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Calculating Hamiltonian parameters for Yb3+ in a low-symmetry
lattice site, and fitting the structure and levels of Yb3+:𝑅𝐸TaO4
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An iterative method is used to find the values of the Hamiltonian parameters for Yb3+ in a given low-symmetry crys-
talline site. Samples of Yb3+:RETaO4 (RE =Gd, Y, and Sc) were prepared and their structures were determined. Based
on the obtained structural data, their orbital-spin parameters and crystal field parameters were fitted by the superposition
model (SM). Using the crystal field parameters obtained by the SM fitting as the initial parameters, the Hamiltonian pa-
rameters were fitted iteratively. The calculated and experimental energy levels for Yb3+:RETaO4 are consistent, and the
maximal mean-root-square deviation is only 2.84 cm−1, indicating that the method is effective to determine the Hamiltonian
parameters of Yb3+ in low-symmetry crystalline sites.
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1. Introduction
Yb3+-activated materials are an important laser medium

in high-average power, ultrashort and tunable solid state lasers
pumped by laser diodes (LDs), due to their simple energy level
structure and relative freedom from quantum defects, which
together result in favorable characteristics such as low thermal
load, no deleterious up-conversion, cross relaxation, and ex-
cited state absorption, as is typical for the other rare-earth ions
such as Nd3+, Er3+, Ho3+. On the other hand, the broad ab-
sorption band is advantageous to decreasing the dependence
on the work temperature control for LD, allowing the laser
efficiency to be improved. Their broad emission band is de-
sirable for the ultrashort lasers and tunable lasers, which have
many important applications in the fields of machining, biol-
ogy, medicine, and so on.

It is commonly hoped that Yb3+ at low-symmetry sites
can be used to enhance a material′s crystal field splitting in
order to decrease the effects of the thermal population of the
laser terminal state of Yb3+. If Kramers′ degeneracy is not
considered, the maximum number of the crystal field energy
levels is fourteen, which is far fewer than the usual number of
crystal field parameters. Hence it is not so easy to determine
the crystal field parameters and spin-orbital coupling param-
eter ξ , which is essential for the further study of the wave-
functions, transition probabilities, and nonradiative transitions
of lattice vibrations. For example, the site symmetry of Yb3+

in Gd2SiO5 is C1, and the number of the independent crystal

field parameter is twenty-seven. If ξ is considered, the number
of Hamiltonian parameters is twenty-eight, which is twice the
number of crystal field splitting levels.

It has been found that Yb3+-doped M-phase RETaO4

(Yb3+:RETaO4, RE =Gd, Y, and Sc) has wide and strong
absorption and emission bands, and these materials have
attracted some interest due to their promising applica-
tions in both ultrashort and tunable lasers. For example,
Yb3+:GdTaO4 has stronger and broader absorption and emis-
sion than Yb3+:YAG, and its monocrystalline form can be
grown by the Czochralski method, all of which indicates that
it is very promising for application in novel all-solid state ul-
trashort lasers and tunable lasers.

Based on the above considerations, this work provides a
method to determine the Hamiltonian parameters of Yb3+ in
low-symmetry sites. We also prepared Yb3+:RETaO4 sam-
ples, determined their crystal structure, measured their photo-
luminescence spectra at 8k, and determined their crystal field
parameters. The calculated crystal energy levels are very con-
sistent with the experimental energy levels, which indicates
that the fitting method is valuable for determining the Hamil-
tonian parameters of Yb3+ in low-symmetry sites.

2. Method to determine Hamiltonian parame-
ters for Yb3+ with low symmetry in crystals
The difference fi between the experimental and cal-

culated energy levels, which are labeled as Eexp
i and Ecal
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(x1, . . . ,xn) (i = 1, . . . ,m) can be expressed as

fi = Eexp
i −Ecal

i (x1, . . . ,xn), (1)

where xT = (x1, . . . ,xn), x1, . . . ,xn stand for the free rare-earth
ion Hamiltonian parameters, the real and imaginary parts of
the crystal field parameters Bk

q. The Hamiltonian of the free
ion Yb3+ has only the spin–orbit interaction parameter ξ . This
can be used to minimize the following equation for fitting the
crystal field energy levels by adjusting the variable 𝑥,

φ =
1
2
𝑓(x)T𝑓(x) =

1
2

m

∑
i=1

(Eexp
i −Ecal

i (𝑥))2, (2)

where 𝑓T(𝑥) = ( f1(𝑥), . . . , fm(𝑥)), and the superscript T
stands for the transpose operation on a matrix or vector. Ac-
cording to the derivation of the over-determined Levenberg–
Marquardt iteration with m > n,[1] the under-determined
Levenberg–Marquardt iteration formula with m < n, which
has the same expression as the over-determined case, can be
obtained as the following:

𝑥k+1 = 𝑥k− Ĝ(𝑥k)∇𝜑(𝑥k), k = 0,1, . . . , (3)

where k is the iteration,

Ĝ(𝑥k) = D𝑓(𝑥k)TD𝑓(𝑥k)+𝜇k𝐼, (4)

∇𝜑(𝑥k) = D𝑓(𝑥k)T𝑓(𝑥k), (5)

where 𝜇k is a damping factor of the k-th iteration, 𝐼 is a unit
matrix of n×n, and

D𝑓(𝑥k) =


∂ f1

∂x1

∂ f1

∂x2
. . .

