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New operator identities with regard to the two-variable Hermite
polynomial by virtue of entangled state representation∗
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By virtue of the entangled state representation we concisely derive some new operator identities with regard to the
two-variable Hermite polynomial (TVHP). By them and the technique of integration within an ordered product (IWOP) of
operators we further derive new generating function formulas of the TVHP. They are useful in quantum optical theoretical
calculations. It is seen from this work that by combining the IWOP technique and quantum mechanical representations one
can derive some new integration formulas even without really performing the integration.
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1. Introduction
It is well known that Hermite polynomial (HP) is an im-

portant special function, which forms a class of orthogonal
and complete set in function space.[1–3] Among them, the two-
variable Hermite polynomial (TVHP) Hm,n(ξ ,ξ

∗)

Hm,n(ξ ,ξ
∗) =

min[m,n]

∑
l=0

(−1)lm!n!ξ m−lξ ∗n−l

l!(m− l)!(n− l)!
(1)

has become more and more useful (note that Hm,n(ξ ,ξ
∗) is not

a direct product of a two independent single-variable HP). For
example, in quantum optics theory Hm,n(ξ ,ξ

∗) can be consid-
ered as the basis of generalized Bargmann function space cor-
responding to the two-mode Fock state,[4] and is very useful
for discussing the quasi-probability distribution of some quan-
tum states.[5] In Fourier optics theory, Hm,n(ξ ,ξ

∗) is proved to
be the eigenfunction of the complex fractional Fourier trans-
form, the corresponding phenomenon may be observed in the
light propagation in a graded index (GRIN) medium,[6] this
eigenmode also exists in the two-dimensional Talbot effect
demonstrated in a GRIN medium.[7] In Refs. [8]– [10], it is
pointed out that the two-mode squeezed number state is just
a TVHP excitation on the two-mode squeezed vacuum state.
Very recently, Ma’s group has investigated the nonclassicality
of a TVHP state, considered as a two-mode photon subtracted
squeezed vacuum state.[11]

Recalling that the entangled state representation |ξ 〉 is ex-
pressed as[12–16]

|ξ 〉= exp
(
−1

2
|ξ |2 +ξ a† +ξ

∗b†−a†b†
)
|00〉 , (2)

which obeys(
a+b†) |ξ 〉= ξ |ξ 〉 ,

(
a† +b

)
|ξ 〉= ξ

∗ |ξ 〉 , (3)

where ξ = ξ1+ iξ2, |00〉 is the two-mode vacuum state, a† and
b† are the Bose creation operators with

[
a,a†

]
=
[
b,b†

]
= 1.

|ξ 〉 is orthonormal and complete,∫ d2ξ

π
|ξ 〉〈ξ |=

∫ d2ξ

π
: e−(a†+b−ξ ∗)(a+b†−ξ) : = 1, (4)

where : : stands for normal ordering, and we have used the
technique of integration within an ordered product (IWOP)
of operators[17–20] as well as |00〉〈00|= : exp[−a†a−b†b] : .
According to the generating function of Hm,n (ξ ,ξ

∗)

∞

∑
m,n=0

tmt ′n

m!n!
Hm,n (ξ ,ξ

∗) = e−tt ′+tξ+t ′ξ ∗ , (5)

we can expand

|ξ 〉= exp
(
−|ξ |

2

2

)
∞

∑
m,n=0

Hm,n (ξ ,ξ
∗)a†mb†n

m!n!
|00〉 , (6)

then the overlap between 〈ξ | and the two-mode Fock state is

〈ξ | m,n〉=
exp
[
−1

2
|ξ |2

]
√

m!n!
H∗m,n (ξ ,ξ

∗) , (7)

where

|m,n〉= a†mb†n
√

m!n!
|00〉 .

Equation (6) exhibits quantum entanglement.[21] In this work
we shall employ the entangled state representation for deriv-
ing some new operator identities regarding to Hm,n (ξ ,ξ

∗) and
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then present their applications. By virtue of them, we can also
derive some new generating function formulas of Hm,n (ξ ,ξ

∗) ,

which is quite useful in the calculating normalization of some
quantum states. We conclude that by combining the IWOP
technique and quantum mechanical representations one can
derive some new integration formulas even without really per-
forming the integration.

