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Controlling hyperchaotic complex systems with unknown parameters
based on adaptive passive method
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The aim of this paper is to study the control of hyperchaotic complex nonlinear systems with unknown parameters
using passive control theory. An approach is stated to design the passive controller and estimate the unknown parameters
based on the property of the passive system. The feasibility and effectiveness of the proposed approach is demonstrated
through its application to the hyperchaotic complex Lü system, as an example. The estimated values of the unknown param-
eters are calculated. The analytical form of the complex controller is derived and used in the numerical simulation to control
the hyperchaotic attractors of this example. Block diagrams of this example using Matlab/Simulink are constructed after
and before the control to ensure the validity of the analytical results. Other examples of hyperchaotic complex nonlinear
systems can be similarly treated.
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1. Introduction
Passive systems theory is a widely used tool for the anal-

ysis of nonlinear systems.[1–16] Passivity is a characterization
of system behavior based on energy.[1,2] Passive systems store
and dissipate energy without generating their own.[3–7] There-
fore passive systems are Lyapunov-stable and have minimum
phase.[8–10] Passivity can be used to assess the stability of a
single system, but it is more restrictive than direct Lyapunov
stability.[11–13] The real benefit is that when two passive sys-
tems are combined in negative feedback, the resulting inter-
connection is passive and stable. These results provide open-
loop conditions to guarantee closed-loop stability.[14–16]

Some results on chaos (or hyperchaos) control and syn-
chronization are derived by using the known (or certain) pa-
rameters, and the controller is constructed by those known
parameters. However, in practical engineering situations, pa-
rameters of systems are probably unknown and may change
from time to time. When chaotic (or hyperchaotic) systems
have some unknown or fully unknown parameters, it is diffi-
cult to achieve control or synchronization.[17–20] Thus, it is a
very important problem to realize chaos (or hyperchaos) con-
trol for these chaotic (or hyperchaotic) systems with unknown
parameters.

Many researchers studied the passive control theory to
investigate the control and synchronization of chaotic (or
hyperchaotic) systems (with real variables) with unknown
parameters.[21–30] There also exist, however, interesting cases
of nonlinear dynamical systems, where the main variables are
complex.[4,17,31–47] For example, the atomic polarization and

electric field amplitudes are complex in a ring laser system of
two-level atoms.[31,32] Another example is when chaos syn-
chronization is applied to secure communications, where the
complex variable (doubling the number of variables) may be
used to increase the content of transmitting information sig-
nals and enhance their security.[33,46,47]

Motivated by the above discussion, in this paper, it is im-
portant to examine the control of hyperchaotic nonlinear sys-
tems (with complex variables) with unknown parameters using
the adaptive passive method.

The organization of this paper is as follows. Section 2
presents the description of a hyperchaotic complex nonlinear
system. An approach is stated to achieve the control of hy-
perchaotic complex nonlinear systems with fully unknown pa-
rameters in Section 3. In Section 4, we investigate the con-
trol of hyperchaotic attractors of the hyperchaotic complex Lü
system with unknown parameters as an example. Simulation
results are given in Section 5 to confirm the validity of the
proposed theoretical results. Finally, conclusions are drawn in
Section 6.

2. A hyperchaotic complex nonlinear system
A complex dynamical system is called hyperchaotic if

it is deterministic, has long-term aperiodic behavior, and ex-
hibits sensitive dependence on the initial conditions, or has at
least two positive Lyapunov exponents. It is even more com-
plicated than chaotic complex systems and has more unstable
manifolds. Due to hyperchaotic complex systems having char-
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acteristics of high capacity, high security, and high efficiency,
they have a broadly applied potential in nonlinear circuits, se-
cure communications, lasers, neural networks, biological sys-
tems, and so on. Therefore researchers are interested in study-
ing hyperchaotic complex nonlinear systems nowadays (see
Refs. [17], [34]–[39], [42], and [43]).

Consider the hyperchaotic complex nonlinear system as
follows:

𝑧̇ = 𝑓(𝑧, 𝑧̄), (1)

where the state complex vector 𝑧 = (z1,z2, . . . ,zn)
T ∈Cn, zl =

ulr+ jul i (l = 1,2, . . . ,n), j =
√
−1, 𝑓 = ( f1, f2, . . . , fn)

T ∈Cn

is the vector of complex nonlinear function, fl = flr + j fl i ,T
denotes transpose, subscripts r and i stand for the real and
imaginary parts of the state complex vector respectively, dot
represents derivative with respect to time and an overbar de-
notes complex conjugate variables.

