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Brownian localization: A generalized coupling model yielding a
nonergodic Langevin equation description∗
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A minimal system-plus-reservoir model yielding a nonergodic Langevin equation is proposed, which originates from
the cubic-spectral density of environmental oscillators and momentum-dependent coupling. This model allows ballistic
diffusion and classical localization simultaneously, in which the fluctuation–dissipation relation is still satisfied but the
Khinchin theorem is broken. The asymptotical equilibrium for a nonergodic system requires the initial thermal equilibrium,
however, when the system starts from nonthermal conditions, it does not approach the equilibration even though a nonlinear
potential is used to bound the particle, this can be confirmed by the zeroth law of thermodynamics. In the dynamics of
Brownian localization, due to the memory damping function inducing a constant term, our results show that the stationary
distribution of the system depends on its initial preparation of coordinate rather than momentum. The coupled oscillator
chain with a fixed end boundary acts as a heat bath, which has long been used in studies of collinear atom/solid-surface
scattering and lattice vibration, we investigate this problem from the viewpoint of nonergodicity.
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1. Introduction
Localization and coherence at the nanometer scale are

currently subjects of intense debate in both theoretical and
experimental physics. Leggett first drew attention to quan-
tum coherence in connection with a macroscopic degree of
freedom coupled to an environment.[1] Coherence dictates
that a particle can be localized in one well of a double-well
potential[2] or a periodic potential.[3] Grabert et al.[4] proved
that an initially localized particle that is subject to sub-Ohmic
damping remains permanently localized. Localization can oc-
cur by pure coherence via external driving,[5,6] besides, dy-
namical localization of a particle coupled to a two-level ther-
mal reservoir was found in the sub-Ohmic regime at low
temperature.[7] The above results are induced by the quan-
tum effect, nevertheless, the localization in the classical sense
has much greater potential importance and application. Some
examples of classical localization include the Bethe lattice,
which is not subject to diffusion and thus behaves as a frozen
system;[8,9] a heavy particle coupled to a semi-infinite cou-
pled oscillator chain;[10] intrinsic localized modes in anhar-
monic crystals;[11] and localization in discrete breathers.[12]

Until now, understanding the phenomenon and behavior of the
non-diffusion of unbounded particles under the influence of
fluctuations from the viewpoint of nonergodicity has not been
discussed.

To study the dissipative dynamics, the system-plus-
reservoir (heat bath) model has been extensively used in sta-
tistical mechanisms. The properties of any macroscopic sys-

tem are determined by its initial condition and relation with
the environment; an isothermal system without external time-
dependent influences will approach the Gibbs–Boltzmann dis-
tribution (GBD); however, the reservoir structure and coupling
form control the dynamics and stationary state of the system
at all events. Usually, the heat bath is modeled as an in-
finite number of independent harmonic oscillators[13–15] for
which the fluctuation–dissipation theorem (FDT) is valid. A
nonlinear heat bath was used in the quantum case.[16,17] Re-
cently, the model has received increasing attention in small
systems and finite-size heat baths.[18–20] Prefiguring and clas-
sifying nonequilibrium systems in terms of their dissipative
environments[21–25] may reveal some surprising findings, be-
cause the long-time behavior of a stochastic variable de-
pends on its Laplace transform at low frequency, so that the
frequency-dependent memory damping plays a key role.

The nonergodic behavior of non-Markovian Brownian
motion in free and biased Brownian motion was also intro-
duced recently.[26–28] In this work, a nonergodic generalized
Langevin equation (GLE) is derived based on the momentum-
dependent system and reservoir coupling model, the two limits
of thermal diffusion, ballistic diffusion, and localization can
be considered successionally. A phase transition for diffusive
coefficient is found and the condition of localization for the
spectral density of the bath is obtained. It is demonstrated that
a nonergodic coordinate variable cannot be equilibrated yet if
a nonlinear potential is used to bound it. Also, it is then com-
bined into a single framework and ample numerical evidence
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is provided.

