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Analysis of random laser scattering pulse signals with
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The statistical distribution of natural phenomena is of great significance in studying the laws of nature. In order to
study the statistical characteristics of a random pulse signal, a random process model is proposed theoretically for better
studying of the random law of measured results. Moreover, a simple random pulse signal generation and testing system is
designed for studying the counting distributions of three typical objects including particles suspended in the air, standard
particles, and background noise. Both normal and lognormal distribution fittings are used for analyzing the experimental
results and testified by chi-square distribution fit test and correlation coefficient for comparison. In addition, the statistical
laws of three typical objects and the relations between them are discussed in detail. The relation is also the non-integral
dimension fractal relation of statistical distributions of different random laser scattering pulse signal groups.
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1. Introduction
Studying the statistical distribution of natural phenomena

is very important, for it could help us understand the laws of
nature. Gaddum[1] has shown the importance of lognormal
distribution and measured many natural phenomena that fit
well to lognormal distribution. In the area of geochemistry,
Ahrens[2] analyzed the frequency distribution of elements in
granite at various locations. The final results indicated that the
frequency distribution is a lognormal distribution. Aitchison
and Brown[3] have applied lognormal distribution to economic
statistics and proposed a better model for economic analysis.
Besides, Spratt and John[4] showed that growth rates, mass,
and survival of human cancer in natural history approximately
tend to be of lognormal distribution. Becker et al.[5] obtained
that the distributions of city size fit to the lognormal distribu-
tion from both the census data and Nighttime Lights of the
World data in the field of sociology. Peter[6] obtained droplet
and particle imaging results in the lognormal distribution of
pixel intensities. Limpert et al.[7] have particularized many
measured results in different areas which fit well to lognormal
distribution and also analyzed the similarities and differences
between the normal distribution and lognormal distribution.
Chen et al.[8] have studied sharp peak landscapes of the Eigen
model from a new perspective about how the quasispecies are
distributed in the sequence space and found that the distribu-
tion of clustering coefficient C(k) follows lognormal distribu-
tion.

The distribution of random tiny particles is an important
natural phenomenon which attracts lots of research interest.

Till now, many researchers have done lots of work on parti-
cle size measurement. Granqvist and John[9] have observed
ultra-fine metal powder using a microscope and found that
particle size distribution satisfies the lognormal distribution.
Moreover, combining with the central limit theorem, a math-
ematical model of lognormal distribution in small deviation
was established.[9] Hwang et al.[10] have developed a simple
and fast method of measuring the sizes of sub-micron parti-
cles. Real-time measurement of sub-micron aerosol particles
presented a lognormal distribution of particle size.[10] Baker et
al.[11] have measured the particle size distribution of a small
dispersion particle group which obeys the lognormal distribu-
tion. In our previous work[12–14] we studied the statistical dis-
tribution of the millions of particles, and the results showed
that the random signal characteristics fit well to the lognor-
mal distribution.[12] We[13] have also calculated the normal-
ized coefficient of the fitting statistical distribution and mea-
sured distributions under different threshold voltages experi-
mentally. Besides, we[14] have studied the signal amplitude
distributions of aerosol scattering pulses and signal width dis-
tributions of background noise. They match well with the log-
normal distribution. Though two physical parameters are dis-
cussed, the amplitude and width distributions belong to differ-
ent facts which could not show the relation between measuring
objects and instruments in the same measuring system but in
different measuring processes.

In the above work the statistical law of the random parti-
cle size distributions has been studied by using different meth-
ods and measuring instruments, many results have concluded
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that the particle size distributions obey lognormal distribution.
However, they only studied the statistical distribution law on
a single specific physical parameter, which only reflects par-
tial properties of the natural phenomenon. However, a natural
phenomenon often contains more than one characteristic at the
same time. Besides, the fitting functions are chosen based on
the curve shape without a fitting test. As far as we know, the
lognormal distribution function has not previously been com-
pared with experimental size distributions for several typical
processes in the same device, in spite of the numerous articles
published on this subject.

In order to have a better understanding of a natural phe-
nomenon, it becomes important to study statistical distribution
laws on all characteristics and the relations of these statistical
distribution laws. In this paper, we firstly propose a random
process model theoretically which clearly provides the relation
between measured results and the different random factors in
the measuring system. Then, we design a simple random pulse
signal generation and testing system. This system has charac-
teristics of numerous data sampling, high measurement accu-
racy, short measurement time, simple operation, easy control
of the parameters, and good repeatability. In addition, many
different random objects can be measured in the same system,
such as the scattering pulse signal of a particle suspended in
the air, the pulse signal of a standard particle, and the back-
ground noise pulse signal of a photoelectric sensor. Finally,
we analyze statistical laws of three typical objects and the re-
lations between them, including the relation between ampli-
tude and width distributions, the relation between global and
local distributions of a particle suspended in the air and the
background noise, and the relation between subsets of ampli-
tude and width distributions of the same object. This work is
significant for analyzing random signals and particle measure-
ments.

2. Statistical model of random pulse signal
Generally, random signals are composed of a set of f (t),

which are time series recorded values. Figure 1 shows the par-
tial data of the random set {Vnoise (t)} .
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Fig. 1. (color online) Partial data of the background noise signals
{Vnoise (t)}. The x axis represents the time series and the y axis refers to
the natural number representing the amplitude of signal.