In this paper we study the control of hyperchaotic com-
plex nonlinear systems with unknown parameters of the
form (1) using passive control theory which has not been as
actively explored in the literature.

Remark 1 The hyperchaotic complex nonlinear sys-
tem (1) can be rewritten in the real form as

𝑢̇= 𝐹 (𝑢), (2)

where 𝑢 = (u1r,u1i,u2r,u2i , . . . ,unr,uni)
T ∈ R2n is a state real

vector, ulr, ul i are real functions, (l = 1,2, . . . ,n) and 𝐹 =

( f1r, f1i, f2r, f2i , . . . , fnr, fni)
T ∈R2n is a smooth nonlinear vec-

tor field.
Remark 2 Most hyperchaotic complex systems can be

described by Eq. (1), such as hyperchaotic complex Lorenz,
Chen, and Lü systems.[17,34–39,42,43]

In order to show the results of the control of systems of
the form (1) with unknown parameters we choose, as an ex-
ample, the hyperchaotic complex Lü system which has been
introduced and studied recently in our work[37]

ż1 = α(z2− z1),

ż2 = β z2− z1z3 +(1+ j)z4,

ż3 =
1
2
(z̄1z2 + z̄2z1)− γz3,

ż4 =
1
2
(z̄1z2 + z1z̄2)−δ z4, (3)

where 𝑧 = (z1,z2,z3,z4)
T, z1 = u1r + ju1i, z2 = u2r + ju2i ,

z3 = u3r, z4 = u4r.
The hyperchaotic complex Lü system (3) is a 6-

dimensional continuous real autonomous system. The block
diagram of system (3) (before control) using Matlab/Simulink
is illustrated in Fig. 1. For the case α = 42, β = 26.1, γ = 6,
δ = 10, system (3) has hyperchaotic attractor as shown in
Fig. 2. This example has several applications in engineering,
e.g., in secure communications and nonlinear electronic cir-
cuits.
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Fig. 1. (color online) Block diagram of system (3) (before control) using Matlab–Simulink.
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Fig. 2. (color online) Simulation observations of system (3) for
α = 42, β = 26.1, γ = 6, δ = 10 with initial conditions t0 = 0,
u1r(0) = 1, u1i(0) = 2, u2r(0) = 3, u2i (0) = 4, u3r(0) = 5, u4r(0) =
6. (a) A state space in (t, u1r) plane. (b) A chaotic attractor in (u2r,
u4r) plane. (c) A chaotic attractor in (u1i, u2i , u3r) space.

It is interesting to note that the two positive Lyapunov
exponents for the hyperchaotic complex Lü system are λ1 =

2.60, λ2 = 0.83.[37] When α = 42, β = 26.1, γ = 6, δ = 10,
system (3) has a trivial equilibrium point E0 = (0, 0, 0, 0, 0,
0), as well as two non-trivial equilibrium points

E1 = (−8.55381,−8.55381,−8.55381,−8.55381,24.3892,

14.6335),

E2 = (9.15381,9.15381,9.15381,9.15381,27.9308,16.7585).

For more dynamical properties of our system (3), see
Refs. [32] and [37].

3. The passivity approach for controlling sys-
tem (1) with unknown parameters
We consider the hyperchaotic complex nonlinear systems,

with unknown parameters, with the controller in the general
form as follows:{

𝑧̇ = 𝑓(𝑧, 𝑧̄,𝜉)+𝑔(𝑧, 𝑧̄,𝜉)𝛩,

𝑦 = ℎ(𝑧, 𝑧̄,𝜉),
(4)

where 𝛩 = (θ1,θ2, . . . ,θm)
T ∈ Cm is the input (or controller),

θs = θsr+ jθsi (s= 1,2, . . . ,m), n>m, 𝑦=(η1,η2, . . . ,ηm)
T ∈

Cm is the output, ηs = ηsr+ jηsi , 𝑔 ∈Cn×m is complex matrix,
𝑓 and 𝑔 are smooth vector fields, ℎ∈Cm is a smooth mapping
and the unknown parameter vector 𝜉∈Rp.