2. Generalized coupling model
We consider a system A coupled to a subsystem B, the

latter is coupled in turn to a large reservoir C of independent
oscillators at a finite temperature T (see Fig. 1). A and B are
two coupled dynamical systems, alternatively, the subsystem
B plus bath C can be regarded as an effective bath as seen by
the system A. The whole Hamiltonian reads

H = HA(P,Q)+HB(p,q)+HC(p j,y j)

=
P2

2M
+U(Q)+

(p−λQ)2

2m
+u(q)

+
N

∑
j=1

1
2

 p2
j

µ j
+µ jω

2
j

(
y j−

c jq
µ jω

2
j

)2
 , (1)

where λ and c j are two sets of coupling constants, u(q) and
U(Q) are two potentials. Note that we use the coordinate–
momentum coupling between A and B while the coupling
between B and C is chosen as the usual form. The pur-
pose is to find two classes of nonergodic non-Markovian
Brownian motions simultaneously within a set of coupling
equations. As a matter of fact, the momentum-dependent
coupling has been found in actual electromagnetic systems
including a superconducting quantum interference device
(SQUID),[13,14] a blackbody radiation field,[15] the vortex tun-
neling in superconductors,[29] and other systems.[30]
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system

B
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C

Fig. 1. (color online) Schematic representation of a nonergodic heat
bath coupled to system A.

Solving (2N + 4)-dimensional Hamiltonian canonical
equations for P, Q; p, q; y j, p j corresponding to Eq. (1), we
have firstly the solution of bath variables as

y j(t) = y j(0)cosω jt +
p j(0)
µ jω j

sinω jt

+
∫ t

0

c j

µ jω j
sin[ω j(t− t ′)]q(t ′)dt ′. (2)

Substituting y j(t) into the equations of motion of two systems
A and B, we get a set of coupling equations:

q̇ =
p
m
,

ṗ+
∫ t

0
γ(t− t ′)p(t ′)dt ′+u′(q) =− λ

M
P(t)+ ε(t), (3)

Q̇ =
P
M
, Ṗ+U ′(Q) =

λ

m
p(t), (4)

where the noise ε(t) and the memory-damping function γ(t)
in Eq. (3) are given by

ε(t) =
N

∑
j=1

c j

{[
y j(0)−

c j

µ jω
2
j

q(0)

]
cosω jt

+
p j(0)
µ jω j

sinω jt
}
, (5)

γ(t) =
1
m

N

∑
j=1

c2
j

µ jω
2
j

cos(ω jt). (6)

As y j(0) and p j(0) are assumed to be distributed according
to thermal equilibrium,[13–15] the FDT holds: 〈ε(t)ε(t ′)〉 =
kBT mγ(t − t ′). The influence between A and B is controlled
through the coupling constant λ , and the coupled equations
(3) and (4) need to be solved numerically in general.

It is known that the behavior of thermal noise and the
damping function in GLE is determined by the coupling con-
stants and frequencies of environmental oscillators, namely,
the Laplace transform of the damping function γ(t) is

γ̂(s) =
2s
πm

∫
∞

0
dω
′ J(ω

′)

ω ′
1

ω
′2 + s2 , (7)

where the spectral density is defined by

J(ω) =
π

2 ∑
j

c2
jω jµ

−1
j δ (ω−ω j).

In the absence of coupling to A and u(q) = 0 in Eq. (3), we
have the two conditions:[23]

γ̂(0) =
∫

∞

0
γ(t)dt = 0 and γ̂

′(0) = lim
s→0

γ̂(s)
s

= finite, (8)

which leads to the ballistic diffusion of the system B in the
coordinate space and thus p(t) is a nonergodic variable. This
corresponds to a spectral density J(ω) which is proportional
to cubic frequency at low frequency.