The number of the data capacity of output signal
{Vnoise (t)} is N. The time interval of contiguous sampling data

is ∆τ . The difference between two contiguous sampling data

is ∆V . The whole measuring time consumption is t =
N
∑

i=1
∆τ .

The maximum and the minimum values of {Vnoise (t)} are
Vmax and Vmin (Vmax ≥Vi ≥Vmin), respectively, which are both
limited. In the experiment, Vnoise (t) could be regarded as
{Vnoise (t)≡Vc +V∆}, where Vc is the constant part while V∆

is the random fluctuating part. Vnoise (t) is influenced by vari-
ous random factors (A1,A2, . . . ,AJ), and these random factors
could also be divided into constant part {A1c,A2c, . . . ,AJc} and
random fluctuating part {∆1,∆2, . . . ,∆J}.

{A1,A2, . . . ,AJ} ≡ {A1c,A2c, . . . ,AJc}+{∆1,∆2, . . . ,∆J} ,
(∆ j ≥ δ j) . (1)

{δ1,δ2, . . . ,δJ} represents the minimum measuring unit of ac-
tions, {A1c,A2c, . . . ,AJc} keeps constant in the measuring en-
vironment of the random process, and {∆1,∆2, . . . ,∆J} is un-
certainty. Therefore, Vc corresponds to {A1c,A2c, . . . ,AJc} and
V∆ corresponds to {∆1,∆2, . . . ,∆J} and {V∆} is generated by
the interaction among random factors (A1,A2, . . . ,AJ).

Moreover, we set δV as the minimum measuring unit
of the output signal, so the maximum and minimum values
of the output signal can be written as Vmax ≡ lmaxδV and
Vmin ≡ lminδV , where li (li ≥ 1) is natural number. If the
capacity of the sampling data is large enough, the minimum
value of the output signal can be treated as the measuring ac-
curacy of the system (Vmin = δV and lmin = 1). Generally, the
minimum value could not attain the measuring accuracy, but
the minimum value should be li times the measuring accu-
racy. Since the mathematical expectation of the constant part
E(Vc) = const and deviation D(Vc) = 0, Vnoise (t) without the
constant part could be mapped to the mathematical model

Vnoise−Vc +δV

δV
≡ li. (2)

In Eq. (2), li is the natural number and its minimal value
is 1. The number of total counting channels in the mea-
suring system is lmax ≡ (Vmax−Vmin)/δV + 1. In the range
(lmin ≤ l ≡V/δV ≤ lmax), counting statistics of l (i) is done
according to the size order of li, the frequency of li in {l (i)} is

Nli , the number of the whole data is N ≡
lmax
∑

lmin

Nli . The distribu-

tion density function of {Vnoise (t)} is

p̃V (li)≡ lim
N>Nli→∞

Nli
N

> 0, (lmin ≤ li ≤ lmax) . (3)

Discrete distribution p̃V (li) becomes stable with the in-
crease of N. As in the limited measuring range [Vmin,Vmax],
when the number of total counting channels lim

δV→0
N→∞

lmax → ∞,

p̃V (li) tends to become the continuous form of density func-
tion p(li). Since {δ1,δ2, . . . ,δJ} is the minimum measuring
unit of {A1,A2, . . . ,AJ}, {A1,A2, . . . ,AJ} could be mapped by
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a natural number set {lA1 , lA2 , . . . , lAJ}. {p1, p2, . . . , pJ} is a
set of statistical distribution density functions corresponding
to {A1,A2, . . . ,AJ}.

Generally, the output signal V (t) of a laser particle
counter is induced by a series of random independent fac-
tors, usually, including the shape randomness of particle P, the
equivalent light intensity I when the particle passes through
photosensitive area, the equivalent cross section of photosen-
sitive area S, the homogeneity of photosensitive area ε , scat-
tered light collection efficiency by sensor ρ , the photoelectric
transformation efficiency of detector η , the gain of the circuit
H, etc.

We find that these random factors have positive correla-
tion with the output signals while with different weights to
measurement results:

V (t) ∝ PαP IαI SαS ε
αε ρ

αρ η
αη · · ·HαH , α > 0. (4)

Dimensionless constants α represent the relation with
positive correlation between different random factors in a par-
ticle signal generating environment and output voltages. Let
C indicate the stable measurement environment, then at time t
the random process model of generating a single particle pulse

signal with different random factors could be expressed as

C ≡ V (t)
P(t)αP I(t)αI S(t)αS ε(t)αε ρ(t)αρ η(t)αη · · ·H(t)αH

,

α > 0. (5)

Equation (5) indicates the influence of the changes of all
random factors on measured result V (t) in the whole mea-
suring process of a single particle pulse signal. For a certain
measuring process, C is determined. α represents the weight
on measured results induced by different factors, and α > 1
means the positive correlation relation between different fac-
tors and measured results. The randomness of measured re-
sults corresponds to the randomness of these independent fac-
tors. According to Eq. (2), Eq. (5) could be rewritten as

C =
lVi

(lPi)
αP (lIi)

αI (lSi)
αS (lεi)

αε
(
lρi

)αρ (lηi)
αη · · ·(lHi)