The real form of system (4) can be written as{
𝑢̇= 𝐹 (𝑢,𝜉)+𝐺(𝑢,𝜉)𝜃,

𝜂 =𝐻(𝑢,𝜉),
(5)

where the state variable 𝑢∈R2n, the external input
𝜃 = (θ1r,θ1i,θ2r,θ2i , . . . .,θmr,θmi)

T∈R2m, the output 𝜂 =

(η1r,η1i,η2r,η2i , . . . .,ηmr,ηmi)
T∈R2m,𝐺∈R2n×2m is the real

form of the matrix 𝑔 and 𝐻∈R2m is the real vector of ℎ. As-
sume that these functions are locally Lipschitz with 𝐹 (0) = 0

and 𝐻(0) = 0.[48] We said that the function 𝑁(𝑢) is locally
Lipschitz if

‖𝑁(𝑢)−𝑁(𝑢̆)‖ ≤ k𝑁‖𝑢− 𝑢̆‖, ∀𝑢, 𝑢̆ ∈ R2n, (6)

k𝑁 is appropriate positive constant, in other words𝑁(𝑢) have
continuous and bounded first partial derivatives with respect to
the components of 𝑢.[48] Also, we assume that the vector field
𝐹 has at least one equilibrium; thus, without loss of generality,
after possible coordinates shift.[10]

Definition 1[4,10] The system of the form (5) is said
to have relative degree [1,1, . . . ,1] at 𝑢 = 0 if the matrix
𝐿𝐺𝐻(0) = [∂𝐻/(∂𝑢)]𝐺(𝑢,𝜉) (the directional derivative of
𝐻 in the direction of𝐺) is nonsingular.

Definition 2[10,23,25] System (5) is said to be C r-passive if
there exists a C r positive real-valued function V (𝑢), V (0) = 0,
called storage function, such that ∀t ≥ 0, the following dissi-
pation inequality holds

V (𝑢)−V (𝑢(0))≤
∫ t

0
𝜃T(τ)𝜂(τ)dτ. (7)

Definition 3[10,23,25] System (5) is said to be strictly C r-
passive if there exists a positive-definite function S such that:

V (𝑢)−V (𝑢(0))≤
∫ t

0
𝜃T(τ)𝜂(τ)dτ−

∫ t

0
S(𝑢(τ))dτ. (8)

Remark 3 Setting 𝜃 = 0 in inequality (7), we get from
Definition 2, that V is decreasing along any trajectory of sys-
tem (5) and it follows that passive systems having a positive-
definite storage function V are Lyapunov-stable. Also, we
see that V is decreasing along any trajectory of system (5) if
𝜂 = 0.[10]

Lemma 1[10] Suppose system (5) is
(i) passive with a storage function V , which is positive-

definite,
(ii) zero-state detectable, then 𝑢 = 0 can be asymptoti-

cally stabilized with 𝜃 =−𝛺(𝜂) where 𝛺 is any locally Lip-
schitz function such that 𝛺(0) = 0 and 𝜂T𝛺(𝜂) > 0 for all
𝜂 6= 0.

If the system (5) has relative degree [1,1, . . . ,1],[23,49]

it is possible to find 2(n − m) real-valued functions
ζ1,ζ2, . . . ,ζ2(n−m) which together with the 2m components of
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the output map 𝜂 =𝐻(𝑢,𝜉), qualify as a new set of local co-
ordinates. In the new coordinates (𝜁,𝜂), the system (5) is rep-
resented by equations having the following structure (normal
form) {

η̇ = 𝜌(𝜁,𝜂,𝜉)+𝜎(𝜁,𝜂,𝜉)𝜃,

𝜁 = 𝛶 (𝜁,𝜂,𝜉),
(9)

where 𝜁∈R2(n−m),𝜃,𝜂∈R2m. The zero dynamics of a system
describes the internal dynamics which is consistent with the
external constraint 𝜂 = 0. For system (9), the zero dynamics
is given by

ζ̇ = 𝛶 (𝜁,0,𝜉) =𝜙0(𝜁,𝜉). (10)

It is shown by Seron et al.[23] that system (9) can be written as{
ζ̇ =𝜙0(𝜁,𝜉)+𝜓(𝜁,𝜂,𝜉)𝜂,

𝜂̇ = 𝜌(𝜁,𝜂,𝜉)+𝜎(𝜁,𝜂,𝜉)𝜃.
(11)

Also, we assume that the 2m× 2m matrix 𝜎(𝜁,𝜂,𝜉) is non-
singular and we let 𝜎(𝜁,𝜂,𝜉) in system (9) be a parameter-
independent (i.e. 𝜎(𝜁,𝜂,𝜉) = 𝜎(𝜁,𝜂)), so system (11) be-
comes {