2. New operator identities regarding the two-
variable Hermite polynomial
In order to obtain the normally ordered expansion of

Hm,n
(
a+b†,a† +b

)
, by noticing

[
a+b†,a† +b

]
= 0, we

have

e−tt ′+t(a+b†)+t ′(a†+b)

= : et(a+b†)+t ′(a†+b) :

=
∞

∑
m,n=0

tmt ′n

m!n!
:
(
a+b†)m (

a† +b
)n

: , (8)

where we have used the Baker–Hausdorff formula

eA eB = eB eA e[A,B],

[A, [A,B]] = [B, [A,B]] = 0. (9)

Comparing with Eq. (5) we see the identity

Hm,n
(
a+b†,a† +b

)
= :

(
a+b†)m (

a† +b
)n

: . (10)

Using Eqs. (3) and (4) as well as the IWOP technique, we have

Hm,n
(
a+b†,a† +b

)
=
∫ d2ξ

π
Hm,n (ξ ,ξ

∗) |ξ 〉〈ξ |

=
∫ d2ξ

π
Hm,n (ξ ,ξ

∗) : e−(a†+b−ξ ∗)(a+b†−ξ) : . (11)

Equations (10) and (11) imply an integration formula∫ d2ξ

π
Hm,n (ξ ,ξ

∗)exp [−(α∗−ξ
∗)(α−ξ )] = α

m
α
∗n. (12)

Thus we see that by combining the IWOP technique and quan-
tum mechanical representations one can derive some new in-
tegration formulas even without really performing the integra-
tion. Moreover, from the antinormally ordered expansion (de-

noted by
...

...)

e−tt ′+t ′(a†+b)+t(a+b†)

=
... e−2tt ′+t ′(a†+b)+t(a+b†)...

=
∞

∑
m,n=0

2(m+n)/2tmt ′n

m!n!
... Hm,n

(
a+b†
√

2
,

a† +b√
2

)
... (13)

and comparing Eq. (5) with Eq. (13) we see

Hm,n
(
a+b†,a† +b

)
= 2(m+n)/2... Hm,n

(
a+b†
√

2
,

a† +b√
2

)
.... (14)

On the other hand, it is seen that
∞

∑
m,n=0

tmt ′n

m!n!
(
a+b†)m (

a† +b
)n

= : ett ′+t ′(b+a†) et(a+b†) :

=
∞

∑
m,n=0

(it)m (it ′)n

m!n!
: Hm,n

[
−i
(
a+b†) ,−i

(
a† +b

)]
: , (15)

this leads to the new operator identity(
a+b†)m (

a† +b
)n

= im+n : Hm,n
[
−i
(
a+b†) ,−i

(
a† +b

)]
: . (16)

Similarly, using Eqs. (3) and (4), we also have(
a+b†)m (

a† +b
)n

=
∫ d2ξ

π
ξ

m
ξ
∗n : exp

[
−
(
a† +b−ξ

∗)(a+b†−ξ
)]

: .(17)

It is seen from Eqs. (16) and (17) that another integration for-
mula is ∫ d2ξ

π
ξ

m
ξ
∗n exp [−(α∗−ξ

∗)(α−ξ )]

= im+nHm,n (−iα,−iα∗) . (18)

This is the reciprocal relation of Eq. (12). It is clearly shown
that Eqs. (12) and (18) are the mutual integration transforma-
tion between Hm,n (ξ ,ξ

∗) and the polynomial ξ mξ ∗n.

To derive another more complicated generating function
formula about TVHP, we introduce another two-mode entan-
gled state involved in modes c†,d†

|ζ 〉= exp
(
−1

2
|ζ |2 +ζ c† +ζ

∗d†− c†d†
)
|00〉 ,

ζ = ζ1 + iζ2, (19)

where
[
c,c†

]
= 1 and

[
d,d†

]
= 1, obeying(

c+d†) |ζ 〉= ζ |ζ 〉 ,
(
c† +d

)
|ζ 〉= ζ

∗ |ζ 〉 , (20)

and∫ d2ζ

π
|ζ 〉〈ζ |=

∫ d2ζ

π
: e−(c†+d−ζ ∗)(c+d†−ζ) : = 1. (21)

As a result of Eq. (11) we deduce

G ≡
∞

∑
m,n=0

tnsm

n!m!
Hm,n

(
a+b†,a† +b

)
Hm,n

(
c+d†,c† +d

)
=

∞

∑
m,n=0

tnsm

n!m!
:
(
a+b†)m (

a† +b
)n (

c+d†)m (
c† +d

)n
:

= : exp
[
s
(
a+b†)(c+d†)+ t

(
a† +b

)(
c† +d

)]
: . (22)

In reference to∫ d2z
π

eη |z|2+ f z+gz∗ =− 1
η

e− f g/η

with Re(η) < 0, the right-hand side of Eq. (22) can be the
result of the following integration with use of the IWOP tech-
nique
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G =
∫ d2ζ

π
: e−|ζ |

2+ζ [(c†+d)+s(a+b†)]+ζ ∗[(c+d†)+t(a†+b)]−st(a†+b)(a+b†)−(c†+d)(c+d†) :

= :
∫ d2ζ

π
|ζ 〉〈ζ | e−st(a†+b)(a+b†)+sζ(a+b†)+tζ ∗(a†+b) : , (23)

where, within the normal ordering : : , the terms involving
(
a+b†

)
and

(
a† +b

)
can be expressed as the following integration

exp
[
−st

(
a† +b

)(
a+b†)+ sζ

(
a+b†)+ tζ ∗

(
a† +b

)]
=

1
1− ts

∫ d2ξ

π
exp
[
−|ξ |2

1− ts
+ξ

(
a† +b+

sζ

1− ts

)
+ξ

∗
(

a+b† +
tζ ∗

1− ts

)
− ts|ζ |2

1− ts
−
(
a† +b

)(
a+b†)] . (24)

Substituting Eq. (24) into Eq. (23) and using Eqs. (3) and (4) as well as Eqs. (20) and (21) we see

G =
1

1− ts

∫ d2ξ d2ζ

π2 |ξ 〉 |ζ 〉〈ζ | 〈ξ |exp

[
−ts

(
|ξ |2 + |ζ |2

)
1− ts

+
sζ ξ

1− ts
+

tζ ∗ξ ∗

1− ts

]

=
1

1− ts
exp

{
−ts

1− ts

[(
a† +b

)(
a+b†)+ (c† +d

)(
c+d†)]+ s

(
a+b†

)(
c+d†

)
1− ts

+
t
(
c† +d

)(
a† +b

)
1− ts

}
. (25)

Since
(
a† +b

)
,
(
a+b†

)
,
(
c† +d

)
, and

(
c+d†

)
are all

commutative among themselves, we can make replacement(
a† +b

)
→ y,

(
a+b†

)
→ x,

(
c† +d

)
→ y′,

(
c+d†

)
→ x′,

then by comparing Eq. (25) with Eq. (22) we obtain the com-
plicated generating function formula about TVHP

∞

∑
m,n=0

smtn

m!n!
Hm,n (x,y)Hm,n

(
x′,y′

)
=

1
1− ts

exp
[

sxx′+ tyy′− ts(xy+ x′y′)
1− ts

]
. (26)

3. Applications
We now present some applications of Eq. (26). To be-

gin with, we point out that Eq. (26) can be used for deriving
another generating function formula. In fact, using the gener-
ating function of Laguerre polynomial[3,22]

∞

∑
m=0

Lm (x)sm = (1− s)−1 exp
(
−xs
1− s

)
, (27)

and its relation to the TVHP,[14,23] Hm,m (x,y) =

(−1)m m!Lm (xy), we can reexpress Eq. (26) as

∞

∑
m,n=0

smtnHm,n (x,y)Hm,n (x′,y′)
m!n!

=
etyy′

1− st
exp

[
−
(
xy+ x′y′− tyy′− 1

t xx′
)

ts
1− st

]

= etyy′
∞

∑
m=0

(−st)m

m!
Hm,m

[
i
(√

ty′− x√
t

)
,

i
(√

ty− x′√
t

)]
. (28)

Comparing the same power of s on the above two sides yields

∞

∑
n=0

tn

n!
Hm,n (x,y)Hm,n

(
x′,y′

)

= (−t)m etyy′Hm,m

[
i
(√

ty′− x√
t

)
, i
(√

ty− x′√
t

)]
. (29)

Further, by noticing

et ′a eta†
= : e(−it ′)ia+(−it)ia†−(−it)(−it ′) :

=
∞

∑
m,n=0

(−it)m (−it ′)n

m!n!
: Hm,n

(
ia†, ia

)
: (30)

and comparing it with

et ′a eta†
=

∞

∑
m,n=0

t ′ntm

n!m!
ana†m,

we have the compact operator identity

ana†m = (−i)m+n : Hm,n
(

ia†, ia
)

