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Recent studies have shown that explosive synchronization transitions can be observed in networks of phase oscillators
[Gómez-Gardeñes J, Gómez S, Arenas A and Moreno Y 2011 Phys. Rev. Lett. 106 128701] and chaotic oscillators [Leyva
I, Sevilla-Escoboza R, Buldú J M, Sendiña-Nadal I, Gómez-Gardeñes J, Arenas A, Moreno Y, Gómez S, Jaimes-Reátegui
R and Boccaletti S 2012 Phys. Rev. Lett. 108 168702]. Here, we study the effect of different chaotic dynamics on the
synchronization transitions in small world networks and scale free networks. The continuous transition is discovered for
Rössler systems in both of the above complex networks. However, explosive transitions take place for the coupled Lorenz
systems, and the main reason is the abrupt change of dynamics before achieving complete synchronization. Our results
show that the explosive synchronization transitions are accompanied by the change of system dynamics.

Keywords: complex network, explosive synchronization transition, chaotic oscillator

PACS: 05.45.–a DOI: 10.1088/1674-1056/22/6/060506

1. Introduction
Complex networks are playing an increasingly important

part in our lives, such as transportation and phone networks,
Internet, wireless networks, and the power networks. Great
progress has been made in studying complex networks since
the discovery of their small-world[1,2] and scale-free[3] char-
acteristics.

Synchronization of complex dynamical networks has re-
ceived a great deal of attention from the systems science com-
munity in the last decade.[4–15] Using the master stability
function,[4] Pecora and Carroll developed a general approach
to the synchronization of identical dynamical systems. They
discovered a bounded synchronization region for the coupling
chaotic systems, and showed that if the coupling strength is
greater than a threshold, the coupling chaotic systems can-
not achieve synchronization. In Ref. [5], the authors investi-
gated the synchronization region for different complex dynam-
ical networks, and addressed unbounded and bounded syn-
chronization regions. Li and Chen[6] further studied the re-
lationship between the synchronization region and the cou-
pling strength, and they found that a sufficiently large coupling
strength will lead to synchronization with coupling through all
the variables.

A large system is said to undergo a phase transition when
one or more of its properties change abruptly after a slight
change in a controlling variable. The transitions are called
second-order if they are continuous (smooth), whereas dis-
continuous (abrupt) transitions are called first-order. Recently,
some researchers analyzed the phase transitions in the com-

plex dynamical networks, and discovered an abrupt percola-
tion transition in complex networks.[16–18] Generally speak-
ing, there are two key factors to influence phase transitions of
complex networks. One is the structure of the network, and
another is the dynamics of the system. More recently, Jesús
et al. studied the phase transition in scale-free networks with
Kuramoto oscillators, and showed that an explosive synchro-
nization transition emerges when the natural frequency of dy-
namical units are positively correlated with the degree of the
units.[19] Introducing a natural oscillation frequency for cou-
pled Rössler systems, Leyva et al. discovered that the posi-
tive correlation between oscillation frequencies and structural
heterogeneity is a necessary condition for such an explosive
phenomenon.[20]

In this paper, we study different chaotic systems on two
prototype complex networks: the Newman–Watts model and
the Barabási–Albert model.[2,3] The first model is a small-
world (SW) network with a homogeneous degree distribu-
tion, while the second one is a scale-free (SF) network with
a power-law-degree distribution. The chaotic systems are the
well-known Rössler system and Lorenz system: the one has a
simple chaotic attractor and the other has a butterfly-shaped at-
tractor. Recent studies suggested that the coupled Rössler sys-
tems have emerged explosive first-order transition by chang-
ing the oscillation frequencies. Here, we do not introduce
new parameters to change the property of the chaotic system.
Considering a model of N linearly coupled chaotic oscillators,
we analyze the synchronization transitions in small-world net-
works and scale-free networks. Numerical simulations show
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that explosive synchronization transitions are discovered for
Lorenz systems in both complex networks. The main reason
is the abrupt change of system state before achieving complete
synchronization. However, the synchronization transitions are
always of continuous type for coupled Rössler systems regard-
less of the network structures. Therefore, there is a positive
correlation between the explosive synchronization transitions
and the change of system dynamics.