ζ̇ =𝜙0(𝜁,𝜉)+𝜓(𝜁,𝜂,𝜉)𝜂,

𝜂̇ = 𝜌(𝜁,𝜂,𝜉)+𝜎(𝜁,𝜂)𝜃.
(12)

Definition 4[10,23] Suppose 𝐿𝐺𝐻(0) is nonsingular,
then system (5) is said to be minimum phase if 𝜁 = 0 is an
asymptotically stable equilibrium of 𝜙0(𝜁,𝜉). In other words,
there exists a function W (𝜁,𝜉) which is positive-definite and
differentiable in 𝜁; ∀𝜉∈Rp such that

∂W (𝜁,𝜉)

∂𝜁
𝜙0(𝜁,𝜉)≤ 0, (13)

∀𝜁 in a neighborhood of 𝜁 = 0.
Definition 5 (Convexity condition)[23] The function

𝑄(𝜁,𝜂,𝜉)𝜂 is convex in 𝜉 for all 𝜉∈Rp, if:
∂ (𝑄(𝜁,𝜂,𝜉)𝜂)

∂𝜉
(𝜉1−𝜉2)+𝑄(𝜁,𝜂,𝜉2)𝜂−𝑄(𝜁,𝜂,𝜉1)𝜂

≤ 0, (14)

∀𝜉1,𝜉2 ∈ Rp, where

𝑄(𝜁,𝜂,𝜉) =−𝜌T(𝜁,𝜂,𝜉)− ∂W (𝜁,𝜉)

∂𝜁
𝜓(𝜁,𝜂,𝜉). (15)

Theorem 1 Consider the controller and the parameters
estimation law as

𝜃 = 𝜎−1(𝜁,𝜂)[𝑄T(𝜁,𝜂,𝜉)− ε𝜂+𝜈],
.

𝜉
T
=−

(
∂ (𝑄(𝜁,𝜂,𝜉)𝜂)

∂𝜉
−𝜉T

)
𝛬,

(16)

where 𝜉 is the estimation vector of the unknown parameter
vector 𝜉, 𝜉 = 𝜉−𝜉, ε is a positive real value, 𝜈 is an exter-
nal signal vector that is connected with the reference input
and 𝛬 is a diagonal matrix of positive constant elements λl ,
l = 1,2, . . . , p. If the system (5) satisfies the Definitions 1, 4
and the Definition 5 holds for all 𝜉 ∈Rp, then system (12) will
be equivalent to a passive system and asymptotically stabilized
at an equilibrium point.

Proof Suppose that the storage function takes the form

V (𝜁,𝜂,𝜉, ξ̃ ) =W (𝜁,𝜉)+
1
2
𝜂T𝜂+

1
2
𝜉T𝛬−1𝜉, (17)

where V (𝜁,𝜂,𝜉,𝜉) is the Lyapunov function. Differentiating
V with respect to t, then we have

d
dt

V (𝜁,𝜂,𝜉,𝜉) =
∂W (𝜁,𝜉)

∂𝜁
𝜁+ 𝜂̇T𝜂−

.

𝜉
T
𝛬−1𝜉. (18)

Using system (12), we obtain

V̇ =
∂W (𝜁,𝜉)

∂𝜁
𝜙0(𝜁,𝜉)+

∂W (𝜁,𝜉)

∂𝜁
𝜓(𝜁,𝜂,𝜉)𝜂

+
[
𝜌(𝜁,𝜂,𝜉)+𝜎(𝜁,𝜂)𝜃

]T
𝜂−

.

𝜉
T
𝛬−1𝜉. (19)

If system (5) satisfies Definitions 1 and 4, then system (5) is a
minimum phase system, so equation (19) can be written as

V̇ ≤ ∂W (𝜁,𝜉)

∂𝜁
𝜓(𝜁,𝜂,𝜉)𝜂+

[
𝜌(𝜁,𝜂,𝜉)+𝜎(𝜁,𝜂)𝜃

]T
𝜂

−
.

