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Nonparaxial propagation of Hermite–Laguerre–Gaussian beams in
uniaxial crystal orthogonal to the optical axis∗
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Analytical expressions for the three components of the nonparaxial propagation of a Hermite–Laguerre–Gaussian
(HLG) beam in uniaxial crystal orthogonal to the optical axis are derived. The intensity distribution of an HLG beam
and its three components propagating in a uniaxial crystal orthogonal to the optical axis are demonstrated by numerical
examples. Although the y and z components of an HLG beam in the incident plane are both equal to zero, they emerge
upon propagation inside the uniaxial crystal. Moreover, the beam profile of the x component is relatively stable and the
beam profiles of the y and z components have the same evolution law. If the ratio of the extraordinary refractive index
to the ordinary refractive index is larger than unity, the beam profile of the HLG beam is elongated in the x direction and
generally rotates clockwise. Otherwise, the beam profile of the HLG beam is elongated in the y direction and generally
rotates anticlockwise. This research is beneficial to the optical trapping and nonlinear optics involved in the rotation of a
beam profile.
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1. Introduction
As a structurally stable solution of the parabolic equation,

a united family of Hermite–Gaussian (HG) and Laguerre–
Gaussian (LG) beams, namely the Hermite–Laguerre–
Gaussian (HLG) beam, has been introduced.[1,2] By vary-
ing the additional angle parameter in the expression of HLG
beams, HLG beams can be transformed from HG beams
to LG beams continuously. The HLG beam is structurally
stable upon propagation. HLG beams can be experimen-
tally produced by using astigmatic transformation or mode
converters.[1,3,4] Based on a recurrence approach, the ana-
lytical equations of the propagation of HLG beams through
a paraxial optical ABCD system with a rectangular hard-
edged aperture have been derived.[5] Based on the vecto-
rial Rayleigh–Sommerfeld diffraction integrals, the closed-
form expressions of vectorial nonparaxial circularly polarized
HLG beams in the far-field have been derived.[6] By means
of the extended power in the bucket and the z component
of the time-averaged Poynting vector, the far-field proper-
ties and beam quality of vectorial nonparaxial HLG beams
have been investigated in detail.[7] By using the stationary
phase method, the vectorial structure of HLG beams has been
demonstrated in the far-field.[8] An exact HLG beam solu-
tion of the Snyder–Mitchell mode, which is confirmed by the
simulation of the nonlocal nonlinear Schrödinger equation,
has been presented.[9] A transformation of an HLG beam in
general astigmatic optical systems can be described in terms

of rotations in three-dimensional spaces.[10,11] HLG beams
can be converted into Gaussian beams by using diffraction
gratings.[12] The HLG beam can also be extended to an el-
egant HLG beam.[13] HLG beams play an important role
in resonators and optical waveguides, as well as in optical
vortices.[14,15]

Many applications such as the design of the polarizer
and the compensator are involved in laser beams propagat-
ing in uniaxial crystals. The propagations of various kinds
of laser beams in uniaxial crystals have been extensively
examined.[16–23] However, no literature in the propagations of
HLG beams in uniaxial crystals has been reported. In the re-
mainder of this paper, therefore, the nonparaxial propagation
of an HLG beam in uniaxial crystal orthogonal to the optical
axis is to be investigated.

2. Nonparaxial propagation equation of an HLG
beam in uniaxial crystal orthogonal to the op-
tical axis
In the Cartesian coordinate system, the z axis is taken to

be the propagation axis. The optical axis of the uniaxial crys-
tal coincides with the x axis. The input plane is z = 0 and the
observation plane is z. The dielectric tensor of the uniaxial
crystal is described by

ε =

 n2
e 0 0

0 n2
o 0

0 0 n2
o

 , (1)

∗Project supported by the National Natural Science Foundation of China (Grant Nos. 10974179 and 61178016), the Natural Science Foundation of Zhejiang
Province, China (Grant No. Y1090073), and the Key Project of the Education Commission of Zhejiang Province, China (Grant No. Z201120128).