αH
,

α > 0. (6)

Equation (6) shows the random process of single parti-
cle pulse signal, while for N measuring signals in a sampling
process, Eq. (6) should be

C ≡

N

√
N
∏
i=1

lVi

N

√
N
∏
i=1

(lPi)
αP N

√
N
∏
i=1

(lIi)αI N

√
N
∏
i=1

(lSi)
αS N

√
N
∏
i=1

(lεi)
αε N

√
N
∏
i=1

(lρi)
αρ N

√
N
∏
i=1

(lηi)
αη . . . N

√
N
∏
i=1

(lHi)
αH

. (7)

Equation (7) could be simplified as

C ≡ N

√√√√√√√√
N
∏
i=1

lVi

N
∏
i=1

[
J
∏
j=1

l
α j
ji

] =

N

√
N
∏
i=1

lVi

N

√
J
∏
j=1

[
N
∏
i=1

l
α j
ji

]
=

l̄V
J
∏
j=1

N

√
N
∏
i=1

l
α j
ji

=
l̄V

J
∏
j=1

l
α j
j

, (8)

where the statistical parameter l̄ is the geometric mean and
satisfies

lα ≡ N

√
N

∏
i=1

lα
i =

(
N

√
N

∏
i=1

li

)α

= (l)α .

Applying a natural logarithm operation on both sides, we can
obtain

ln lα = ln

[
N

√
N

∏
i=1

(li)α

]
= ln

[
N

∏
i=1

(li)α/N

]
= ln

[
lmax

∏
l=1

lα p̃(l)

]

= α

[
lmax

∑
l=1

ln l · p̃(l)

]
= α ln l. (9)

Equation (9) shows a nonlinear constraint relation with respect
to p̃(l). The mathematical expectation of ln l is obtained if
substituting continuous p(l) into equation

E(ln l) = lim
δ→0

lmax→∞

lmax

∑
l=1

ln l · p̃(l) =
∫

∞

1
ln l · p(l) dl = ln l. (10)

In the measuring system influenced by a lot of indepen-
dent random factors, we propose a stable measurement en-
vironment C in Eq. (5) which could be used for establishing
a multi-factor random process model. The separation of the
constant and random fluctuating parts suggests an easy way
to study the random law of the measured results. The com-
plicated measured results are simplified into a natural num-
ber sequence based on measuring accuracy. In order to study
the random fluctuating part by statistical methods, the statisti-
cal distribution function should satisfy the characteristics of
Eq. (9). Moreover, we have also introduced the geometric
mean which is important in random study as a statistical pa-
rameter and should be positive: the positive geometric mean
corresponds to the positive property of measured results.
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3. Experimental system

In order to testify the proposed model and further study

the random law, we use the laser particle counter as the main

experimental system, which is shown in Fig. 2 with sampling

rate 28.3 L/min. The laser scattering signals of the irregu-
lar particles are collected by the photomultiplier tube, and the
output signals of the photoelectric sensor are acquired by the
high-speed data acquisition card PCI-9812. Data are imported
into a computer for multi-channel counting statistics.

laser
focus

chamber photodetector

outlet

optical sensor

inlet

particles

preamplifier

mutichannel
collection

computer

signal collecting and
processing system

Fig. 2. Measuring system of the laser particle counter.

The experimental apparatus and measuring environment
are easy to realize, and the measuring accuracy could be guar-
anteed. Besides, the system can obtain enough data with good
repeatability. The higher the accuracy of the measuring system
in recording signals, the larger sample size is measured in unit
time, so the statistical characteristics of random signals will be
more obvious.

The main technical parameters in experiments are listed
as follows: a collimated continuous laser beam (808 nm,
50 mW) is used as the light source; the photosensitive area is
about 0.5 mm×1 mm×8 mm; reversed biased voltage is set to
be 12 V; dark current is no more than 10−9 A; sampling rate is
28.3 L/min; maximum range of voltage is 5 V, which is divided
into 2048 counting channels and ∆V = 5 V/2048 ≈ 2.44 mV;
maximum signal sampling rate is 20 MHz (corresponding to
the time-accuracy ∆τ ∼ 0.05 µs); continuously sampled data
of signal is up to 1×107; a 1000 level ultra-clean room is the
measuring environment only for measuring the background
noise.

The basic characteristics of random signals are usually
studied by the Fourier spectrum analysis method based on
the time dimension. Besides, our group has proposed another
method called the two-parameter model.[13] In our method, a
pulse signal could be discerned from a series of signals by
choosing a suited threshold V0 as shown in Fig. 3.

The obtained pulse unit has only two basic parameters:
amplitude Vj and width τ j. Once the threshold parameter
V0 is given, the measured signals

{
f̃ (t,V0)

}
generally com-

posed of a discrete sequence of pulses, could be mapped to{
(Vj,τ j)

}
uniquely. The element (Vj,τ j) represents the basic

geometric parameter of the pulse signal. The natural num-
ber j corresponds to the time sequence. According to Eq. (2),

in the range ([Vmin,Vmax], [τmin = 2δτ ,τmax]), combining with
measuring accuracy (δV ,δτ), the signal set

{
(Vj,τ j)

}
can be

mapped to natural number set
(
lV j , lτ j

)
. As a result, a mathe-

matical model of two-parameter set
{(

lV j , lτ j

)}
can be estab-

lished as
lV j =

Vj−Vc +δV

δV
, lV j ∈

(
1,2, . . . ,

Vmax−V
δV

+1
)
,

lτ j =
τ j− τc

δτ

, lτ j ∈
(

1,2, . . . ,
τmax− τc

δτ

)
.