𝜉
T
𝛬−1𝜉. (20)

Substituting Eq. (16) into the inequality (20), we get

V̇ ≤ ∂W (𝜁,𝜉)

∂𝜁
𝜓(𝜁,𝜂,𝜉)𝜂+𝜌T(𝜁,𝜂,𝜉)η +𝑄(𝜁,𝜂,𝜉)𝜂

−ε𝜂T𝜂+ν
T𝜂+

∂ (𝑄(𝜁,𝜂,𝜉)𝜂)

∂𝜉
(𝜉−𝜉)−𝜉T

𝜉. (21)

Using Eq. (15), we have

V̇ ≤ −𝑄(𝜁,𝜂,𝜉)𝜂+Q(𝜁,𝜂,𝜉)𝜂+
∂ [𝑄(𝜁,𝜂,𝜉𝜂)]

∂𝜉
(ξ − ξ̂ )

−ε𝜂T𝜂+𝜈T𝜂−𝜉T𝜉. (22)

When system (5) satisfies Definition 5, for 𝑄(𝜁,𝜂,𝜉)𝜂 with
𝜉2 = 𝜉 and 𝜉1 = 𝜉, we obtain

V̇ ≤ 𝜈T𝜂− (ε𝜂T𝜂+𝜉T𝜉). (23)

Integrating over both sides of inequality (23) yields

V (𝜁,𝜂,𝜉,𝜉)−V (𝜁(0),𝜂(0),𝜉(0))

≤
∫ t

0
𝜈T(τ)𝜂(τ)dτ− ε

∫ t

0
(𝜂T(τ)𝜂(τ)+𝜉T(τ)𝜉(τ))dτ. (24)

According to the definition of V , it is obvious that V ≥ 0 and
using Definition 3, then system (12) is a passive system. Ac-
cording to Lemma 1 system (12) will be asymptotically stabi-
lized at an equilibrium point, and Theorem 1 is proved.

For illustration of this approach we apply it to control hy-
perchaotic attractors of the complex Lü system (3) as an ex-
ample of n-dimensional hyperchaotic complex nonlinear sys-
tem (1) in Section 4.

4. An example
In this section, as an example, we study the passive con-

trol of hyperchaotic complex Lü system (3) with unknown pa-
rameters using the approach of Section 3. Other examples can
be similarly studied. The hyperchaotic complex Lü system
with the controller is given by

ż1 = α(z2− z1),
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ż2 = β z2− z1z3 +(1+ j)z4 +θ1,

ż3 = 1
2 (z̄1z2 + z̄2z1)− γz3,

ż4 = 1
2 (z̄1z2 + z1z̄2)−δ z4, (25)

where z1 = u1r + ju1i,z2 = u2r + ju2i ,z3 = u3r, z4 = u4r, 𝜉 =
[ α β γ δ ]T is the vector of unknown parameters, θ1 = θ1r +

jθ1i. Separating the real and imaginary parts, we have

u̇1r = α(u2r−u1r),

u̇1i = α(u2i −u1i),

u̇2r = −u1ru3r +βu2r +u4r +θ1r,

u̇2i = −u1iu3r +βu2i +u4r +θ1i,

u̇3r = u1ru2r +u1iu2i − γu3r,

u̇4r = u1ru2r +u1iu2i −δu4r. (26)

Theorem 2 The hyperchaotic system (26) is a minimum
phase system.

Proof
First we can compute the matrix 𝐿𝐺𝐻(0) as[4,50]

𝐿𝐺𝐻(0) =
[

1 0
0 1

]
, (27)

where

𝐻 =

[
u2r
u2i

]
and

𝐺=

[
0 0 1 0 0 0
0 0 0 1 0 0

]T

is computed by comparing system (26) with system (5). Since
the matrix 𝐿𝐺𝐻(0) is nonsingular and according to the Def-
inition 1, then system (26) has relative degree [1,1, . . . ,1] at
𝑢= 0, so we can let

𝜁 = [ ζ1 ζ2 ζ3 ζ4 ]
T = [ u1r u1i u3r u4r ]

T,

𝜂 = [ η1r η1i ]
T = [ u2r u2i ]

T,

thus system (26) has the form

ζ̇1 = α(η1r−ζ1),

ζ̇2 = α(η1i−ζ2),

ζ̇3 = ζ1η1r +ζ2η1i− γζ3,

ζ̇4 = ζ1η1r +ζ2η1i−δζ4,

η̇1r = −ζ1ζ3 +βη1r +ζ4 +θ1r,

η̇1i = −ζ2ζ3 +βη1i +ζ4 +θ1i. (28)