∂ f1

∂xn
...

. . .
...

∂ fm

∂x1

∂ fm

∂x2
· · · ∂ fm

∂xn

 . (6)

The key part of this iterative method is to compute the
derivative of the eigenvalues of the Hamiltonian matrix with
respect to its parameters, whose numerical calculation method
has been given by Zhang.[2] In order to obtain the correct nu-
meric derivative of the Hamiltonian matrix, some details are
given here. The Hamiltonian matrix 𝐻 with a parameter Pi,
with the corresponding angular part matrix 𝑀 i, and the other
parameters Ot with the corresponding angular part matrix 𝑀 t ,
can be expressed as

𝐻 = Pi𝑀
i +∑t Ot𝑀

t . (7)

The derivatives α-th of the eigenvalue Eα of 𝐻 with the pa-
rameter Pi can be calculated by

∂

∂P
Eα ≈

D
{[
(Pi + ε)𝑀 i +∑t Ot𝑀

t
]}

α
−D

{[
(Pi− ε)𝑀 i +∑t Ot𝑀

t
]}

α

2ε
, (8)

where D{𝐴} stands for the operation to diagonalize the ma-
trix 𝐴 and arrange its eigenvalues in descending or ascending
order, the subscript α stands for the α-th value of the sorted
eigenvalues, and ε is a small quantity such as 0.001 in the same
units as the Hamiltonian parameters. We do this because the
matrix eigenvalues are evaluated by an iteration process, and
the order of the eigenvalues cannot be fixed by the form of the
same parameterized Hamiltonian matrix.

It is important to take a set of sufficiently good Hamilto-
nian parameters as reasonable initial values. It is fortunate for
us that the superposition model[3,4] can give a good start. The
superposition model uses only two or three parameters to fit
crystal field splitting, depending on the site symmetry of the
magnetic ion, and generally an acceptable fitting to the low-
symmetry crystal field energy levels can be obtained.

In summary, the fitting procedure to the crystal field split-
ting with low symmetry can be done as follows.

Step 1 Use the superposition model to fit crystal field
splittings and obtain the initial crystal field parameters.

Step 2 Use Lvenberg–Marquardt iteration to refine the
crystal field parameters, whose numerical derivatives of eigen-
values are calculated by Eq. (8).

3. Preparation and structural determination for
Yb3+: RERERETaO4

The 5-at%Yb3+:GdTaO4 and 5-at%Yb3+:ScTaO4 were
prepared by a high temperature solid state reaction method.
Yb2O3, Gd2O3, Y2O3, Sc2O3, Ta2O5 with purity 99.999%
were used as the raw materials, and weighed according to the
constituent ratio of Yb0.05Gd0.95TaO4 and Yb0.05Sc0.95TaO4,
then mixed and ground thoroughly with an agate mortar and
pestle. The mixtures were calcined at 1500 degrees Celsius for
72 hours. After the samples were cooled down to room tem-
perature, they were thoroughly re-ground as polycrystalline
powder and used as an X-ray diffraction (XRD) measurement
samples. The 1-at%Yb3+:YTaO4 polycrystalline powder was
prepared by grinding the single crystal of 1-at%Yb:YTaO4

grown by the Czochralski method.[5] Their X-ray diffraction
data were obtained by a Philips X′pert PRO X-ray diffractome-
ter with CuKα radiation (λ = 0.15405 nm) at room tempera-
ture.

The collected XRD data were used to perform Rietveld
refinement by GSAS,[6] during which the structural parame-
ters of M–GdTaO4, M–YTaO4, and M′–ScTaO4

[7] were taken
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as the corresponding initial structural parameters.
M–GdTaO4 and M–YTaO4 belong to space group I12/a1

(No. 15).[8] Gd and Ta occupy the Wyckoff site 4e(1/4, y, 0)
with symmetry C2 and the principal axis [010]. Two kinds of
O occupy two general Wyckoff sites 8 f (x, y, z), respectively.