: . (31)

It then follows from Eq. (26) that

esab eta†b†

=
∞

∑
m,n=0

(−1)m+n smtn

m!n!
: Hm,n

(
ia†, ia

)
Hm,n

(
ib†, ib

)
:

=
1

1− ts
: exp

[
ts
(
a†a+b†b

)
+ sa†b† + tab

1− ts

]
:

=
1

1− ts
exp
(

s
1− ts

a†b†
)

exp
(
−
(
a†a+b†b

)
ln(1− ts)

)
× exp

(
t

1− ts
ab
)
, (32)

where at the last step we have used the formula eλa†a =

: exp[
(

eλ −1
)

a†a] : .[18,24] This result of Eq. (32) agrees with
that of Ref. [25]. On the other hand, using the antinormally

ordered operator
...Hm,n

(
a†,a

) ... = a†man, where using its P-
representation as well as Eq. (12) we easily prove that

...Hm,n
(
a†,a

) ... =
∫ d2z

π
Hm,n (z∗,z) |z〉〈z|
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=
∫ d2z

π
Hm,n (z∗,z) : e−(a†−z∗)(a−z) :

= a†man, (33)

we can obtain

eta†b†
esab

=
∞

∑
m,n=0

smtn

m!n!
...Hm,n

(
a,a†)Hm,n

(
b,b†) ...

=
1

1− ts
... exp

[
−ts

(
a†a+b†b

)
+ ta†b† + sab

1− ts

]
...

=
1

1− ts
exp
(

s
1− ts

ab
)

... exp
(
−ts

1− ts

(
a†a+b†b

))...

× exp
(

t
1− ts

a†b†
)
. (34)

Finally, according to Eqs. (29) and (31) and using

Hm,m (x,y) = (−1)m m!Lm (xy) ,

we also have

ambm ea†b† tanhλ

=
∞

∑
n=0

tanhn
λ

n!
ama†nbmb†n

= (−1)m
∞

∑
n=0

(− tanhλ )n

n!
: Hm,n

(
ia, ia†)Hm,n

(
ib, ib†) :

= m! tanhm
λ ea†b† tanhλ

× : Lm
(
−a†a−b†b−abcothλ −a†b† tanhλ

)
: , (35)

which relates to Laguerre polynomial. Based on this, we ob-
tain that the two-mode photon-subtracted squeezed vacuum
state is expressed as[26]

|λ 〉m ≡ ambmS2(λ ) |00〉= ambm ea†b† tanhλ |00〉

= m! tanhm
λ ea†b† tanhλ Lm

(
−a†b† tanhλ

)
|00〉

= m! tanhm
λLm

(
−a†b† tanhλ

)
S2(λ ) |00〉 , (36)

where S2(λ ) = exp
[
λ (a†b†−ab)

]
is the two-mode squeez-

ing operator with λ being a real squeezing parameter. From
Eq. (36), |λ 〉m can be equivalent to Laguerre polynomial exci-
tation on squeezed vacuum state. Recall the resut of Ref. [27],
we have calculated its normalization factor

〈00| eab tanhλ a†mb†mambm ea†b† tanhλ |00〉

= (m!)2 sinh2m
λPm (cosh2λ ) , (37)

where Pm (x) is Legendre polynomial[1,28]

Pm(x) =
[m/2]

∑
l=0

(−1)l (2m−2l)!xm−2l

2ml!(m− l)!(m−2l)!
. (38)

Using Eqs. (36) and (37) as well as the coherent state’s com-
pleteness relation∫ d2α d2β

π2 |α,β 〉〈α,β |= 1,

it follows that∫ d2α d2β

π2 Lm (−αβ tanhλ )Lm (−α
∗
β
∗ tanhλ )

× e−|α|
2−|β |2+(αβ+α∗β ∗) tanhλ

= cosh2m
λPm (cosh2λ ) , (39)

which is a new integration formula.

4. Summary
In summary, by virtue of the entangled state representa-

tion we concisely derived some new operator identities with
regard to two-variable Hermite polynomials. They are useful
in quantum optical theoretical calculations. By combining the
IWOP technique and quantum mechanical representations one
can derive some new integration formulas even without really
performing the integration.
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