2. Model and method
Consider an unweighted and undirected network of N

coupled chaotic oscillators

ẋi = f (xi)+λ

N

∑
i=1

ci jx j, i = 1, . . . ,N, (1)

where xi ∈ Rm is the state variables of node i, f : R+×Rm→
Rm is a continuous vector function. The outer-coupling matrix
𝐶 = (ci j)N×N is defined as 𝐶 =𝐴−𝐷, where 𝐴= (ai j)N×N

is the adjacency matrix of the graph of the network, 𝐷 = (di j)

is the diagonal matrix of vertex with dii = ∑
N
j=1 ai j for all

i = 1,2, · · · ,N, and λ is the coupling strength.
The network (1) is said to achieve synchronization if, for

all i, j, ‖xi(t)− x j(t)‖→ 0 as t→ ∞.
Note that all the variables of chaotic systems are coupled,

from the result in Ref. [6], we obtain that a sufficiently large
coupling strength will lead to synchronization of complex net-
work (1). In this study, we are interested in the synchroniza-
tion transition before equation (1) achieves synchronization.
To monitor such a synchronization transition as λ grows, the
p(t) is introduced by

p(t) =
2

N(N−1)

N−1

∑
j=1

N

∑
i= j+1

Θ(r−‖xi(t)− x j(t)‖2),

where Θ is Heaviside function

Θ(x) =
{

0, x≤ 0,
1, x > 0,

and r is a small positive constant to detect whether the two sys-
tems synchronize. The order parameter, p(t)∈ [0,1], measures
the synchronization of the coupled chaotic systems, reaching
the value p = 1 when the complex network is in complete syn-
chronization, while p = 0 for the incoherent solution.

For each λ , we solve Eqs. (1) for a long enough time, then
calculate the average distance between nodes i and j over the
end of a period of time. If the distance is less than a small
positive constant, we think the nodes i and j achieve synchro-
nization. The well-known Lorenz system and Rössler system
are used to analyze the influence of different systems.

The Rössler system is described by ẋ = −(y+ z),
ẏ = x+ay,
ż = b+ z(x− c),

(2)

When a = 0.2, b = 0.2, c = 8.5, the system has a chaotic at-
tractor, as shown in Fig. 1(a). The equation of Lorenz system
is  ẋ = σ(y− x),

ẏ = ρx− xz− y,
ż = xy−β z,

, (3)

where the parameters σ = 10, β = 8/3, ρ = 28. It is a three-
dimensional structure corresponding to the long-term behavior
of a chaotic flow, noted for its butterfly shape. See Fig. 1(b).
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Fig. 1. (color online) The attractor of chaotic system (a) Rössler system
and (b) Lorenz system.

3. Numerical simulations
To study the effect of the degree heterogeneity, we simu-

late model (1) for a small-world network and a scale-free net-
work, which are generated according to Refs. [2] and [3] and
construct the networks with the same number of nodes and
edges. Figures 2(a) and 2(b) show that the degree sequence
of the small-world network is homogeneous and the other net-
work is heterogeneous. Considering the influence of initial
conditions, we randomly select the initial values in [−3,3] and
plot synchronization diagrams p(λ ) five times for each net-
work. Setting r = 0.03 in the Heaviside function, the trajec-
tories of the coupling chaotic systems are very similar as the
time decreases.

Our simulation results show that the coupled Rössler sys-
tems achieve synchronization much faster than Lorenz sys-
tems in the same networks, so we use different time scales
to investigate the synchronization transitions; the results are
shown in Fig. 3. For the coupled Rössler systems, they display
a clear second-order phase transition from p = 0 to p = 1 in
both networks as the coupling strength λ increases, as shown
in Figs. 3(a) and 3(b).
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Fig. 2. (color online) The degree sequence of complex network: (c) small-world network, (d) scale-free network.
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Fig. 3. (color online) The size of the networks is N = 200 and the number of the edges is E = 577. We select five different initial values for each
network. Panels (a) and (b) are synchronization diagrams p(λ ) for small-world and scale-free networks with Rössler systems; panels (c) and (d) are
synchronization diagrams p(λ ) for small world and scale-free networks with Lorenz systems. The inset plots show synchronization diagrams p(λ ), the
time scale is the same as Rössler systems.
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Fig. 4. (color online) The panels show one of the Rössler attractors in complex networks at different coupling strengths λ ; (a) and (b)
small-world network with λ = 0.05,0.1; (c) and (d) scale-free network with λ = 0.05,0.1.
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The diagram shows a sharp transition from the incoherent
state to full synchronization for the coupled Lorenz systems
in both complex networks, as displayed in Figs. 3(c) and 3(d).
The inset plots show the synchronization transition near the