†Corresponding author. E-mail: zhouguoquan178@sohu.com
© 2013 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

064101-1

http://dx.doi.org/10.1088/1674-1056/22/6/064101
mailto:zhouguoquan178@sohu.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 22, No. 6 (2013) 064101

where no and ne are the ordinary and extraordinary refractive
indices, respectively. The ratio of the extraordinary refractive
index to the ordinary refractive index is defined as e = ne/no.
The HLG beam considered here is linearly polarized in the
x direction and is incident on a uniaxial crystal in the plane
z = 0. The HLG beam in the input plane z = 0 takes the fol-
lowing form[1,2][

Ex(ρ0,0)
Ey(ρ0,0)

]
=

[
φn,m(x0, y0|α)

0

]
, (2)

with φn,m(x0, y0|α) being given by

φn,m(x0, y0|α)

= exp
(
−

x2
0 + y2

0

2w2
0

)n+m

∑
j=0

i j(cosα)n− j(sinα)m− j

×P(n− j,m− j)
j (−cos2α)Hn+m− j

(
x0

w0

)
H j

(
y0

w0

)
, (3)

where

P(n− j,m− j)
j (−cos2α)

= 2− j
j

∑
l=0

(
n
l

)(
m

j− l

)
(−1− cos2α) j−l(1− cos2α)l (4)

is the Jacobi polynomial, 𝜌0 = x0𝑒x + y0𝑒y, 𝑒x and 𝑒y are the
unit vectors in the x and y directions, respectively, H j(·) is
the j-th order Hermite polynomial, n and m are the transverse
mode numbers in the x and y directions, respectively, w0 is the
Gaussian waist width, and α is an angle parameter which al-
lows to make a continuous transition from HG to LG beam.
When α is equal to 0, the HLG beam reduces to an HG beam.
When α is equal to π/4, the HLG beam transforms to an LG
beam.

The propagation of the HLG beam in uniaxial crystal or-
thogonal to the optical axis obeys the following equation:[24]

𝐸(𝜌,z) =
∫∫

∞

−∞

d2𝑘exp(i𝑘 ·𝜌)

× exp(ikezz)


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−
kxky
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x
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− kezkx
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0n2
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Ẽx(𝑘)


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∫∫

∞

−∞

d2𝑘exp(i𝑘 ·𝜌)

× exp(ikezz)


0
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kxky

k2
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o− k2
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Ẽx(𝑘)+ Ẽy(𝑘)

−
ky

koz

[
kxky
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Ẽx(𝑘)Ẽy(𝑘)

]
 ,

(5)

where 𝑘 = kxex + ky𝑒y, 𝜌 = x𝑒x + y𝑒y, and k0 = 2π/λ is the
wave number with λ being the optical wavelength; Ẽs(𝑘) is
the two-dimensional Fourier transform of the transverse com-
ponents of the optical field in the plane z = 0 and is given by

𝐸̃s(𝑘) =
1

(2π)2

∫∫
∞

−∞

Es(𝜌0,0)

× exp[i(kxx0 + kyy0)]dx0 dy0, (6)

where s = x or y (hereafter). kez and koz are defined by

kez = [k2
0n2

e− e2k2
x − k2

y ]
1/2, koz = (k2

on2
0− k2

x − k2
y)

1/2. (7)

To describe the nonparaxial propagation of the HLG beam in
a uniaxial crystal, Eq. (5) can be approximately expressed as a
sum of the paraxial field and a nonparaxial correction term[24]

𝐸(𝜌,z) = exp(ik0nez)
∫∫
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Ẽx(𝑘)

−
kxky

k2
0n2

o
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(8)

By using the property of the Fourier transform,[25] the three
components of the nonparaxial field of an HLG beam in the
uniaxial crystal orthogonal to the optical axis can also be
rewritten as

Ex(𝜌,z) =
no

iλ z

∫∫
∞

−∞

Ex(ρ0,0)Πe(𝜌,𝜌0)dx0 dy0, (9)

Ey(𝜌,z) =
ino

λ z3

∫∫
∞

−∞

(x− x0)(y− y0)Ex(𝜌0,0)

× [Πe(𝜌,𝜌0)−Πo(𝜌,𝜌0)]dx0 dy0

+
no

iλ z

∫∫
∞

−∞
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with Πe(𝜌,𝜌0) and Πo(𝜌,𝜌0) being given by

Πe(𝜌,𝜌0)