A simple model which satisfies these two conditions
[Eq. (8)], ε(t) is now modeled to be the time derivative of the
well-known harmonic colored noise,[31]

ε̇(t)+Γ ε(t)+Ω
2
∫ t

0
ε(t ′)dt ′ = ξ (t), (9)

where m = 1.0, Γ and Ω are the damping and frequency pa-
rameters, ξ (t) is the Gaussian white noise with 〈ξ (t)〉= 0 and
〈ξ (t)ξ (t ′)〉 = γΩ 4kBT δ (t − t ′). ε(t) is called the harmonic
velocity noise (HVN)[31] and its correlation function is given
by

〈ε(t)ε(t ′)〉 = γΩ 4kBT
µ2

1 −µ2
2
[−µ1 exp(µ1|t− t ′|)

+µ2 exp(µ2|t− t ′|)], (10)

where µ1 and µ2 are the two roots of µ2 +Γ µ +Ω 2 = 0 and
γ is the damping strength of the subsystem B. Observably,∫

∞

0 〈ε(t)ε(0)〉exp(st)dt ∝ s, equation (8) is obeyed.
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The GLE (3) with Eq. (9) can then be transferred into
a set of embedding higher-dimensional Markovian Langevin
equations as follows:

q̇(t) = p, ṗ(t) =−u′(q)−λ Q̇(t)+w, (11)

ẇ(t) =−Γ w− γΓ p−Ω
2
ε−h+ξ (t), (12)

ḣ(t) = Ω
2(w−η), (13)

ε̇(t) = η(t), η̇(t) =−Γ η−Ω
2
ε +ξ (t). (14)

To produce a stationary noise process, the distributions of
noise ε(t) and driven variables at the initial time are chosen
to be independent Gaussian ones with zero mean and vari-
ances: {ε2(0)} = γΓ kBT/Ω 2, {η2(0)} = γΓ kBT , as well as
{w(0)} = η(0) and a δ distribution for h(0). Here and blow,
{·} denotes the initial average.

In this case, the system A is driven by the momentum
variable p(t) of the system B. The diffusive behavior of coor-
dinate of the system A in the absence of potential [U(Q) = 0]
is of interest to investigate, here we consider the subsystem B
to be a periodic structure determined by

u(q) =− u0

2π
cos(2πq). (15)

This implies that system A is subjected to an intrinsic action
through nonlinear noise dynamics.
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Fig. 2. (color online) Temperature dependence of the diffusion coef-
ficient of a force-free particle (system A) for the normal case D0 =
kBT/(mγ) at fixed u0 = 2.0. The inset shows the barrier height at fixed
T = 0.1. The solid and dashed lines are the results for HVN and white
noise, respectively. The parameters used are: γ = 1.0, Γ = 2.0, and
Ω = 1.0.

Figure 2 shows the diffusion coefficient of system A as a
function of the temperature, which is calculated using

D =
1
2

lim
t→∞

〈Q2(t)〉−〈Q2(ta)〉
t− ta

(16)

for t � ta, where ta is the time of system after entering the
stationary state; in other words, the mean square displace-
ment (MSD) of particle becomes a linear function of time

after t = ta. Similar phenomena are reported in Refs. [32]–
[35]. Here and below dimensionless units and kB =M = λ = 1
are used. It is seen that the diffusion coefficient D decreases
and vanishes with increasing temperature or decreasing bar-
rier height of periodic potential u(q). This is opposite to the
case of external periodic potential and represents a phase tran-
sition from diffusion to localization. Moreover, we observe
a resonance-like phenomenon, namely, large enhancement of
the effective diffusion coefficient relative to the normal free
diffusion appears at a moderate temperature. This is due to
nonlinear noise, which makes the shape of the effective bath
spectrum depend on the temperature, as discussed below.