(11)

The values of
(
lV j , lτ j

)
are finite natural numbers. It is ob-

vious that
{(

lV j , lτ j

)}
is the mapping form from

{
f̃ (t,V0)

}
. In

fact, Eq. (11) is known as a two-parameter model for a random
signal pulse.

τj→lτ

V

t

Vj→lV

f↼t↪V0↽↔↼Vj↪τj↽~

Fig. 3. (color online) Diagram of the two-parameter pulse model, where
the x axis denotes the time series and the y axis represents the amplitude
of the signal. The solid curve represents

{
f̃ (t,V0)

}
. The chosen pulse(

Vj,τ j
)

is in the box of the dotted line according to threshold V0.

Supposing that NlV and Nlτ are the numbers of signals
which satisfy V ∈ lV δV and τ ∈ lτ δτ , respectively. According
to Eq. (3), the probability distribution functions of the random
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pulse signals can be expressed as

p̃(lV )≡
NlV
N

, p̃(lτ)≡
Nlτ
N

. (12)

The values of p̃(lV ) and p̃(lτ) become stable with the in-
crease of the number of N and at least one signal should be
obtained in each measuring channel. In essence, this tendency
of stability represents the stability of the statistical character-
istics of the random pulse signals.

The widths of signals are different when the amplitudes
from signals {NlV } satisfy V ∈ lV δV . Therefore, the measur-
ing channels could be further divided according to lτ , and the
distribution function of lτ in subset Nlτ is defined as

p̃(lτ , lV = c)≡
NlV lτ

NlV
=

1
p̃(lV )

NlV lτ

N
. (13)

Similarly, the distribution function of lV in subset NlV
should be

p̃(lV , lτ = c)≡
Nlτ lV
Nlτ

=
1

p̃(lτ)
Nlτ lV

N
, (14)

where Nlτ lV = NlV lτ , Nlτ lV and NlV lτ are the numbers of pulse
signals with width lτ and amplitude lV , respectively.

However, with the experimental system and two-
parameter model, in a certain measuring environment, the in-
teraction results between the measured samples and measuring
system in which results are measured could be obtained only
experimentally.

4. Experimental results
4.1. Statistical distributions of particles suspended in the

air

The randomness of voltage pulse signals generated by the
particles suspended in the air not only reflects the particle char-
acteristics (mass, material, morphology, etc.), but also shows
the random factors of the measuring process. The amplitude
and width distributions of the random particle scattering pulse
signal group are measured, and the experimental results are
shown in Fig. 4.

As shown in Fig. 4, the discrete distribution p̃(l) looks
skewed and has obvious non-negative characteristics. So the
normalized lognormal distribution is selected to fit the exper-
imental results into continuous distributions. The well fitting
results are shown by the solid lines. The fitting equation in
Fig. 4(a) is

p(lV ) ≡
1

ΩLV σlnV lV
exp
[
−
(
ln lV − ln l̄V

)2

2σ2
lnV

]
,

lV ∈ (1,2, . . .LV ) , (15)

where Ω is the normalization coefficient whose value is re-
lated to both the range of the signal group characteristic pa-
rameter and the total number of channels (the accuracy of
channel). The statistical parameters are defined by

ln lV =
lV max

∑
lV=1

ln lV ·
NlV
N

, (16)

and

σlnV ==

[ lV max

∑
lV=1

(ln lV − ln lV ) ·
NlV
N

]1/2

, (17)

where N = 1825470, ln lV = 5.77, and σlnV = 0.87. It should
be noted that we use the geometric mean and geometric stan-
dard deviation for describing the distribution function instead
of the arithmetic mean and standard deviation, in which way
we could obtain a better fitting result. The geometric standard
deviation is dimensionless.
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Fig. 4. (color online) Experimental results of particles suspended in the
air, with the x axis denoting the channel number and the y axis repre-
senting the probability of distribution: (a) amplitude and (b) width.

The equation of width corresponding to the solid line in
Fig. 4(b) is

p(lτ) ≡
1

ΩLτ
σlnτ lτ

exp
(
−
(
ln lτ − ln l̄τ

)2

2σ2
lnτ

)
,

lτ ∈ (1,2, . . .Lτ) , (18)

where the statistical parameters ln l̄τ and σlnτ are 4.995 and
0.71, respectively. The measured results indicate that the dis-
tributions of amplitude p(lV ) and width p(lτ) of the two-
parameter model match well with the form of the lognormal
distribution when the natural number is used as the indepen-
dent variable.
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Table 1. Chi-square distribution fit test and correlation coefficients of particles suspended in the air.