M′–ScTaO4 has space group P12/a1 (No. 13),[9] Ta oc-
cupies the Wyckoff site 2e(1/4, y, 0) with symmetry C2 and the
principal axis [010]. Sc occupies the Wyckoff site 2 f (1/4, y,
1/2) with symmetry C2 and the principal axis [010]. Two kinds
of O occupy two general sites 4g(x, y, z), respectively.

The dopant Yb3+ should replace Gd3+ in the lattice due
to its similar radius and charge of Yb3+ with Gd3+, so Yb3+

was arranged to occupy site 4e(1/4, y, 0) in M–GdTaO4, M–
YTaO4 and 2 f (1/4, y, 1/2) in M′–ScTaO4. The calculated and
experimental XRD curves are shown in Figs. 1–3, the fit resid-
uals Rp, weighted residuals Rwp, and Dwd, which is a statistical
measure of the serial correlation in the powder pattern differ-
ences, are listed in Table 2. The differences between the fitted
and calculated curves, Rp and Rwp indicate that the calculated
XRD curves are very consistent with the experimental curves.
The values of Dwd are also reasonable. All of this shows that
the obtained structural parameters are reasonable. The lattice
parameters and densities are listed in Table 1, atomic fractional
coordinates are listed in Table 2, in which the temperature fac-
tor of each atom is also listed.
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Fig. 1. Experimental and calculated curves, their difference and back-
ground curve for XRD of (5 at%)Yb:GdTaO4, which are labeled Iobs,
Ical, Iobs-cal, and Ibkg, respectively.
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Fig. 2. Experimental and calculated curves, their difference and back-
ground curve for XRD of (1 at%)Yb:YTaO4, which are labeled Iobs, Ical,
Iobs-cal, and Ibkg, respectively.
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Fig. 3. (color online) The experimental, calculated, their difference and
background curves for XRD of (5 at%)Yb:ScTaO4, which were labeled
by Iobs, Ical, Iobs-cal, and Ibkg, respectively.

Table 1. Lattice parameters and calculated densities of M–
GdTaO4, M–YTaO4, and M′–ScTaO4 from Rietveld refinements.

M–GdTaO4 M–YTaO4 M′–ScTaO4

a/10−1 nm 5.399036 5.321914 5.119984

b/10−1 nm 11.053077 10.921438 5.673244

c/10−1 nm 5.080405 5.051231 4.815242

β /(◦) 95.614 95.5302 91.708

Density/g· cm−3 8.871 7.607 7.039

Yb3+ atoms in M–GdTaO4, M–YTaO4, which occupy the
sites of Gd or Y, have eight coordinate atoms with four kinds
of spacing, while in M′–ScTaO4, Yb3+ occupies the site of Sc
and has six coordinate atoms with three kinds of spacing. The
orthogonal coordinates for Yb3+ and its ligands, which are
needed to fit the crystal field splitting levels with the super-
position model, are listed in Table 3. The polyhedron whose
center is Yb3+ and O2− ligands in M–GdTaO4 and M–YTaO4

are eight oxygen ions in a dodecahedron (Fig. 4, which can be
seen as the result of distorting a cubic, in which eight oxygen
ions lie at the corners of a cubic, and the torsion angles are
listed in Table 4. The average distances d between the central
ion Yb3+ and the ligands and the root-mean-square deviation

δ =
√

∑
8
i=1 (di−di)2/8 are also listed in Table 5. It can be

seen from these quantities that the distortion degree of dodec-
ahedron YbO8 in M–Yb3+:GdTaO4 is much stronger than that
in M–Yb3+:YTaO4. The central ion Yb3+ and six oxygen lig-
ands form an octahedron YbO6 (Fig. 5), which can be seen as
the distorted form of a regular octahedron whose six ligands
lie at the face centers of a cubic. The distortion of YbO6 in
M′–Yb3+:ScTaO4 is much less than those of the YbO8 do-
decahedrons in YTaO4, and GdTaO4. For comparison, the
corresponding values of d and δ in M–GdTaO4, M–YTaO4,
and M′–ScTaO4 are also listed in Table 5, from which it can
be seen that d of O–Yb/Gd in M–Yb3+:GdTaO4 and d of O–
Yb/Y in M–Yb3+:YTaO4 are both less than those of O–Gd in
M–GdTaO4 and O–Y in M–YTaO4, which is consistent with
the fact that the ion radius of Yb3+ is less than those of Gd3+
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Table 2. Atomic fractional coordinates (x, y, z), temperature factors Uiso, residuals, and Dwd from Rietveld refinements to the XRD of M–
(5 at%)Yb3+:GdTaO4, M–(1 at%)Yb3+:YTaO4, and M′–Yb3+:ScTaO4.

