), which indicates a reversal

of the orbital polarization, leading to a bulk physical observ-
able at the transition. For the strong TI under consideration,
the nontrivial bulk band topology can be examined in any di-
rection. For example, by considering ky as a parameter, we can
calculate the spin-Chern numbers in the effective 2D space of
(kx,kz), and obtain a critical kC

y =
√
(M0 + |g|)/B2. Combin-

ing kC
y and kC

z together, we can depict the region in the ky-kz

plane, where the topological surface states exist on a surface
parallel to the y–z plane, as shown in Fig. 16(b).
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Fig. 16. (a) Maximum level spacing δE between the edge and the bulk
states as a function of kz/kC

z . (b) Schematic diagram of the distribution
of surface states in 2D momentum space.[48]

For |g| > gC, the 3D system enters another topological
phase characterized by a nonzero total Chern number C(kz) for
small |kz|, which is essentially a Weyl semi-metal phase.[49–52]

The quantum phase transition from the 3D TI to the Weyl
semi-metal with tunning g can be understood as a topological
transition, at which the energy gap closing causes one of the
spin-Chern numbers C±(kz) to vanish, while the other remains
to be quantized.

At a given g, from equation g = ±Q(kz) for the solid
boundary lines in Fig. 13, one can obtain two critical values of
kz, namely, ±kW

z , as indicated in Fig. 13. The 𝑘 = (0,0,±kW
z )

are a pair of Weyl points, or 3D Dirac points, at which the
conduction and valence bands touch. The appearance of the
Weyl points is usually attributed to an accidental degeneracy or
symmetry.[49–52] The obtained phase diagram in Fig. 13 sheds
more light on its topological origin. At a given g, the Weyl
points appear as two critical points separating a QH state of
the effective 2D system for |kz| < kW

z from an ordinary insu-
lator state for |kz|> kW

z , at which the energy gap must vanish.
Changing parameters cannot open energy gaps at the two Weyl

points, unless they come together so that the QH state in be-
tween is destroyed.

At g = 0.2, the calculated energy spectrum as a function
of ky for four different kz is plotted in Fig. 17, for a semi-
infinite sample with its surface parallel to the y–z plane. It is
found that for kz < kW

z , chiral surface states appear in the en-
ergy gap; the conduction and valence bands touch at kz = kW

z ;
and for kz > kW

z , the energy gap reopens, but the surface states
no longer exist. These results are in good agreement with the
phase diagram in Fig. 13. The chiral surface states appearing
in the region of |kz| < kW

z give rise to the Fermi arcs.[49–52]

The Weyl semi-metals with Fermi arcs have been paid much
attention recently.
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Fig. 17. Energy spectra of a semi-finite sample for four different kz at
g = 0.2. The other parameters are the same as those in Fig. 13.[48]

7. Conclusions and perspectives
In contradiction to the general belief that the QSH ef-

fect must be protected by the TR symmetry or other symme-
tries, the nontrivial topology of the bulk energy bands of the
QSH systems characterized by nonzero spin-Chern numbers
is found to remain intact when the TR symmetry is broken by
small perturbations. Without considering any symmetries, it is
shown by using a Laughlin-like gauge argument that nonzero
spin-Chern numbers require edge states to appear at the sam-
ple boundary. The edge states may be gapped or gapless, de-
pending on the local environment at the sample boundary. Cre-
ating a narrow FM region near the boundary of the QSH sam-
ple can cause the counterpropagating edge states to separate
spatially, which provides an essential protection for the edge
states against backscattering from disorders. This result points
to a new direction for the search of a robust QSH effect in re-
alistic environments. Some future research directions include:
i) engineering the edge states of the QSH systems to achieve
special device functions, ii) the effect of TR symmetry break-
ing in 3D TIs, and iii) the effect of electron interaction in QSH
systems and thin films of 3D TIs.
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