Sample
Chi-square distribution fit test of lognormal distribution C.C

N ∑ f 2
i
/

N p̂i χ2 k− s−1 χ2
0.05(k− s−1) accept? r

Amplitude 1825470 1826535.701 1065.701 2005 2110.221 accept 0.956
Width 1825470 1825795.255 325.255 697 759.529 accept 0.982

According to the chi-square distribution fit test as shown
in Table 1, when significance level α = 0.05, the presump-
tions of distribution fitting function as Eqs. (15) and (18) are
accepted.

Since the particles suspended in the air could be treated
as the sum of standard particles with various diameters and
background noise and the statistical distributions of particles
suspended in the air satisfy the lognormal distribution, in or-
der to study the reason why statistical distributions of particles
suspended in the air fit well to lognormal distribution, we fur-
ther study the statistical distributions of standard particles with
various diameters and background noise with the same exper-
imental system and environment. Besides, we also want to
know the random distribution law of these three typical ob-
jects.

4.2. Statistical distributions of standard particles

Then, we study the pulse signal of a standard particle.
The standard particles are Duke Scientific Corporation prod-
ucts with particle diameter coefficient variation within 2%.
The polystyrene standard particles with certified mean diam-
eters 0.38 µm, 0.499 µm, 0.6 µm, 0.8 µm, and 0.99 µm are
atomized, dried, and pumped into the measuring device by us-
ing a PG-100 particle generator of the U.S. PMS company.

The measured results of standard particle amplitude distribu-
tion are shown in Fig. 5

0

0.01

0.02

0.03

0.04

0.05

0 200 400 600 800 1000

P
/
%

lV

........ experiment results
lognormal distrubution

0.38 mm

0.499 mm

0.6 mm 0.99 mm0.8 mm

Fig. 5. (color online) Measured results and the fitting distributions of
standard particles, with the x axis representing the channel number and
the y axis denoting the probability of distribution. The dotted line rep-
resents the experiment results and the solid line denotes the lognormal
fitting distributions.

The lognormal distribution curves are obtained from the
statistical parameters ln l̄V and σ2

lnV = E(ln lV − ln l̄V )2 in
Eq. (15). It is obvious that the five standard particle pulse
amplitude distributions all satisfy the lognormal distribution,
and the fitting values of different standard particles are shown
in Table 2.

Table 2. Statistic parameter values of the standard particle.

Sample Counting number Geometric mean Geometric standard deviation Peak position
Certified mean diameter/µm Standard deviation N ln l̄V σlnV lV

0.38 13 14802 4.54 0.15 57
0.499 12.6 21010 5.14 0.14 154

0.6 12.2 17886 5.60 0.12 280
0.8 4.8 34062 6.32 0.08 553

0.99 0.01 30223 7.20 0.05 790

The standard particles are round particles with the same
size and the same optical characteristics, for they are made of
the same material. In the actual measurement, we only focus
on its single specific physical parameter of particle diameter.
The statistical distribution law on a single specific physical pa-
rameter which only reflects partial properties of a natural phe-
nomenon is often of normal distribution. Compared with the
particles in the air, the standard particles avoid different effects
of randomness such as in shape, material, size, etc. The ampli-
tude distribution of particles in the air could only be described
by skewed lognormal distribution. In the condition of fewer

random factors and low dispersion, both normal and lognor-
mal distributions could be used. The normal distribution fitting
function is widely applied for its simplicity. It is often applied
to the statistical distribution of a standard particle such as the
measured results of Fig. 5. As shown in Table 3, the result of
the chi-square distribution fit test verifies this conclusion.

For large sample measurements, we estimate two param-
eters: geometric mean and geometric standard deviation in
channel k. Even in the condition of α = 0.995, the lognor-
mal distribution fitting function could satisfy the test.
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Table 3. Results of the chi-square distribution fit test and the correlation coefficient test of lognormal distributions of standard particles.

Sample
Chi-square distribution fit test of lognormal distribution Acceptable significance level Correlation coefficient

N ∑ f 2
i /N p̂i χ2 k− s−1 χ2

0.05(k− s−1) accept? α χ2
α (k− s−1) r

0.38 µm 14802 14818.481 16.481 50 67.505 accept 0.995 27.99 0.993
0.499 µm 21010 21058.83 48.83 128 155.405 accept 0.995 90.54 0.998
0.6 µm 17886 17960.391 74.391 195 228.58 accept 0.995 147.89 0.999
0.8 µm 34062 34150.867 88.867 276 315.749 accept 0.995 219.24 0.999

0.99 µm 30223 30295.288 72.288 142 170.810 accept 0.995 102.35 0.997

The fitting quality of normal distribution is examined by correlation coefficient and chi-square distribution fit test. Table 4
shows the results of the chi-square distribution fit test of normal distribution.

Table 4. Results of the chi-square distribution fit test and the correlation coefficient test of normal distributions of standard particles.

