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A generalized Fisher equation (GFE) relates the time derivative of the average of the intrinsic rate of growth to its
variance. The exact mathematical result of the GFE has been widely used in population dynamics and genetics, where it
originated. Many researchers have studied the numerical solutions of the GFE, up to now. In this paper, we introduce an
element-free Galerkin (EFG) method based on the moving least-square approximation to approximate positive solutions of
the GFE from population dynamics. Compared with other numerical methods, the EFG method for the GFE needs only
scattered nodes instead of meshing the domain of the problem. The Galerkin weak form is used to obtain the discrete
equations, and the essential boundary conditions are enforced by the penalty method. In comparison with the traditional
method, numerical solutions show that the new method has higher accuracy and better convergence. Several numerical
examples are presented to demonstrate the effectiveness of the method.
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1. Introduction
In 1930, Fisher[1] proposed an equation for population

dynamics that relates the time derivative of the average of the
intrinsic rate of growth of the different alleles to its variance.
It has become known as the fundamental law of population
genetics. The generalized form of the Fisher equation (GFE)
holds for temporal functions, which are different from zero
with continuous second-order derivatives. The exact results of
the Fisher equation are independent of the detailed kinetics of
the process. They are valid whether the evolution equations are
linear or nonlinear, or local or nonlocal in space and time.[2]

The use of the GFE is new in many fields, such as chemistry,
biology, biotechnology, chemical engineering, materials sci-
ence, etc.[3]

The properties of the Fisher equation have been stud-
ied theoretically by many authors and the travelling wave so-
lutions of the Fisher equation have been studied by many
computational approaches. One of the first numerical so-
lutions was presented in Ref. [4] with a pseudospectral ap-
proach. The moving mesh method for numerical solutions of
the Fisher equation was used by Qiu and Sloan.[5] Wazwaz and
Gorguis[6] found the exact solutions to the Fisher equation and
to a nonlinear diffusion equation of the Fisher type by employ-
ing the Adomian decomposition method. The Galerkin finite
element method,[7] and sinc collocation method[8] have a good
use in the Fisher equation. Mickens[9] proposed a best finite-
difference scheme for the Fisher equation, and it was used by

many others.[10–15]

We consider the following Fisher equation,

ut = [(a0u+a1)ux]x +(a2−a3u)u, (1)

where u is the biological population density. The first term
on the right-hand side of Eq. (1) is called the diffusion term,
which denotes the migration of the population. If the diffu-
sion term is 0, the distribution of the population in space is
uniform, u is just involved with time. Otherwise the popula-
tion is necessary from high density to low density diffusion.
The second term on the right-hand side of Eq. (1) is called the
reaction term, which represents the propagation of the popula-
tion, in which a2 is the intrinsic natural growth rate, it is equal
to the birth rate minus mortality, a2− a3u is actual increase.
General requirement is a2a3 > 0. When a0 = 0,a2 = a3, the
equation is called the classic Fisher equation. The Neumann
boundary condition and initial condition are respectively given
as follows:

ux(a, t) = g1(t), ux(b, t) = g2(t), (2)

u(x,0) = u0(x), x ∈ (a,b). (3)

The original EFG method was developed by Belytschko
et al.,[16] which is only based on nodes, thus no mesh gener-
ation or remeshing is required. It has been shown that, com-
pared with the finite element method, the EFG method has the
advantages of high accuracy, rapid convergence, and a smooth
stress solution can be obtained without post-processing.[16]
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The variational method is used to obtain the correspond-
ing discrete equations, the essential boundary conditions are
enforced by the penalty method. The EFG method is greatly
developed and widely used in various fields, for example, for
solving linear hyperbolic equation and KdV equations,[17,18]

for simulation of stationary shallow water flowing in rivers,[19]

analysis of thin plates,[20] and so on. Recently an improved
interpolating EFG method has been studied and used to two-
dimensional potential problems[21–24] and others.[25–30] In the
present paper, the EFG method is used to obtain the numerical
solution of the GFE.[31]

The paper is organized in the following way: in Sec-
tion 2, we describe the EFG method, including the approxi-
mation method and the weight function. In Section 3, we use
the EFG method to discretize the equation of the problem. In
order to present a clear overview of the method, in Section 4,
some examples are solved. Section 5 gives the conclusion of
this paper.

2. Moving least-square (MLS) approximation
Moving least square (MLS) approximation was proposed

originally by mathematicians for data fitting and surface struc-
tures. Lancaster and Salkauskas pioneered the use of surface
generation using the MLS, and then Belytschko applied it to
the mesh-free method (FEM).

The requirements of MLS approximation usually contain
three parts: a monomial basis, a weight function of a compact
support associated with each node, and a set of coefficients
depending on the node position.