The spectrum of stochastic variable p(t) driving the sys-
tem A is numerically calculated by

Sp(ω) =
1

〈p2(∞)〉
lim
t→∞

∫
∞

0
〈p(t + τ)p(t)〉cos(ωτ)dτ. (17)

In Fig. 3, we plot the spectrum of stochastic variable p(t).
It is found that the low-frequency behavior of the spectrum of
p(t) depends strongly on the temperature. A similar situa-
tion is used to study quantum decoherence reduction.[17] As
one knows that the MSD of a force-free particle is inversely
proportional to the zero-frequency friction: γ̂(0) =

∫
∞

0 γ(t)dt,
i.e., the value of Sp(0) varies according to the FDT, hence the
diffusion coefficient of the system A decreases and eventually
vanishes when Sp(0) increases and becomes divergent.
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Fig. 3. (color online) The spectrum of p(t) for various values of T at
fixed u0 = 0.2. The parameters used are: γ = 1.0, Γ = 2.0, and Ω = 1.0.

3. Brownian localization
To get a generic conclusion for the localization phe-

nomenon in non-Markovian dynamics, i.e., what is the con-
dition for a force-free particle to be localized? We consider
u(q) = 0 case but do not restrict special noise. The analytical
solution of subsystem B is

p(t) = R(t)p(0)+
∫ t

0
R(t− t ′)[ε(t ′)−λ Q̇(t ′)]dt ′, (18)

where the response function R(t) is given by R(t) = L −1

[s+ γ̂(s)]−1 with R(0) = 1, γ̂(s) =L γ(t), L and L −1 denote
the Laplace and its inverse transforms. Further, in the absence
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of coupled to the system A, i.e., λ = 0, we get the momentum
correlation of the subsystem B as

{〈p(t + τ)p(t)〉}
= mkBT R(|τ|)+({p2(0)}−mkBT )R(t + τ)R(t). (19)

If R(∞) = [1+ γ̂ ′(0)]−1 6= 0, the correlation function of mo-
mentum in the long-time limit is limt,τ→∞{〈p(t+τ)p(t)〉} 6= 0
which is apparently breakdown of the Khinchin theorem[36–38]

which is judgment for ergodicity, so p(t) is a nonergodic vari-
able, simultaneously, the particle shows the ballistic diffu-
sion in the coordinate space, i.e., 〈q2(t)〉 ∝ t2 in the long-time
limit.[39,40] In such a case, the subsystem B plus the heat bath
C can be regarded as a nonergodic heat bath for the system A.

The GLE for system A is written as

Ṗ+
λ 2

m

∫ t

0
R(t− t ′)P(t ′)dt ′+U ′(Q) = ε(t) (20)

with

ε(t) =
λ

m

[
R(t)p(0)+

∫ t

0
R(t− t ′)η(t ′)dt ′

]
.

The correlation of noise ε(t) is typically related to
R(t) through the FDT: 〈ε(t)ε(t ′)〉 = kBT λm−1R(t − t ′) as
{p2(0)}= mkBT .

Further, when U(Q) is absent, we obtain the correction
function of the coordinate of system A,

{〈Q(t + τ)Q(t)〉}
= {Q2(0)}+{Q(0)P(0)}[Ψ(t + τ)+Ψ(t)]

+
(
{P2(0)}−MkBT

)
Ψ(t + τ)Ψ(t)

+MkBT (2
∫ t

0
Ψ(t ′)dt ′

+
∫

τ

0
dt ′[Ψ(t + t ′)−Ψ(t ′)]), (21)

where Ψ(t) = L −1Ψ̂(s) with Ψ̂(s) = [s2 + sR̂(s)]−1.
By using Ψ(∞) = lims→0[sΨ̂(s)] = 0 and

∫
∞

0 Ψ(t ′)dt ′ =
Ψ̂(0) if R̂(0) = ∞ but

lim
s→0

[sR̂(s)] = ϖ
2 6= 0, (22)

we have

lim
t,τ→∞

{〈Q(t + τ)Q(t)〉}= {Q2(0)}+ kBT
Mϖ2 ,

resulting in a breakdown of the Khinchin theorem. In particu-
lar,

{〈Q2(∞)〉}= {Q2(0)}+ 2kBT
Mϖ2 , (23)

thus a force-free particle is located at a finite temperature.
In the case of harmonic potential U(Q) = 1