System (28) can be represented in the form of system (12), so
we have

𝜙0(𝜁,𝜉)=


−αζ1
−αζ2
−γζ3
−δζ4

 , 𝜓(𝜁,𝜂,𝜉)=


α 0
0 α

ζ1 ζ2
ζ1 ζ2

 ,
𝜌(𝜁,𝜂,𝜉)=

[
−ζ1ζ3 +βη1r +ζ4
−ζ2ζ3 +βη1i +ζ4

]
, 𝜎(𝜁,𝜂)=

[
1 0
0 1

]
. (29)

Choose a storage function as

V (𝜁,𝜂,𝜉,𝜉) = W (𝜁,𝜉)+
1
2
𝜂T𝜂+

1
2
𝜉T𝛬−1𝜉

= W (𝜁,𝜉)+
1
2
(η2

1r +η
2
1i)+

1
2
(λ1α̃

2

+λ2β̃
2 +λ3γ̃

2 +λ4δ̃
2), (30)

where W (𝜁,𝜉) = (ζ 2
1 + ζ 2

2 + γζ 2
3 + δζ 2

4 )/2, W (0) = 0, α̃ =

α − α̂ , β̃ = β − β̂ , γ̃ = γ − γ̂ , δ̃ = δ − δ̂ , α̂, β̂ , γ̂ , and δ̂

are the parameters estimation of α,β ,γ,δ respectively and λl

(l = 1,2,3,4) are positive constants.
Now we will compute inequality (13) as

∂W (𝜁,𝜉)

∂𝜁
𝜙0(𝜁,𝜉)

=
[

ζ1 ζ2 γζ3 δζ4
][
−αζ1 −αζ2 −γζ3 −δζ4

]T
=−(αζ

2
1 +αζ

2
2 + γ

2
ζ

2
3 +δ

2
ζ

2
4 )≤ 0. (31)

Since W (𝜁,𝜉)> 0 and
∂W (𝜁,𝜉)

∂𝜁
𝜙0(𝜁,𝜉)< 0,

so that according to Definition 4 which means that the con-
trolled system (28) is minimum phase system, and Theorem 2
is proved.

On the other hand, system (26) satisfies Definition 5 for
𝜉2 = 𝜉, 𝜉1 = 𝜉 because

𝑄(𝜁,𝜂,𝜉)𝜂

= (ζ1ζ3−βη1r−ζ4−αζ1− γζ1ζ3−δζ1ζ4)η1r

+(ζ2ζ3−βη1i−ζ4−αζ2− γζ2ζ3−δζ2ζ4)η1i, (32)

and

𝑄(𝜁,𝜂,𝜉)𝜂

= (ζ1ζ3− β̂η1r−ζ4− α̂ζ1− γ̂ζ1ζ3− δ̂ ζ1ζ4)η1r

+(ζ2ζ3− β̂η1i−ζ4− α̂ζ2− γ̂ζ2ζ3− δ̂ ζ2ζ4)η1i, (33)

then we have
∂ (𝑄(𝜁,𝜂,𝜉)𝜂)

∂𝜉
(𝜉−𝜉)+𝑄(𝜁,𝜂,𝜉)𝜂−𝑄(𝜁,𝜂,𝜉)𝜂 = 0. (34)

Since system (26) satisfies Definitions 1, 4, and 5, therefore
it can be equivalent to a passive system, then we can apply
Theorem 1 to system (26) and compute the controllers as

θ1r =−α̂ζ1−β̂η1r−ζ4+(1−γ̂)ζ1ζ3−δ̂ ζ1ζ4−εη1r+ν1,

θ1i =−α̂ζ2−β̂η1i−ζ4+(1−γ̂)ζ2ζ3−δ̂ ζ2ζ4−εη1i+ν2, (35)

and the adaptive laws of parameters as
.

α̂ = λ1(ζ1η1r +ζ2η1i + α̃),
.

β̂ = λ2(η
2
1r +η

2
1i + β̃ ),

.
γ̂ = λ3(ζ1ζ3η1r +ζ2ζ3η1i + γ̃),
.

δ̂ = λ4(ζ1ζ4η1r +ζ2ζ4η1i + δ̃ ). (36)

Since

𝜁=[ ζ1 ζ2 ζ3 ζ4 ]
T = [ u1r u1i u3r u4r ]

T,

𝜂=[ η1r η1i ]
T = [ u2r u2i ]

T,

so equation (35) can be written as

θ1r=−α̂u1r−β̂u2r−u4r+(1−γ̂)u1ru3r−δ̂u1ru4r−εu2r+ν1,

θ1i=−α̂u1i−β̂u2i−u4r+(1−γ̂)u1iu3r−δ̂u1iu4r−εu2i+ν2,(37)
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and equation (36) can be written as
.