In order to obtain uh(x), which is the approximation func-
tion of u(x), Lancaster and Salkauskas defined a local approx-
imation

uh(x,x) =
m

∑
k=1

pk(x)ak(x)≡ 𝑝(x)𝑎(x), (4)

where x̄ is a calculated point and x is the node in the compacted
supported domain of x̄, 𝑝T(x) is a complete monomial basis of
order, as a linear basis is used 𝑝T(x) = (1,x), or a quadratic
basis 𝑝T(x) = (1,x,x2), 𝑎(x) is an unknown coefficient vector,
and it is the vector forms of ak(x).

To get the unknown coefficients 𝑎(x), we define the fol-
lowing weighted discrete L2 norm

𝐽 =
N

∑
i=1

w(x− xi)[uh(xi,x)−ui]
2

=
N

∑
i=1

w(x− xi)[𝑝
T(xi)𝑎(x)−ui]

2, (5)

where w(x− xi) is a weight function, xi is the node, N is the
number of nodes in the compacted supported domain of x, ui

is the nodal parameter of u at x = xi.
By minimizing 𝐽 in Eq. (5), we have

∂𝐽

∂𝑎
= 𝐴(x)𝑎(x)−𝐵(x)𝑈 = 0, (6)

where

𝐴(x) =
N

∑
i=1

w(x− xi)𝑝(xi)𝑝
T(xi), (7)

𝐵(x) = (w(x− x1)𝑝(x1), w(x− x2)𝑝(x2), . . . ,

w(x− xN)𝑝(xN)), (8)

𝑈 = (u1, u2, . . . , uN)
T. (9)

Then Eq. (6) is equal to

𝑎(x) =𝐴−1(x)𝐵(x)𝑈 , (10)

from Eqs. (4) and (10), the approximate function of u(x) can
be obtained as follows:

u(x) ≈ uh(x) =
m

∑
k=1

pk(x)ak(x)

=
N

∑
i=1

Φi(x)ui(t) =𝛷(x)𝑈(t), (11)

where 𝛷 is a matrix of shape function, defined as

𝛷 = (Φ1(x), Φ2(x), . . . , ΦN(x))

= 𝑝T(x)𝐴−1(x)𝐵(x). (12)

The derivative of the unknown u(x) is approximated by

∂ k

∂xk uh(x) =
N

∑
i=1

[
∂ k

∂xk Φi(x)
]

ui(t). (13)

The weight function used in the MLS plays a very impor-
tant role in the EFG method, so the selection of an appropri-
ate weight function is essential. In Eq. (7), w(x− xi) is the
weight function which should be greater than zero within a
small neighborhood of xi, called the domain of influence of
node xi, and in the rest of the solution domain, the weight func-
tion should be equal to zero. The cubic spline weight function
used in the present analysis can be written as a function of
normalized radius r as follows:

w(x− xi) = w(r) =


2
3
−4r2 +4r3, r ≤ 1

2
,

4
3
−4r+4r2− 4

3
r3,

1
2
< r ≤ 1,

0, r > 1

(14)

with

r =
di

dmi

, di = ‖x− xi‖, dmi = dmaxci, (15)

where dmax is a scaling parameter, the distance ci is chosen so
that the matrix A(x) is not singular.
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3. Numerical scheme
To establish the numerical approximation scheme, we

consider N points: xi = (i−1)∆x, i= 1,2,3, . . . ,N, where ∆x is
the spatial step size and ∆x = (b−a)/(N−1). x1 = a, xN = b
are the boundary points. The grid points in the time interval
[0,T ] are labeled as t j = n∆t,n = 0,1,2,3, . . ., where ∆t is the
time interval.

The EFG method will be implemented for obtaining that
discrete equation. To get the discrete equation, we use a weak
form of the equation, and employ the penalty method to deal
with the boundary conditions.

By making variation, the weak form of Eq. (1) is∫
δu(ut −a0(ux)

2−a0uuxx−a1uxx

−a2u+a3u2)dΓ +αδu(u−u)|Γu = 0, (16)

where δu ∈ C∞
0 (Ω) is a variational function, Γ refers to the

domain of x, Γu refers to the boundaries, and u are the values
of u in the boundaries. α is a penalty parameter and usually
equals 103 ∼ 108.