= exp(iek0noz)exp
{
−k0no
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[
(x− x0)

2 + e2(y− y0)
2]} , (12)
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{
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2iz
[
(x− x0)

2 +(y− y0)
2]} . (13)
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By using the following mathematical formulae[25]∫
∞

−∞

H j(x)exp[−(x− y)2/δ ]dx

=
√

πδ (1−δ ) j/2H j[y(1−δ )−1/2], (14)

xH j(x) = 0.5H j+1(x)+ jH j−1(x), (15)

the three components of the HLG beam in the uniaxial crystal
orthogonal to the optical axis are found to be

Ex(ρ,z)

=
no

iλ z
exp(iek0noz)

n+m

∑
j=0
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Ey(ρ,z)
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∑
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∑
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with Ωµ(x), Uµ(x), Vµ(x), and Vµ(y) being given by

Ωµ(x) = w0
√

πδ (1−δ )µ/2

× exp(−ax2)Hµ

[
δ zrno

iezw0(1−δ )1/2

]
, (19)

Uµ(y) = w0
√

πβ (1−β )µ/2

× exp(−by2)Hµ

[
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izw0(1−β )1/2

]
, (20)

Vµ(s) = w0
√
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× exp(−cs2)Hµ

[
γzrn0s

izw0(1− γ)1/2

]
, (21)

where µ is an arbitrary integer. The auxiliary parameters are
defined as

δ =

(
1
2
− izrno
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)−1

, (22)

β =

(
1
2
− iezrno

z

)−1

, (23)

γ =

(
1
2
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z

)−1

, (24)

a =−δ

(
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iezw0

)2
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2iez
, (25)

b =−β

(
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izw0

)2

+
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2iz
, (26)

c =−γ

(
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izw0

)2

+
k0no

2iz
, (27)

where zr = k0w2
0/2 is the Rayleigh length of the Gaussian

part. The y component of the nonparaxial correction is of the
second order in the paraxiality regime, whereas the z com-
ponent is of the first order, which entails that the z compo-
nent in the slightly nonparaxial regime is stronger than the y
component.[24] The paraxial propagation of an HLG beam in
the uniaxial crystal orthogonal to the optical axis is included in
the above result. Under the paraxial approximation, the prop-
agation of an HLG beam in the uniaxial crystal orthogonal to
the optical axis is just given by Eq. (15), and the other two
components are equal to zero.

3. Numerical results and analyses
Now we illustrate the propagation properties of an HLG

beam in the uniaxial crystal orthogonal to the optical axis. The
calculation parameters are chosen as follows: n = 2, m = 1,
w0 = λ , no = 2.616, and e = 1.5. Figures 1–3 show the con-
tours of the intensity distribution of the three components of
an HLG beam propagating in the uniaxial crystal orthogonal
to the optical axis in several observation planes. Figures 1–3
correspond to z = 0.1zr, z = 3zr, and z = 6zr, respectively. The
intensity is proportional to the scale of 1/λ 2, which is omitted
in the label of the intensity in each of the figures (where a.u.
stands for arbitrary units). In the panels of one figure, the scale
of the coordinates and the label of the intensity are the same
and may not be marked to make the figure compact. From the
top to the bottom of the figure, the angle parameter α is var-
ied from 0 to π/4 in steps of π/16. The left, the middle, and
the right columns correspond to |Ex(𝜌,z)|2,

∣∣Ey(𝜌,z)
∣∣2, and

|Ez(𝜌,z)|2, respectively. Though the y and z components of an
HLG beam in the input plane are zero, they are no longer equal
to zero upon propagation in the uniaxial crystal, which can be
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interpreted as follows. The y and z components are affected by
the x component because of the dependence on Ẽx(𝑘), and this
corresponds to a change of polarization state of the radiation
that occurs during propagation in the uniaxial crystal.[24] The
magnitude of the intensity of the z component is smaller than
that of the x component. However, the magnitude of the in-
tensity of the y component is far smaller than those of x and z

components. The beam profiles of the three components vary
with angle parameter α . From the top to the bottom of the
figure, however, one can find the process of evolvement from
HG beams to LG beams.