α̂ = λ1(u1ru2r +u1iu2i + α̃),
.

β̂ = λ2(u2
2r +u2

2i + β̃ ),
.
γ̂ = λ3(u1ru3ru2r +u1iu3ru2i + γ̃),
.

δ̂ = λ4(u1ru4ru2r +u1iu4ru2i + δ̃ ). (38)

The analytical formula of the controller θ1 Eq. (37) and the
differential equations for the parameters estimation Eq. (38)
are used to control the hyperchaotic complex Lü system as

u̇1r = α(u2r−u1r),

u̇1i = α(u2i −u1i),

u̇2r = −α̂u1r +(β̃ − ε)u2r− γ̂u1ru3r− δ̂u1ru4r +ν1,

u̇2i = −α̂u1i +(β̃ − ε)u2i − γ̂u1iu3r− δ̂u1iu4r +ν1,

u̇3r = u1ru2r +u1iu2i − γu3r,

u̇4r = u1ru2r +u1iu2i −δu4r. (39)

Remark 4 If ε > 0 and ν1 = ν2 = 0, the hyperchaotic
complex Lü system can be controlled to trivial equilibrium
point.

Remark 5[9,12] Now we want to steer the state of
hyperchaotic complex Lü system to a nonzero equilibrium
E(u∗1r,u

∗
1i,u

∗
2r,u

∗
2i ,u

∗
3r,u

∗
4r)

T. Let 𝑢̇= 0 in system (39) we have

ν1 = −(β̃ − ε)u∗2r +u∗1r(α̂ + γ̂u∗3r + δ̂u∗4r),

ν2 = −(β̃ − ε)u∗2i +u∗1i(α̂ + γ̂u∗3r + δ̂u∗4r). (40)

So hyperchaotic complex Lü system can be stabilized at E1 or
E2.

Remark 6 The attractors of system (26) can be converted
to periodic (limit cycle) or quasi-periodic solutions when ε > 0
and ν1 = A1 cosω1t, ν2 = A2 sinω2t, where A1, A2 are the am-
plitudes and ω1, ω2 are the frequencies of ν1, ν2 respectively.

1/s

1/s

1/s

/s

1/s

/s

/s

/s

1/s

/s





↩C↩







_ur

_ui

_u2r

u1r

u1i

u2r

u2i

u3r

u4r
u4r

^
^

α
α

β̂

β̂

γ̂
γ̂

δ̂
δ

δ

_̂

_

γ

_

_

_

u3r_

u2i_

integrator

integrator

integrator

integrator

integrator

integrator

integrator

integrator

integrator

integrator

α

α

K↩

K↩

K↩

K↩

K↩

K↩

K↩

↩C↩

Fig. 3. (color online) Block diagram of system (26) (after control) using Matlab-Simulink.
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0
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t

0 5 10 15
0

5

10

t

(a)

(b)

(c)

(d)
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β̂
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δ̂

Fig. 4. (color online) Parameters estimation α̂(t), β̂ (t), γ̂(t), δ̂ (t)
versus t: (a) (α̂(t), t) diagram; (b) (β̂ (t), t) diagram; (c) (γ̂(t), t)
diagram; (d) (δ̂ (t), t) diagram.