critical λ for smaller timescale. The conclusive information
conveyed by Figs. 3(c) and 3(d) is that first-order transitions
take place in the coupled Lorenz systems regardless of the net-
work topologies.
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Fig. 5. (color online) One of Lorenz attractors with different coupling strengths λ in small-world network; (a) λ = 0.05; (b) λ = 0.3;
(c) λ = 0.6; (d) λ = 1.5.
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Fig. 6. (color online) The panels show the evolution of Lorenz systems
in small-world network with λ = 0.6; panels (a), (b), and (c) show the
system trajectories of Lorenz oscillator.

Then we conjecture that such transitions mainly depend
on the dynamics of the system, and we observe the change
of system dynamics during the synchronization process. It is
difficult to analyze the stability of the large system (1) in the-
ory, thus we mainly give the numerical results. Choosing two
critical values of the coupling strength λc in Eqs. (1), we ob-
serve the change of Rössler systems in both complex networks.
Figures 4(a) and 4(b) show that the coupled Rössler systems
maintain chaotic attractors as the λ increases in the small-
world network, and the same goes for the coupled Rössler sys-

tems in scale-free network, with the results shown in Figs. 4(c)
and 4(d). Figure 5 displays one of Lorenz system dynamics in
the small-world network as the coupling strength λ increases,
and all the rest of them are very similar to this case. From the
numerical simulations, we can discover an abrupt change of
system dynamics before achieving complete synchronization.
The coupled Lorenz systems will lose chaotic characteristic as
λ increases, then reach some stable state, finally recovering
the chaotic attractors. We can also obtain that there exist two
critical coupling strengths λ1, λ2, when the coupling strength
λ ∈ [λ1,λ2], the coupled Lorenz systems are stable, but unsyn-
chronized. When λ > λ2, the transition from incoherent state
to synchronization will occur. Once the network achieves syn-
chronization, the second term of Eqs. (1) becomes zero, so
each system will recover chaotic attractor. Figure 6 shows that
the coupled systems (1) have stable equilibria at λ = 0.6 in
the small-world network. Although the coupled systems (1)
are stable during this stage, the equilibrium is different for
each Lorenz system. Thus it is difficult to achieve synchro-
nization during this stage. The dynamics of coupled Lorenz
systems also goes through a very similar process in the scale-
free network as shown in Figs. 5 and 6; here we do not give
the detailed numerical results.

It is worth remarking that the change of system dynam-
ics is different in the synchronization process for both chaotic
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systems. The coupled Rössler systems maintain chaotic states

during the whole process, so it is the major reason of the

continuous synchronization transition. While for the coupled

Lorenz systems, the states of systems are chaotic states, stable

equilibria, and chaotic states in the process of synchroniza-

tion. Thus the abrupt change of dynamics causes the explosive

synchronization transition.

4. Conclusion

In this paper, we studied the phase transitions of the cou-

pled chaotic systems in small-world networks and scale free

networks. Explosive synchronization transitions take place for

the coupled Lorenz systems. We found that the change of

chaotic dynamics plays an important role in the synchroniza-

tion transitions. Explosive transitions are accompanied by the

changed of chaotic dynamics, but the dynamics is unchanged

for the continuous transitions.
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[8] Lü J and Chen G 2005 IEEE Trans. Autom. Control 50 841
[9] Zhang Y W, Bu S L and Wang B H 2006 Chin. Phys. Lett. 23 2909

[10] Ma Z, Liu Z and Zhang G 2006 Chaos 16 023103
[11] Zhou J and Chen T 2006 IEEE Trans. Circuits Syst. I 53 733
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