Sample
Chi-square distribution fit test of normal distribution Acceptable significance level Correlation coefficient

N ∑ f 2
i /N p̂i χ2 k− s−1 χ2

0.05(k− s−1) accept? α χ2
α (k− s−1) r

0.38 µm 14802 14855.426 53.426 50 67.505 accept 0.25 56.33 0.962
0.499 µm 21010 21124.279 114.279 128 155.405 accept 0.7 119.1 0.993

0.6 µm 17886 18069.772 183.772 195 228.58 accept 0.7 184.2 0.859
0.8 µm 34062 34303.997 241.997 276 315.749 accept 0.9 246.4 0.977
0.99 µm 30223 30342.995 119.995 142 170.810 accept 0.9 120.9 0.991

Comparing Table 3 with Table 4, the correlation coeffi-
cients of lognormal distribution fitting for different diameter
particles are all higher than 0.993, while the correlation coef-
ficient of normal distribution fitting is lower than that of log-
normal distribution fitting. In Table 4, when significance level
α = 0.05, the presumptions of normal distribution fitting func-
tion are accepted. However, the presumptions of normal distri-
bution fitting function could not be accepted with the increase
of significance level in high accuracy condition. Moreover, for
the same standard particles, the maximum acceptable signifi-
cance level of lognormal distribution fitting function is larger
than that of normal distribution fitting function.

Based on the above analysis when σlnV ≤ 0.1, the nor-
mal distribution and the lognormal distribution are accepted
for describing the distribution of standard particles.

4.3. Statistical distributions of background noise

The background noise is measured in a 1000 level ultra-
clean environment. The gain of the amplifier circuit should be
set at a high level, for the noise amplitude is low. The result
of the random noise pnoise (lV ) is shown as the discrete points
in Fig. 6(a) with the whole sampling time of 5 s and about
107 sampling data which look like being of central symmetry.
However, if the peak of pnoise (lV ) is taken as the symmetric
axis, the solid line is the mirror reverse of pnoise (lV ). It is
obvious that the distribution does not have central symmetry.
Besides, the fitting result from Eq. (15) matches quite well
with the measured amplitude result, and Fig. 6(b) shows the
measured width result and its fitting result from Eq. (18).

In the fitting result, ln l̄V = 6.32, σlnV = 0.13, ln l̄τ =

3.624, and σlnτ = 0.252. They fit well to the lognormal distri-

bution. Since the measured distribution is similar to the normal
distribution, in order to evaluate the quality of the fitting, the
chi-square distribution fit tests of normal/lognormal distribu-
tions are shown in Table 5.
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Fig. 6. Experimental results of background noise, with the x axis rep-
resenting the channel number and the y axis denoting the distribution
probability. In panel (a), the dotted line represents the measured ampli-
tude distribution, the solid line denotes the mirror reversing, and the
dashed line refers to the fitting result, with the unit of x axis being
2.44 mV. In panel (b), the dotted line represents the measured width
distribution and the solid line denotes the fitting curve, with the unit of
x axis being 0.1 µs.

060505-7



Chin. Phys. B Vol. 22, No. 6 (2013) 060505

Table 5. Results of the chi-square distribution fit test of background noise.

Sample
Chi-square distribution fit test of lognormal distribution Correlation coefficient

N ∑ f 2
i /N p̂i χ2 k− s−1 χ2

0.05(k− s−1) accept? r

Amplitude 1047558 1048156.745 598.745 582 639.232 accept 0.995
Width 1047558 1047634.905 76.905 70 90.531 accept 0.998

Chi-square distribution fit test of normal distribution
Amplitude 1047558 1048181.668 623.668 582 639.232 accept 0.994

Width 1047558 1047651.962 93.962 70 90.531 reject 0.892

From Table 5, the presumptions of lognormal distribution
fitting function for both amplitude and width distributions can
be accepted. However, the presumption of normal distribu-
tion fitting function for width distribution cannot be accepted.
Moreover, the correlation coefficient of normal distribution fit-
ting is lower than that of lognormal distribution fitting.

5. Discussion
5.1. Randomness of three typical measuring objects

These results of three typical random processes measured
by the same light scattering particle counting system indi-
cate that all the pulse signal statistical distributions can be ex-
pressed by the same distribution p(l), though the values of
statistical parameter are different. We believe that this statisti-
cal regularity has a connection with the pulse signal measuring
method and the randomness in the measuring process.

The random factors in the measuring process of three
kinds of measuring objects represent different levels of ran-
domness in the measurement. From the measurement results
we can draw the following conclusions. 1) Since the shape
of particles suspended in the air is much more complicated
than that of standard particles, the distribution of particles in
the air has a larger distribution width than the standard par-
ticle. While the background noise from the effect of ran-
domness of standard particles is avoided, its distribution has
the narrowest distribution width. 2) The diameter of stan-
dard particles corresponds to the peak of the signal amplitude
distribution curve, and the sensor resolving power of particle
size can be obtained intuitively according to the distribution
curves. 3) Since the standard particles are not ideal parti-
cles, geometric standard deviations of their distributions not
only reflect the change of photosensitive area and the random-
ness of photodetector noise, but also show the randomness of
standard particles. 4) The pulse signal of photoelectric sensor
noise only reflects the nature of the sensor itself, which means
the geometric standard deviation should be minimal, gener-
ally, σair > σstandard > σnoise. 5) Normal distribution could
be treated as the approximation of lognormal distribution at
σlnV ≤ 0.1. Considering the non-negative characteristics of
lognormal distribution, it owns obvious advantage in random
measurements, which is exactly illustrated by the experimen-

tal data in Tables 1–5.