Upon propagation in the uniaxial crystal orthogonal to the
optical axis, the spreading of the beam profile in the y direc-

tion is far slower than that in the x direction, which is caused
by the anisotropic effect of the crystal. When α 6= 0, the beam
profile of the x component rotates clockwise upon propaga-
tion in the uniaxial crystal. Upon propagation in the uniaxial
crystal orthogonal to the optical axis, the beam profile of the x

component is relatively stable except the rotation. Upon prop-
agation in the uniaxial crystal, however, the beam profiles of
the y and z components will evolve and have the same evolu-
tion law. Upon propagation in the uniaxial crystal orthogonal
to the optical axis, the subordinate lobes in the beam profiles
of the y and z components will evolve into predominant lobes.
On the contrary, the predominant lobes in the beam profiles of
the y and z components will evolve into subordinate lobes.
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Fig. 1. Contours of the intensity of the three components of an HLG beam in the observation plane z = 0.1zr of the uniaxial crystal.
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Fig. 2. Contours of the intensity of the three components of an HLG beam in the observation plane z = 3zr of the uniaxial crystal.

Figure 4 shows the effect of the uniaxial crystal on the
beam profile of the HLG beam. In Fig. 4, α = 3π/16, z = 3zr,
and other beam parameters are kept unchanged. When e > 1,
the beam profile of the HLG beam is elongated in the x direc-
tion, and the rotation of the beam profile of the HLG beam is
clockwise upon propagation in the uniaxial crystal. If e < 1,
the beam profile of the HLG beam is elongated in the y direc-
tion, and the rotation of the beam profile of the HLG beam is
anticlockwise upon propagation in the uniaxial crystal. The
contours of the intensity distribution of an HLG beam propa-
gating in the uniaxial crystal orthogonal to the optical axis at
several observation planes are shown in Fig. 5. The left, the

middle, and the right columns correspond to z = 0.1zr, z = 3zr,
and z = 6zr, respectively. The beam profile of an HLG beam
is close to that of the x component. The magnitude of the in-
tensity of the HLG beam is larger than that of its x component,
which is not distinguished between the corresponding figures
as the label of the intensity is marked in the rank. Moreover,
the details of the beam profile between the HLG beam and its
x component are different. When propagating from the input
plane, the central ring in the beam profile of the HLG beam
with α = π/4 will split into two lobes. Moreover, the distance
between the two lobes increases with propagation distance in-
creasing.
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Fig. 3. Contours of the intensity of the three components of an HLG beam in the observation plane z = 6zr of the uniaxial crystal.
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Fig. 4. Contours of the intensity of an HLG beam in the observation plane z = 3zr of different uniaxial crystals, for the cases of e = 0.6
(a), 0.8 (b), 1.0 (c), and 1.2 (d).
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Fig. 5. Contours of the intensity of an HLG beam in several observation planes of the uniaxial crystal.

4. Conclusions
The analytical nonparaxial formula of an HLG beam

propagating in a uniaxial crystal orthogonal to the optical axis
is derived. The intensity distributions of the HLG beam and its
three components propagating in a uniaxial crystal orthogonal
to the optical axis are demonstrated by numerical examples.
Though the y and z components of an HLG beam in the in-
put plane are both zero, the y and z components emerge upon
propagation in the uniaxial crystal. The magnitude of the in-
tensity of the z component is smaller than that of the x com-
ponent, and the magnitude of the intensity of the y component
is far smaller than those of x and z components. The beam

profiles of the three components vary with angle parameter α .
Upon propagation in the uniaxial crystal, the beam profile of
the x component is relatively stable and the beam profiles of
the y and z components have the same evolution law. When the
Gaussian waist width is comparable to the wavelength, the y
and z components cannot be ignored. When propagating in the
uniaxial crystal with e > 1, the beam profile of the HLG beam
is elongated in the x direction, and the rotation of the beam
profile of the HLG beam with α 6= 0 is clockwise. When prop-
agating in the uniaxial crystal with e < 1, the beam profile of
the HLG beam is elongated in the y direction, and the rotation
of the beam profile of the HLG beam with α 6= 0 is anticlock-
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wise. The beam profile of the HLG beam can be modulated by
the uniaxial crystal. This research is beneficial to the optical
trapping and nonlinear optics involved in the rotation of the
beam profile.
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