2 c2Q2, the ex-
act second moment of coordinate and momentum of the sys-
tem A in the stationary state are obtained:

{〈Q2(∞)〉} =
kBT
c2

+
ϖ4

(c2 +ϖ2)2

(
{Q2(0)}− kBT

c2

)
,

〈P2(∞)〉 = MkBT. (24)

This apparent violation of the energy equalization theorem,
also, the dependence of the stationary result on the initial co-
ordinate is a consequence of nonergodicity. This is due to the
fact that a damped well potential is introduced around the ini-
tial position of particle. From GLE (20), we find that a linear
force term separating from the memory damping integration
(λ 2/mM)R(∞)[Q(t)−Q(0)] is added into the force term if a
constant term exists in the damping kernel function. Consid-
ering that the noise driven the force-free system B is the HVN
determined by Eq. (9), we have ϖ2 = λ/(1+ γΓ /Ω 2).

4. Applications
The role of the initial preparation of the system on its ther-

mal equilibrium can be demonstrated in the zeroth law of ther-
modynamics. First, A and B relax towards a unique station-
ary state that equilibrates thermally with the reservoir C, thus
TA = TC and TB = TC. Next, systems A and B are separated
from the reservoir C, then thermally contact one another. In
this case, the temperature of B as the heat bath of A is equal
to TC. Since the system A is in initially thermal equilibrium,
i.e., TA(t = 0) = TC, after evolution and exchanging energy be-
tween A and B, the system A can arrive at thermal equilibration
with the heat bath B in the long-time limit, even when A is a
nonergodic system. Therefore, TA(t→ ∞) = TC = TB.

As another practical physical situation, the coupled oscil-
lator chain acts such a heat bath, such that the coordinate of
the particle is a nonergodic variable when it is coupled to this
bath. The model constrained to periodic or fixed-end bound-
ary conditions has long been used in the studies of collinear
atom/solid-surface scattering, lattice vibration[41,42] as well as
equilibration.[43] Nevertheless, the nonergodic behavior of lat-
tice dynamics has not been discussed. The whole Hamiltonian
(H = Hs+Hb+Hint) of the system and the coupled-oscillator-
chain reads[10,44]

H =
p2

x

2
+U(x)+

λ

2
(x−q1)

2

+
N

∑
j=1

[
p2

j

2
+

ω2
0

2
(q j+1−q j)

2

]
, (25)

where x refers to the coordinate of atom, i.e., the Brownian
particle, p j and q j are the momenta and coordinates of the j-
th oscillator with qN+1 = 0, the coupled-oscillator-chain which
is one-end free and other-end fixed represents the heat bath,
the tagged particle interacts with the free-end oscillator. The
statistical properties of the heat bath arise from the initial dis-
tribution of oscillators.

In order to produce the initial thermal distribution of
the coupled-oscillator-chain, P(q1(0), q2(0), . . . ,qN(0)) =
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C−1 exp(−βHb), we propose a recursion relation in terms of
the normal Gaussian variables {ωi} through a lower-triangle
transformation of variables: qi = ∑

j
k=1 a jkωk, i.e.,

q1(0) =

√
N

kBT
ω2

0
ω1;

q j+1(0) =
N− j

N +1− j
q j(0)+

√
kBT
ω2

0

N− j
N +1− j

ω j+1, (26)

where j = 1,2, . . . ,N, as well as 〈ω j〉 = 0 and 〈ωiω j〉 = δi j.
Thus we get the variance:

σ
2
j (0) = 〈q2

j(0)〉−〈q j(0)〉2 =
kBT
ω2

0
(N +1− j).