5.2. Statistical distributions of subsets

With the same experimental device, the statistical distri-
butions of the light scattering signal of particles suspended in
the air and background noise at different amplitude and width
intervals are measured. In the width interval of τlτ ∼ τlτ +∆τ ,
the measured counting distribution function p̃(lV , lτ =C) of
random pulse signal amplitude can be shown by discrete points
in Fig. 7(a). For the same sample, in the amplitude interval of
VlV ∼ VlV +∆V , the measured counting distribution function
p̃(lτ , lV =C) of random pulse signal width can be shown by
dots in Fig. 7(b).
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Fig. 7. (color online) Distributions of signal subsets of random particles
suspended in the air, with the x axis representing the channel number
and the y axis denoting the probability of distribution. In panel (a) the
dotted lines represent the measured results of amplitude distributions at
different widths, the solid lines denote the fitting results. In panel (b)
the dotted lines represent the measured results of width distributions at
different amplitudes, the solid lines refer to the fitting results.

As shown in Fig. 7, some basic characteristics of the
curves p̃(lV , lτ =C) and p̃(lτ , lV =C) could be obtained.
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Firstly, the pulse signal distributions do not satisfy central
symmetry. The peak value and width of the amplitude dis-
tribution increase with the sample width interval increasing.
Besides, the peak value and width of the width distribution in-
crease with the sample amplitude interval increasing. Thirdly,
the distributions p̃(lV , lτ =C) and p̃(lτ , lV =C) in the differ-
ent subsets are similar in geometric structure. The lognormal
distribution fitting results are represented with the solid lines
in Fig. 7, described by the following equations:

p(lV , lτ =C) =
1

Ωlτ LV σlnV lV
exp
(
− (ln lV −µlnV )

2

2σ2
lnV

)
, (19)

p(lτ , lV =C) =
1

ΩlV Lτ
σlnτ lτ

exp
(
− (ln lτ −µlnτ)

2

2σ2
lnτ

)
. (20)

As expected, different pulse signal subsets of the count
distributions satisfy the lognormal distribution p(lV , lτ =C)

and p(lτ , lV =C) stably. The fitting values are shown in Ta-
ble 6.

The correlation coefficients of all experimental results
and fitting results of statistical distribution subsets are all more
than 0.995. Moreover, the chi-square distribution fit test of
lognormal distribution is done in Table 7.

Table 6. Fitting values of signal subsets of particles suspended in the air.

Amplitude distributions under different widths Width distributions under different amplitudes

Width scope/µs
Fitting data

Amplitude scope/mV
Fitting data

Geometric mean Geometric standard Geometric mean Geometric standard
ln l̄V deviation σlnV ln l̄τ deviation σlnτ

3–4 4.23 0.34 100–150 2.00 0.595
4–5 4.51 0.36 150–200 2.21 0.594
5–10 4.83 0.38 200–250 2.42 0.565

10–15 5.05 0.33 400–500 2.84 0.555
20–30 5.28 0.25 500–700 2.96 0.501

Table 7. Results of the chi-square distribution fit test.

Sample
Chi-square distribution fit test of lognormal distribution

N ∑ f 2
i /N p̂i χ2 k− s−1 χ2

0.05(k− s−1) Accept?

3 µs–4 µs 95741 95880.342 139.342 140 168.613 accept
4 µs–5 µs 83473 83624.983 151.983 185 220.991 accept

5 µs–10 µs 221213 221385.77 172.77 296 337.125 accept
10 µs–15 µs 85599 85717.513 118.513 301 342.462 accept
20 µs–30 µs 18289 18383.001 94.001 241 278.213 accept

100 mV–150 mV 107394 107407.901 13.901 50 67.505 accept
150 mV–200 mV 103487 103509.31 22.31 60 79.082 accept
200 mV–250 mV 87959 88006.635 47.635 67 87.108 accept
400 mV–500 mV 55400 55457.323 57.323 89 111.022 accept
500 mV–700 mV 30806 30834.982 28.982 83 105.267 accept

The studies of background noise pulse signal distribution subsets at different amplitude and width intervals are carried out
with the above method. The fitting distribution curve, fitting values, and chi-square distribution fit test are shown in Fig. 8 and
Tables 8 and 9.

0

0.02

0.04

0.06

1 21 41 61 81 101 121 1410

0.01

0.02

0 101 201 301 401 501

p

p

ltlV

129 mV-132 mV

200 mV-203 mV

300 mV-303 mV

500 mV-503 mV

1.80 ms-1.85 ms

2 ms-2.05 ms

3 ms-3.05 ms

4 ms-4.05 ms

(a) (b)

Fig. 8. (color online) Distributions of background noise subsets, with the x axis representing the channel number and the y axis
denoting the probability of distribution. Panel (a) shows the amplitude distributions under different widths, with the dotted lines
representing the measured results of amplitude distributions at different widths and the solid line denoting the fitting results. Panel (b)
shows the width distributions under different amplitudes, with the dotted line representing the measured results of width distributions
at different amplitudes and the solid lines denoting the fitting results.
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Table 8. Fitting values of signals subsets of background noise.