Equation (16) can be written as∫
δuut dΓ −

∫
δua1uxx dΓ −

∫
δua2udΓ

−
∫

δu(a0u2
x +a0uuxx−a3u2)dΓ +αδu(u−u)|Γu = 0. (17)

According to Eqs. (11) and (13), we can obtain the ap-
proximations of uh, ∂uh/∂x, ∂ 2uh/∂x2, and ∂uh/∂ t

uh =
N

∑
i=1

Φi(x)ui(t) =𝛷(x)𝑈(t), (18)

∂uh

∂x
=

N

∑
i=1

∂Φi(x)
∂x

ui(t) =
N

∑
i=1

Φi,x(x)ui(t)

= 𝛷x(x)𝑈(t), (19)

∂ 2uh

∂x2 =
N

∑
i=1

∂ 2Φi(x)
∂x2 ui(t)

=
N

∑
i=1

Φi,xx(x)ui(t) =𝛷xx(x)𝑈(t), (20)

∂uh

∂ t
=

N

∑
i=1

Φi(x)
∂ui(t)

∂ t
=𝛷(x)𝑈̇(t), (21)

where

𝛷x(x) =
∂𝛷(x)

∂x

=

(
∂Φ1(x)

∂x
,

∂Φ2(x)
∂x

,
∂Φ3(x)

∂x
, · · · , ∂ΦN(x)

∂x

)
= (Φ1,x(x), Φ2,x(x), Φ3,x(x), · · · ,ΦN,x(x)), (22)

𝛷xx(x) =
∂ 2𝛷(x)

∂x2

=

(
∂ 2Φ1(x)

∂x2 ,
∂ 2Φ2(x)

∂x2 ,
∂ 2Φ3(x)

∂x2 , · · · , ∂ 2ΦN(x)
∂x2

)
= (Φ1,xx(x), Φ2,xx(x), Φ3,xx(x), · · · ,ΦN,xx(x)), (23)

and 𝑈(ti) is the parameters when t = i∆t.
Substituting Eqs. (18)–(23) into the weak form (17) yields

δ𝑈T𝐺U̇(t)+δ𝑈T𝐾𝑈(t)−δ𝑈T
∫

𝛷T(a0(u2
x)

+a0(uuxx)−a3(u2))dΓ −δ𝑈T𝐹 = 0, (24)

where 𝐺 and 𝐾 are N×N matrices, whose values of the i-th
row, j-th column are respectively

𝐺i j =
∫

Φi(x)Φ j(x)dΓ , (25)

𝐾i j = a1

∫
Φi,x(x)Φ j,x(x)dΓ −a2

∫
Φi(x)Φ j(x)dΓ

+α[Φi(x)Φ j(x)|x=a +Φi(x)Φ j(x)|x=b], (26)

𝐹 is an N×1 matrix, whose j-th row is

𝐹 j = α(Φ j(x)u|x=a +Φ j(x)u|x=b). (27)

According to the arbitrariness of δ𝑈T(t), Eq. (24) be-
comes

𝐺𝑈̇(t)+𝐾𝑈(t)−
∫

𝛷T(a0(u2
x)

+ a0(uuxx)−a3(u2))dΓ −𝐹 = 0. (28)

Forming the time discretization of Eq. (28) with the central
difference method, we obtain

𝐺
𝑈 n+1−𝑈 n

∆t
+𝐾

𝑈 n+1 +𝑈 n

2

−
∫

𝛷T
(

a0
(u2

x)
n+1 +(u2

x)
n

2
+a0

(uuxx)
n+1 +(uuxx)

n

2

−a3
(u2)n+1 +(u2)n

2

)
dΓ − 𝐹 n+1 +𝐹 n

2
= 0, (29)

where

𝑈 n =𝑈(n∆t) = (u1(n∆t),u2(n∆t), . . . ,uN(n∆t)). (30)

The nonlinear termes (u2
x)

n+1, (uuxx)
n+1, and (u2)n+1 in the

above Eq. (29) are lineralized by using the following term:[32]

(uv)n+1 = un+1vn +unvn+1−unvn, (31)

then we have

(u2
x)

n+1 = 2un+1
x un

x−un
xun

x , (32)

(uuxx)
n+1 = un+1un

xx +unun+1
xx −unun

xx, (33)

(u2)n+1 = 2un+1un−unun. (34)

Substituting Eqs. (32), (33), and (34) into Eq. (29), we
have

𝐺
𝑈 n+1−𝑈 n

∆t
+𝐾

𝑈 n+1 +𝑈 n

2
−𝐻𝑈 n+1

− 𝐹 n+1 +𝐹 n

2
= 0, (35)

where 𝐻 is an N×N matrix, whose value is

𝐻 =
∫

𝛷T(a0𝑈
n(𝛷T

x 𝛷)+a0𝑈
n𝛷

T
xx𝛷+𝛷T𝛷xx

2
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−a3𝑈
n(𝛷T𝛷))dΓ . (36)

Now we can obtain the discrete equations about 𝑈 n+1,

h̄𝑈 n+1 = ℓ𝑈 n +𝛩, (37)

where

h̄ = 2𝐺+∆t𝐾+2∆t𝐻, (38)

ℓ= 2𝐺−∆t𝐾, (39)

𝛩 =
𝐹 n+1 +𝐹 n

2
. (40)

Equation (37) is the discrete expression of the Fisher
equations. Through Eq. (37), we can get any moment parame-
ters 𝑈 n+1, by substituting 𝑈 n+1 into Eq. (11), the approxima-
tion of the exact solution of Fisher equations is known.