Then, a set of equations of the motion for the tagged particle
and the coupled-oscillator-chain from Eq. (25) are as follows:

ẍ = −λ (x−q1)−U ′(x),

q̈1 = −λ (q1− x)+ω
2
0 (q2−q1), (27)

q̈ j = ω
2
0 (q j−1−2q j +q j+1)

with j = 1,2, . . . ,N and qN+1 = 0.
In Fig. 4, we plot the mean square displacement (MSD)

of the j-th oscillator ( j = 1,50,100) and the tagged particle
subjected to a nonlinear potential:

U(x) =
1
2

c2x2 +
1
4

c4x4. (28)

Here, we use the second-order stochastic Runge–Kutta algo-
rithm with a small time step ∆t = 0.01 and 104 trajectories
to simulate numerically whose equations, in which the initial
condition of each oscillator is chosen as Eq. (26). It is seen
that the MSD of the tagged particle depends on its initial co-
ordinate preparation {x2(0)}; this quantity increases with the
increase of {x2(0)}. The equilibration of the tagged particle
can be reached only if it is initially thermal equilibrium. In
addition, if the number of oscillators is enough, the ergodic-
ity behavior of all the bath oscillators is ensured, namely, the
MSD of oscillators do not depend on their different variances
of the initial coordinate.
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<q2 ↼t↽>

<q2↼t↽>

<q2   ↼t↽> <x2 ↼t↽>100

1

50

Fig. 4. (color online) The second moments of the Brownian parti-
cle and the bath oscillators for the initial distributions of two kinds:
〈x2(0)〉= kBT/c2 (solid lines) and 〈x2(0)〉= 0 (dashed lines). The pa-
rameters used are: ω0 = c2 = 1.0, c4 = 2.0, and T = 1.0.

Let us analyze the origin of nonergodicity of the tagged
particle. In fact, eliminating all the coupled oscillator chain
variables, we obtain the dynamical equation of particle which
has the same form as GLE (20) with the damping kernel
function γ(t) = ω2

0 [J0(2ω0t)+ J2(2ω0t)].[41,45] Note that the

Laplace transformation of γ(t) reads γ̂(z) = (
√

z2 +4ω2
0 −

z)/(2z). It is found that limz→0 zγ̂(z) = ω0 and then Eq. (22)
is obeyed. In the presence of a nonlinear potential U(x), the
dependence of distribution of tagged particle on its initial co-
ordinate cannot be avoided yet, because there exists a damping
trapping well being added into the initial position region of the
particle. This is due to a fact that the memory damping func-
tion γ(t) can separate out a constant, which contributes into
the potential when the integration over the momentum term in
the memory kernel of GLE is performed.

5. Summary

We have proposed a generalized coupling model includ-
ing a nonlinear subsystem, a cubic spectrum, and momentum-
dependent coupling. A phase transition has been demonstrated
in the presence of an intrinsic periodic potential, namely, the
diffusion coefficient of a force-free particle coupled to an ef-
fective heat bath vanishes (i.e., localization) when the temper-
ature is larger than the height of the periodic potential. This
anomalous phenomenon is due to the heat spectrum diverg-
ing at zero frequency. Hence the condition for localization
of a force-free non-Markovian Brownian particle described
by a generalized Langevin equation is proposed: the damp-
ing function does not vanish in the long-time limit, where the
fluctuation–dissipation theorem holds. Indeed, the stationary
distribution of a nonergodic particle of this kind depends on its
initial coordinate preparation, because a damped trapping well
around the initial position is introduced.

As applications of Brownian localization, we use the ze-
roth law of thermodynamics to illuminate the key role of initial
thermal preparation in the asymptotical equilibrium of noner-
godic system, i.e., the particle with initial thermalization can
always arrive at the equilibrium state. Another example is
the model of coupled-oscillator-chain, when a particle is cou-
pled nonlinearly to an end of the chain, the Gibbs–Boltzmann
statistics of the particle bounded by a potential no longer holds
and its steady state depends on the initial coordinate prepara-
tion.
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