x, y, z 100Ua
i j Rwp(%), Rp(%), Dwd

M–Yb3+::GdTaO4

Gd
1/4, 0.618064, 0

–1.463, 0.575, –0.910, 0.000,
–0.039, 0.000

5.03, 3.99, 1.665Yb –3.770, 56.165, 80.000, 0.000,
–40.000, 0.000

Ta 1/4, 0.149522, 0 0.091, 0.950, –1.056, 0.000,
–0.410, 0.000

O1 0.109236, 0.459261, 0.198679 0.173, 2.685, 23.869, –6.689,
–17.782, 5.661

O2 –0.031921, 0.71572, 0.266239 –2.219, 2.948, –3.995, 2.325,
3.962, –0.725

–

M–Yb3+:YTaO4

Y
Yb

1/4, 0.591157,0
1/4, 0.591157,0

1.672
1.672

8.36, 6.09, 0.703
Ta 1/4, 0.118171, 0 2.422

O1 –0.055106, 0.302336, 0.255515 8.282

O2 0.052498, 0.532905, 0.258220 3.916

M′–Yb3+:ScTaO4

Sc/Yb 1/4, 0.320932, 1/2 5.202

8.44, 6.45, 0.913Ta 1/4, 0.821389, 0 4.483

O1 0.420893, 0.107321, 0.217227 8.438

O2 0.913061, 0.380402, 0.269953 6.038
a Ui j for M–Yb:GdTaO4 stands for U11, U22, U33, U12, U13, U23, and for M–YTaO4 and M′–ScTaO4 stand for Uiso, respectively.

Table 3. The orthogonal coordinates (x, y, z) in 10−1 nm for Yb3+ and its ligands in M–GdTaO4, M–YTaO4, and M′–ScTaO4.

Atom (X , Y , Z) in M–GdTaO4 (X , Y , Z) in M–YTaO4 (X , Y , Z) in M′–ScTaO4

Yb3+ 1.3498, 6.8315, 0 1.3305, 6.4563, 0 1.2082, 1.8207, 2.4066

O1 0.491, 5.0762, 1.0045 0.1537, 5.8201, 1.2983 0.2927, 0.6089, 3.7676

O2 3.1905, 5.9768, 1.0045 2.8146, 5.1013, 1.2983 2.1238, 0.6089, 1.0455

O3 2.7557, 8.6261, 1.1819 2.2433, 7.6195, 1.2847 2.0761, 3.5151, 1.2993

O4 –0.3047, 7.9535, 1.3461 0.1743, 8.7627, 1.2292 0.3404, 3.5151, 3.5138

O1′ –0.491, 5.9768, –1.0045 –0.1537, 5.1013, –1.2983 –0.4839, 2.1581, 1.2993

O2′ 2.2085, 5.0762, –1.0045 2.5073, 5.8201, –1.2983 2.9003, 2.1581, 3.5138

O3′ 3.0042, 7.9535, –1.3461 2.4867, 8.7627, –1.2292

O4′ –0.0562, 8.6261, –1.1819 0.4177, 7.6195, –1.2847

Table 4. The plane torsion angles of the YbO8 polyhedron in M–Yb3+:GdTaO4 and Yb3+:YTaO4, YbO6 in M′–Yb3+:ScTaO4.

Torsion angle/(◦) M–Yb3+:GdTaO4 M–Yb3+:YTaO4 Torsion angle/(◦) M′–Yb3+:ScTaO4

O1–O2–O3–O4 2.593 1.503

O1–O2–O3–O4 –4.172O1′–O2′–O3′–O4 2.297 1.416

O1–O1′–O2′–O2 –32.826 –19.822

O2–O2′–O3′–O3 –27.622 –18.978

Table 5. The distance d in 10−1 nm between the central ion Yb3+ and oxygen ligands in Yb3+-doped and undoped M–GdTaO4 and YTaO4,
YbO6 in M′–ScTaO4.