Amplitude distributions under different widths Width distributions under different amplitudes

Width scope/µs
Fitting data

Amplitude scope/mV
Fitting data

Geometric Geometric standard Geometric Geometric standard
mean ln l̄V deviation σlnV meanln l̄τ deviation σlnτ

1.80–1.85 4.565 0.210 129–132 2.55 0.56
2–2.05 4.765 0.200 200–203 2.815 0.62

3.0–3.05 5.280 0.235 300–303 3.08 0.67
4.0–4.05 5.650 0.245 500–503 3.50 0.65

The correlation coefficients of all experimental results and fitting results of statistical subsets are all more than 0.995.

Table 9. Results of chi-square distribution fit test.

Sample
Chi-square distribution fit test of lognormal distribution

N ∑ f 2
i /N p̂i χ2 k− s−1 χ2

0.05(k− s−1) Accept?

1.80 µs–1.85 µs 100622 100712.83 90.83 116 142.138 accept
2 µs–2.50 µs 101769 101839.54 70.54 140 168.613 accept

3.0 µs–3.05 µs 95358 95462.864 104.864 252 293.248 accept
4.0 µs–4.50 µs 84667 84882.018 215.018 364 409.488 accept

129 mV–132 mV 60797 60825.711 28.711 82 104.139 accept
200 mV–203 mV 57630 57672.098 42.098 98 122.108 accept
300 mV–303 mV 52884 52948.619 64.619 126 153.198 accept
500 mV–503 mV 44299 44371.877 72.877 167 198.154 accept

Finally, the studies show that the signal subsets have a
unified form of lognormal distribution not only among the
three typical random processes but also between the entirety
and the subsets.

5.3. Similarity among random quantity distribution func-
tions

In practical application, as the relation between the two-
physical-quantity (V and τ) statistical distributions can be the-
oretically derived, the other physical quantity statistical distri-
bution can be accurately calculated if another physical quan-
tity statistical distribution has been measured.

From the above experimental results, the random signal
distributions match well with the form of the lognormal distri-
bution when the natural numbers are used as the variables by
two-parameter model. The distribution functions p(lV ), p(lτ),
p(lV , lτ =C), and p(lτ , lV =C) have statistically self-similar
characteristics.

The total number of the signal channels LV and Lτ tend
to be infinite with the improvement of the measurement accu-
racy ∆V → 0 and ∆τ → 0, the normalized coefficient of the
probability density function tends to be

√
2π . Supposing that

p(lV ) dlV = p(lτ) dlτ , the nonlinear relationship lV = (blτ)
α

can be derived as

p(lV ) dlV ≡
dlV

ΩσlnV lV
exp
(
−
(
ln lV − ln l̄V

)2

2σ2
lnV

)

=
dlτ

Ω (σlnV/α) lτ
exp
(
−
(
ln lτ + lnb− ln l̄V/α

)2

2σ2
lnV/α2

)

=
dlτ

Ωσlnτ lτ
exp
(
−
(
ln lτ − ln l̄τ

)2

2σ2
lnτ

)
≡ p(lτ) dlτ . (21)

According to Eq. (21), we can obtain α = σlnV/σlnτ and
b= exp[(σlnτ/σlnV ) ln l̄V − ln l̄τ ]. With these relations, the am-
plitude distribution curve could be coincided with the width
distribution curve, however, the channel of one distribution
curve is a non-natural number sequence.

Besides, when the two independent characteristic quan-
tities V and τ are used to describe the random pulse signal
group, Eq. (21) indicates that if the statistical distribution sat-
isfies the lognormal distribution, the corresponding distribu-
tions of different characteristic quantities meet the non-linear
self-similarity transformation relation within the domain.

The relation among different characteristic quantity dis-
tributions is well expressed by

V
∆V

1
l̄V

=

(
τ

∆τ

b
l̄τ

)σlnV /σlnτ

. (22)

Besides, all the above measured results can be described
by Eqs. (7) and (22). Equation (22) is also the non-integeral
dimension fractal relation of the statistical distributions of dif-
ferent random laser scattering pulse signal groups, where the
fractal dimension corresponds to the ratio of α for the distri-
butions of different characteristic quantities.

6. Conclusions
In this paper, we proposed the random process model the-

oretically which clearly provides the relation between mea-
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sured results and the different random factors in the measuring
system. Based on this proposed model, the constraint relation
of the statistical distribution function of the measured result
is derived. Moreover, we have also introduced the geometric
mean, which is important in a random study as a statistical
parameter and should be positive, corresponding to the posi-
tive property of measured results. According to the theoretical
analysis, we have studied the distribution functions of mea-
sured results in the same experimental system of three typi-
cal objects including particles suspended in the air, standard
particles, and background noise. We have found that statisti-
cal amplitude and width distribution functions of all of these
three typical objects match well with lognormal distribution
when natural numbers are used as the variables using a two-
parameter model testified by chi-square and correlation coef-
ficient. And this uniform distribution corresponds to the ran-
domness of the measurement process. The comparison be-
tween lognormal and normal distribution fitting results shows
that lognormal distribution has more advantages in describing
random measured results. Besides, the subset of these measur-
ing objects is measured, the results indicate a lot of relations
such as the relation between amplitude and width distributions,

the relation between global and local distributions, and the re-
lation between subsets of amplitude, and width distributions
of the same object satisfy the non-linear self-similarity trans-
formation relation. The research provides a new way for de-
scribing a random process with lognormal distribution and this
enables accurate analysis of random results.
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