5. Numerical simulation results
In this section, the simulation of the hyperchaotic com-

plex Lü system (3) after control is designed by using Mat-

lab/Simulink 7.4 to confirm the validity of the analytical re-
sults of the approach of Section 3. Simulink allows block
diagram models of dynamic systems to be built quickly. It
is widely used in control theory to simulate systems after
control.[51] The simulation of the hyperchaotic complex Lü
system after control is illustrated in Fig. 3. The block diagram
model of system (26) with the complex controller θ1 Eq. (37)
after control (Fig. 3) contains 6 main channels which realize
the state variables u1r, u1i, u2r, u2i , u3r, u4r, respectively. There
are, also, 4 channels for the uncertain parameters α̂ , β̂ , γ̂ , δ̂ ,
respectively. The block diagram model (Fig. 3) is running with
the choice α = 42, β = 26.1, γ = 6, δ = 10 for which hyper-
chaotic attractor exists,[37] and with initial conditions t0 = 0,
u1r(0) = 1, u1i(0) = 2, u2r(0) = 3, u2i(0) = 4, u3r(0) = 5,
u4r(0) = 6. The initial values to estimate the unknown pa-
rameters are considered as α̂(0) = 1, β̂ (0) = −1, γ̂(0) = 2,
δ̂ (0) = 3, and 𝛬 = diag(λ1, λ2, λ3, λ4) = diag(2, 3, 1, 2).
Figure 4 shows the estimated values of the unknown parame-
ters α̂(t), β̂ (t), γ̂(t), δ̂ (t) converge to 42, 26.1, 6, 10 respec-
tively. The simulation observations of hyperchaotic complex
Lü system (26) with the controller θ1 Eq. (37) after control are
displayed in Figs. 5–8. Figure 5 shows the state variables of
the system (26) approach the trivial fixed point for the choice
ε = 10, and ν1 = ν2 = 0 (see Remark 4). While in Fig. 6 they
are controlled to the non-trivial equilibrium point E1 for ε =

10, ν1 = ν2 =−8.5538(α̂ + β̂ +24.389γ̂ +14.6335δ̂ −16.1)
(see Remark 5). On the other hand, the hyperchaotic attrac-
tor of system (3) is converted to periodic attractor for the case
ε = 10, ν1 = 10sin3t, ν2 = 3cos6t, as demonstrated in Fig. 7
(see Remark 6). But, if we choose ν1 = 11sin5t, ν2 = 8cos7t,
the attractor of system (3) is converted to a quasi-periodic so-
lution as shown in Fig. 8. Figures 4–8 show that the controllers
θ1r and θ1i are very effective.
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Fig. 5. (color online) Simulation observations of system (26) when ε = 10, ν1 = ν2 = 0 (trivial equilibrium point): (a) (t, u1r
) plane; (b) (t, u1i) plane; (c) (t, u2r) plane; (d) (t, u2i ) plane; (e) (t, u3r) plane; (f) (t, u4r) plane.
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Fig. 6. (color online) Simulation observations of system (26) when ε = 10, ν1 = ν2 =−8.5538(α̂ + β̂ +24.389γ̂ +14.6335δ̂ −16.1)
(non-trivial equilibrium point): (a) (t, u1r) plane; (b) (t, u1i) plane; (c) (t, u2r) plane; (d) (t, u2i ) plane; (e) (t, u3r) plane; (f) (t, u4r)
plane.
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Fig. 7. (color online) Simulation observations of system (26)
when ε = 10, ν1 = 10sin3t, ν2 = 3cos6t (limit cycle): (a) (t,
u1r) plane; (b) (u2i , u4r) plane; (c) (u1i, u2r, u3r) space.

Fig. 8. (color online) Simulation observations of system (26)
when ε = 10, ν1 = 11sin5t, ν2 = 8cos7t (quasi-periodic solu-
tion): (a) (u2i , u3r) plane; (b) (u1i, u4r) plane; (c) (u1r, u2r, u3r)
space.
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6. Conclusion
In this paper, we studied the control of hyperchaotic com-

plex nonlinear systems with unknown parameters (1) using
passive control theory which has not been treated in the lit-
erature. As an example, the proposed approach of this pa-
per is applied to control hyperchaotic attractors of the hyper-
chaotic Lü system (3).[37] Using this approach an analytical
formula of the complex controller θ1 Eq. (37) and the differ-
ential equations for the parameters estimation Eq. (38) are cal-
culated. Equations (38) are solved, by using block diagram of
system (26), and the estimated values of the unknown param-
eters are displayed in Fig. 4 and it is clear that they approach
the exact values. The formula for θ1 is used to control a hy-
perchaotic attractor of system (3) to a trivial equilibrium point
as shown in Fig. 5, and to a non-trivial one in Fig. 6, while, it
is used to convert the hyperchaotic attractor of system (3) to
a periodic one in Fig. 7 and to a quasi-periodic one in Fig. 8.
It is clear that in our example we used only one complex con-
troller θ1 to suppress the hyperchaotic behavior of system (26)
based on our approach. The approach of this work may be
used to study other hyperchaotic complex nonlinear systems,
e.g. Lorenz and Chen, which appear in several applications
in engineering, physics, and other applied sciences (see, e.g.
Refs. [17], [34]–[39], [42], and [43]).
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