Atom d (10−1 nm) in Yb3+

-doped/undoped M–GdTaO4

d (10−1 nm) in Yb3+

-doped/undoped -Yb3+:YTaO4

d (10−1 nm) in Yb3+

-doped/undoped M′–ScTaO4

O1 2.1972/2.4006 1.8642/2.3680 2.0394/2.1128

O2 2.2644/2.3368 2.3925/2.2753 2.0394/2.1128

O3 2.5679/2.4423 1.9587/2.3852 2.2024/2.1752

O4 2.4100/2.3830 2.8578/2.3133 2.2024/2.1752

O1′ 2.2645/2.4006 2.3926/2.2753 2.0501/2.1099

O2′ 2.1971/2.3368 1.8642/2.3680 2.0501/2.1099

O3′ 2.4100/2.3830 2.8578/2.3133

O4′ 2.5679/2.4423 1.9587/2.3852

d̄/10−1 nm 2.3599/2.3907 2.2683/2.3355 2.0973/2.13263

δ /10−1 nm 0.05043/0.01338 0.13943/0.01545 0.03782/ 0.01230
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and Y3+, and when the smaller-radius ions occupy the sites
of the greater-radius ions the crystal cell volume decreases.
Although d of Yb/Sc–O in M′–Yb:ScTaO4 is larger than that
of Sc–O in M′–ScTaO4, the distances of O3–Yb/Sc and O4–
Yb/Sc are larger than those of O3–Sc and O4–Sc, which re-
sults in the doped material′s larger cell volume. All of the
δ values for M–Yb3+:GdTaO4, M–Yb3+:YTaO4, and M′–
Yb3+:ScTaO4 are larger than those of the corresponding un-
doped compounds, which means Yb-doping causes further
distortion of their polyhedra of rare-earth ions.

a

c

Yb

Ta

O

o3'

o2'

o4'

o1'

o1

o4

o3

o2

Fig. 4. (color online) Polyhedron formed by central ion Yb3+ and its lig-
ands O2− in M–Yb:GdTaO4 and M–Yb:YTaO4, which is viewed from
direction [010].
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Ta

O

o3
o2

o1'

o1

o4

o2'

Fig. 5. (color online) Octahedron formed by central ion Yb3+ and its
ligands O2−, which is viewed from direction [010].

4. Hamiltonian parameter determination of
Yb3+:RETaO4

4.1. Energy level fitting by superposition model

The superposition model (SM) is based on the following
postulates:[1] (i) the crystal field acting on the open-shell elec-
trons of a paramagnetic ion is the resultant of a sum of contri-
butions coming from individual ions in the crystal. (ii) Only
contributions from the neighboring ions, namely ligands, are
taken into account. (iii) Each single-ion contribution in the
sum is axially symmetric about the line joining its center to

that of the paramagnetic ion. (iv) Single-ligand contributions
are dependent only on the nature of the ligand and its distance
from the paramagnetic ion, and do not depend on other prop-
erties of the host crystal. Then, the crystal field parameter Bk

q

can be expressed by

Bk
q = ∑

L
Bk(RL)gk,q(θL,ϕL), (9)

where L stands for the L-th ligand, and RL, B̄k(RL) and gk,q

stand for the distance of L-th ligand, its intrinsic crystal field
parameter, and coordinate factor. The crystal field equation (9)
is a little different from that in Refs. [3] and [4], where Bk

q is
complex generally and gk,q is calculated from

gk,q(θL,ϕL) =

√
4π

2k+1
Yk

q(θL,ϕL), (10)

where Yk
q(θL,ϕL) is the spherical harmonic function. If there

are several ligand distances with the shortest R0, it is generally
assumed that B̄k(RL)varies with RL as[3]

Bk(RL) = Bk(R0)

(
R0

RL

)tk
. (11)

And tk can be determined experimentally or t2, t4, t6 taken to
be 3, 5, and 7, respectively. Let Bk(R0)≡ Bk for convenience.
Taking Eq. (11) into Eq. (9), the following is obtained

Bk
q = Bk ∑

L

(
R0

RL

)tk
gk,q(θL,ϕL). (12)

The Hamiltonian Ĥ for Yb3+ in RETaO4 can be ex-
pressed as

Ĥ = ξ𝑆 ·𝐿+∑
k,q

Bk
qCk

q, (13)

where ξ is the spin-orbital parameter, 𝑆 and 𝐿 are spin and or-
bital angular moment operators, and Ck

q expresses the angular
dependence of the crystal field.

The site symmetry of Yb3+ in RETaO4 is C2, it has
three intrinsic parameters B2(R0), B4(R0), and B6(R0), and fif-
teen non-vanishing crystal field parameters Bk

q with (k,q) =
(2,±2), (2,0), (4,±4), (4,±2), (4, 0), (6, ±6), (6, ±4), (6,
±2), (6, 0). The independent crystal parameters are Bk

q with
(k, q) = (2,2), (2,0), (4, 4), (4, 2), (4, 0), (6, 6), (6, 4), (6,
2), (6, 0), of which Bk

0 (k = 2, 4, 6) are real and the others are
complex. So the independent crystal parameters have fifteen
real parameters to be determined.

During our calculation, the principal axis of the crystal
field parameters is along the [001] direction. The principal
axis of the original ligand coordinates 𝑋T = (x,y,z) in Table 3
is along the [010] direction, on which a transformation

𝜏 =


0 0 1

1 0 0

0 1 0


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should be applied to make their principal axis along the [001]
direction and transformed 𝑋 ′ is

𝑋 ′ = 𝜏X . (14)

The Levenberg–Marquardt iteration is used to fit the intrin-
sic parameters Bk(R0) to the crystal field levels, which is
similar to the method described in Section 2 and Ref. [2].
The Hamiltonian matrix is calculated with the base set
{|SLJM〉} = {|2F7/2,7/2〉, |2F7/2,5/2〉,. . . , |2F7/2,−7/2〉,
|2F5/2,5/2〉, |2F5/2,3/2〉, . . ., |2F5/2,−5/2〉}. The residual R
and root-mean-square deviation σ are used to characterize the
consistency between the experimental and calculated levels by

R =

√
∑

m
i=1 (E

exp
i −Ecal

i (x))2

∑
m
i=1 (E

exp
i )2 , (15)

σ =

√
∑

m
i=1 (E

exp
i −Ecal

i (x))2

m−3
. (16)

The number 3 in Eq. (16) stands for the number of Bk(R0).
The initial variable values of SM 𝑥T = (ξ ,B2,B4,B6) for

M–Yb3+:GdTaO4, M–Yb3+:YTaO4, and M′–Yb3+:ScTaO4

are (2900, 10, 100, 200), (2900, 100, 100, 100), and (2900,
100, 100, 100), maximal iteration loop number and search
number for the damping factor of Levenberg–Marquardt itera-
tion are both 20. After iterations 5, 12, and 7, the obtained
𝑥T are (2907, 344, 818, 275), (2908, 969, 664, 814), and
(2899, 2649, 612, 383), respectively. ξ , Bk, and Bk

q for M–
Yb3+:GdTaO4, M–Yb3+:YTaO4, and M′–Yb3+:ScTaO4 are
listed in Table 6. The experimental and calculated crystal field
levels, R and σ of Yb3+:RETaO4 are listed in Table 7. It can
be seen that the residuals R and σ for M–Yb3+:GdTaO4, M–
Yb3+:YTaO4 are very close—their R values are both 0.29%,
and their σ values are 23.89 cm−1 and 23.68 cm−1, respec-
tively. If 𝑥T = (ξ ,B2,B4,B6) = (2900,100,100,100) are
taken as the initial iteration parameters of M–Yb3+:GdTaO4,
similar results with the same R and σ values are obtained, and
the final 𝑥T = (2907,358,816,283). If 𝑥T = (ξ ,B2,B4,B6) =

(2900,10,100,200) are taken as the initial iteration param-
eters of M–Yb3+:YTaO4, R and σ would be decreased

greatly, that is 0.16% and 12.86 cm−1, and the final 𝑥T =

(2909,−792,753,602). It seems that the negative B2, which
is –792 cm−1, is unreasonable. Many initial values of 𝑥T

were tried for M–Yb3+:YTaO4, and results similar to (2908,
969, 664, 814) were always obtained. So it is believed that
𝑥T = (2908,969,664,814) is reasonable for M–Yb3+:YTaO4.
It seems satisfactory for the results of fitting M′–Yb3+:ScTaO4

with R and σ 0.16% and 13.44 cm−1, respectively. But the
intrinsic crystal parameter B2 of M′–Yb3+:ScTaO4 is much
larger than that of M–Yb3+:GdTaO4 and M–Yb3+:YTaO4,
which may result from the ligand difference and crystal struc-
ture, that is, the space group of M–Yb3+:GdTaO4 and M–
Yb3+:YTaO4 is I12/a1, but that of M′–ScTaO4 is P12/a1, the
ligand number of M–Yb3+:GdTaO4 and M–Yb3+:YTaO4 is
eight, but that of M′–Yb3+:ScTaO4 is 6. On the other hand, the
Yb–O polyhedron distortion degree of M–Yb3+:GdTaO4 and
M–Yb3+:YTaO4 is stronger than that of M′–Yb3+:ScTaO4.

Table 6. Bk and Bk
q of Yb3+:RE TaO4 obtained by SM fitting in

unit cm−1.

M–Yb3+:GdTaO4 M–Yb3+:YTaO4 M′–Yb3+:ScTaO4

ξ 2907.050 2908.274 2898.837

B2 344.237 968.596 2649.108

B4 817.863 663.723 611.583

B6 275.071 814.249 383.026

B2
2 –229.082+15.154I 276.814–154.767I –201.696–117.657I

B2
0 143.882 –342.600 –606.910

B4
4 –730.448–429.766I –808.022+10.055I –656.456–653.216I

B4
2 30.228–602.424I 107.534+502.598I 423.009–1176.547I

B4
0 –1034.515 –598.421 –423.750

B6
6 170.127+73.731I –263.921+393.789I 205.131–55.980I

B6
4 –320.145–96.934I –638.288+245.245I –242.726–166.938I

B6
2 107.895–180.006I –113.833–97.159I –97.035+187.296I

B6
0 –23.644 589.192 –116.0389

According to Table 6, it can be seen that the signs of
real and imaginary parts for Bk

q of M–Yb3+:GdTaO4, M–
Yb3+:YTaO4, and M′–Yb3+:ScTaO4 are not consistent with
each other. Because their intrinsic crystal parameter signs the
Bk values are the same, the crystal field parameter signs were
decided by their coordination factor gk,q(θL,ϕL), which may
mean that the crystal field parameter signs are very sensitive to

Table 7. The experimental and calculated crystal field energy levels, R and σ of Yb3+:RETaO4 by fitting with SM.

M–Yb3+:GdTaO4 M–Yb3+:YTaO4 M′–Yb3+:ScTaO4

Ecal/cm−1 Eexp/cm−1 Ecal/cm−1 Eexp/cm−1 Ecal/cm−1 Eexp/cm−1

0 0 0 0 0 0
260 283 262.92 284 263.36 246
421.48 417 410.41 416 460.74 468
611.16 607 632.07 609 820 811
10266.77 10285 10287.85 10288 10264.14 10269
10494.92 10460 10499.69 10471 10450.01 10429
10751.88 10779 10756.8 10788 10912.19 10914
R = 0.29% σ = 23.89 cm−1 R = 0.29% σ = 23.68 cm−1 R = 0.16% σ = 13.44 cm−1
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the relative positions of the ligands, which depends not only on
their site symmetry, but also on the relative positions of their
ligands.

No obvious trend or rule for the intrinsic crystal field pa-
rameters Bk or crystal field parameters Bk

q was found from M–
Yb3+:GdTaO4, M–Yb3+:YTaO4 to M′–Yb3+:ScTaO4, which
suggests that the crystal field parameters are sensitive to the
structure of their Yb–O polyhedron.

4.2. Crystal field parameter fitting

Using the crystal field parameters obtained by SM fit-
ting as the initial parameters, the crystal field parameters of
M–Yb3+:GdTaO4, M–Yb3+:YTaO4, and M′–Yb3+:ScTaO4

were fitted to their experimental energy levels by Levenberg–
Marquardt, as described previously. The initial orbital-spin
coupling parameter ξ for all crystals is 2900 cm−1, the max-
imal iteration and search-damping factor numbers are 20 and
20, respectively. The obtained ξ and Bk

q, calculated and exper-
imental energy levels are listed in Table 8 and Table 9, respec-
tively. The values of R and σ decreased greatly, the consis-
tency between the calculated and experimental energy levels
is very good. But some of the real and imaginary part signs
of the crystal field parameters for M–Yb3+:GdTaO4 and M–
Yb3+:YTaO4 are not the same as those given by SM fitting,

such as B6
6 and B6

2 for M–Yb3+:GdTaO4, B4
2 and B6

2 for M–
Yb3+:YTaO4. As mentioned before, direct fitting to the en-
ergy levels for M′–Yb3+:ScTaO4 gives the closed crystal field
parameters and orbital-spin coupling parameter ξ , which in-
dicates that SM fitting gives good initial Hamiltonian param-
eters. There is still no obvious trend which can be seen from
the crystal field parameters obtained by direct fitting from M–
Yb3+:GdTaO4, M–Yb3+:YTaO4, and M′–Yb3+:ScTaO4.

The second-order moment σ2
2 , crystal field strength pa-

rameter Nv, and s2
k were also computed through the crystal

field parameters obtained by direct fitting. It can be seen that
the values of Nv for M–Yb3+:GdTaO4 and M–Yb3+:YTaO4

are 2038 cm−2 and 2019 cm−2, and are very close, and
the value 2742 cm−2 of M′–Yb3+:ScTaO4 is smaller, in-
dicating that the crystal-field strength of M–Yb3+:GdTaO4

and M–Yb3+:YTaO4 are nearly the same, and that of M′–
Yb3+:ScTaO4 is the strongest.

The wavefunctions and energy levels of Yb3+ in M–
Yb3+:GdTaO4, M–Yb3+:YTaO4, and M′–Yb3+:ScTaO4 can
be calculated through these parameters. The crystal field split-
ting of Yb3+ in M–Yb3+:GdTaO4 is labeled by the irreducible
symbol of point group C2 and shown in Fig. 6, which is the
leading component of the corresponding wavefunction, similar

Table 8. Bk
q of Yb3+:RE TaO4 obtained by direct fitting in cm−1.

M–Yb3+:GdTaO4 M–Yb3+:YTaO4 M′–Yb3+:ScTaO4

ξ 2907.569 2909.695 2899.072
B2

2 –360.709+251.041i 282.444–358.100i –157.203–168.600i
B2

0 318.619 325.189 –731.210
B4

4 –697.962–145.129i –654.746+324.814i –531.975–451.898i
B4

2 503.534–152.620i –475.378+155.477i 508.556–1171.039i
B4

0 –579.240 –503.567 –424.907
B6

6 286.561–64.242i –130.420+223.066i 160.657–18.936i
B6

4 –166.573–19.093i –124.300+90.567i –209.882–114.359i
B6

2 121.216+10.717i –129.970+46.964i –85.213+260.233i
B6

0 –137.409 –89.024 –148.177
s2

2 97557 104354 185686
s2

4 211736 202476 354643
s2

6 21324 17458 57943
σ2

2 (
2F5/2) 42104 69930 77507

σ2
2 (

2F7/2) 67964 43731 124546
Nv 2038 2019 2742

Table 9. The experimental and calculated crystal field levels, R and σ of Yb3+:RE TaO4.

M–Yb3+:GdTaO4 M–Yb3+:YTaO4 M′–Yb3+:ScTaO4

Ecal/cm−1 Eexp/cm−1 Ecal/cm−1 Eexp/cm−1 Ecal/cm−1 Eexp/cm−1

0 0 0 0 0 0
283.01 283 283.66 284 246 246
417.99 417 418.23 416 468 468
608.49 607 611.57 609 811 811
10286.02 10285 10289.69 10288 10269 10269
10460.65 10460 10472.11 10471 10429 10429
10779.25 10779 10788.6 10788 10914 10914
R = 0.012% σ = 1.54 cm−1 R = 0.022% σ = 2.84 cm−1 R = 0% σ = 0 cm−1
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Fig. 6. Schematic diagram of the crystal field splitting of Yb3+ in M–
Yb:GdTaO4, in which the right energy level values are in cm−1.

to the crystal field splitting for M–Yb3+:YTaO4 and M′–
Yb3+:ScTaO4. In the energy level label |[2S+1LJ ,(r)Γ m]〉,
2S+1LJ stands for the free-ion multiplet, r stands for the re-
duction multiplicity from full rotation group O∗3 to the site
point group C2, Γ m is an irreducible symbol, which is iden-
tical with that of Ref. [10]. The square brackets indicate that
|2S+1LJ ,(r)Γ m〉 is the leading component. Every wavefunc-
tion of each crystal field energy level is the mixture of the irre-
ducible representation Γ3 and Γ4 of one dimension, and every
two wavefunctions correspond to one crystal field energy level
and result in double degeneration, which results from the time
inversion. As a typical example, the component ratio of the
wavefunction |[3.5,(2)Γ4]〉 is shown as the following:

|3.5,(1)Γ3〉 : 0.1952%; |3.5,(2)Γ3〉 : 0.0993%;
|3.5,(3)Γ3〉 : 0.2173%; |3.5,(4)Γ3〉 : 0.0518%;
|3.5,(1)Γ4〉 : 9.1319%; |3.5,(2)Γ4〉 : 38.3326%;
|3.5,(3)Γ4〉 : 17.5159%; |3.5,(4)Γ4〉 : 34.4477%;
|2.5,(1)Γ4〉 : 0.0039%; |2.5,(2)Γ4〉 : 0.0033%;
|2.5,(3)Γ4〉 : 0.001%.

It can be seen that the ratio of Γ4 reduced from D7/2 is up to
99.3%, which means that it can be labeled as Γ4 unambigu-
ously. If the reduction symbol relative to the irreducible rep-

resentation DJ is omitted, every crystal field energy level can
be labeled as Γ3,4, which stands for the irreducible Γ3 and Γ4.

5. Conclusion
A method to determine the Hamiltonian parameters of

Yb3+ in the low site symmetry of crystal, such as the
orbital-spin coupling parameter and crystal-field parame-
ters, was given. Based on the structural parameters of
M–Yb3+:GdTaO4, M–Yb3+:YTaO4, and M′–Yb3+:ScTaO4,
which were prepared by the solid-state reaction method, their
structural parameters are refined by Rietveld refinement meth-
ods; their orbital-spin parameter and crystal field parameters
were fitted by SM or directly. The calculated and experimen-
tal energy levels for M–Yb3+:GdTaO4, M–Yb3+:YTaO4, and
M′–Yb3+:ScTaO4 agree very well, and the maximal mean-
root-square deviation is just 2.84 cm−1, which indicates that
the method to determine the Hamiltonian parameters of Yb3+

in a low-symmetry crystal site is effective, so the obtained
wavefunctions can be used to compute their spectral proper-
ties such as transition probabilities and so on.
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