4. Numercial examples
In this section, some examples are solved with our EFG

method, and the Fisher equation is also demonstrated by some
examples (its exact solutions are known). In our examples,
a regular arrangement of nodes is used, and a cell structure
is to set the quadrature cells equal to the intervals between the
nodes. In each integration cell, a 4-Gauss quadrature scheme is
used to evaluate the stiffness matrix, and the equations’ exact
solutions are known. For the purpose of the error estimation
and convergence studies, we define the error norms L2 and L∞

as follows:

L2 = ‖u−uh‖2 =

√√√√∆x
N

∑
j=1

(u−uh)2, (41)

L∞ = ‖u−uh‖∞ = max |u−uh|, (42)

where ∆x is the spatial step size.
Example 1
We consider Eq. (1) with a0 = −1, a1 = 1, a2 = a3 = 2,

and the boundary conditions

ux

(
− π

2
, t
)
= 0, ux

(
π

2
, t
)
= 0 (43)

with the initial condition as

u(x,0) =
1
3
[2+ sin(x)], (44)

and the exact solution as

u(x, t) =
1
3
[2+ tanh(t)− (1− tanh(t))sin(x)],

− π

2
≤ x≤ π

2
, t ≥ 0. (45)

we solve the problem by the present method for penalty fac-
tor α = 1× 107, scaling parameter dmax = 2.5, the time step
length ∆t = 0.001, spatial interval [−π/2,π/2], and the num-
ber of collocation points N = 16. The weight function is cho-
sen to be a cubic spline function and the bases are chosen to
be linear. The results are listed in Tables 1 and 2 and plotted
in Fig. 1.

-2 -1 0 1 2

0.4

0.6

0.8

1.0

u

analytical solution

t/
t/.
t/.
t/.
t/.
t/.

x↼−π/2, π/2↽

Fig. 1. (color online) Numerical simulations of example 1, when
∆t = 0.001, N = 16.

Table 1. Error norms of example 1 with EFG method, when α = 107,
∆t = 0.001, N = 16.

t (EFG) 0.4 0.6 0.8 1.0
L∞ 9.7×10−5 8.1×10−5 5.8×10−5 6.6×10−5

L2 1.2445×10−5 1.4980×10−5 1.6436×10−5 1.7220×10−5

Table 2. Error norms of example 1 with RBF[33] method which used
MQ radial basis function, when c = 1.17, N = 16.

t (RBF) 0.4 0.6 0.8 1.0
L∞ 4.073 ×10−4 4.784×10−4 5.536×10−4 6.292×10−4

L2 1.805×10−4 2.120×10−4 2.453×10−4 2.788×10−4

Example 2
For the choice of parameters a0 = 0, a1 = 1, a2 = a3 = 2,

(x, t) ∈ [−15,15]× [0,2.5]. The exact solution of the above
problem is given by

u(x, t) =
[

1+ exp
(√

1
3

x− 5
3

t
)]−2

.

Computation was done with scaling parameter dmax = 4.5, the
time step length ∆t = 0.001, spatial interval [−15,15], and the
number of collocation points N = 30. In Fig. 2, the exact solu-
tions of this problem are plotted in comparison with numerical
results when t = 0, 0.5, 1.0, 1.5, 2.0, 2.5. Some results are dis-
played in Table 3.

analytical solution

t/
t/.
t/.
t/.
t/.
t/.

x↼−15, 15↽
-15 -5 5 15

0

0.4

0.8

1.2

u

Fig. 2. (color online) Numerical simulation of example 2.
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Table 3. Error norms of example 2, when α = 105, ∆t=0.001, N = 30.

Time 0.5 1.0 1.5 2.0 2.5
L∞ 5.4×10−3 4.5×10−3 8.05×10−3 1.141×10−2 2.16×10−2

L2 2.6944×10−4 3.0508×10−4 4.5808×10−4 7.9828×10−4 1.3×10−3

To do numerical simulations, we consider the following
two problems with a0 = 0, a1 = 0.1, a2 = a3 = 1, and ∆x =

1/16, the boundary condition is u(a, t) = u(b, t) = 0, t > 0.
Example 3
For Eq. (1), we take the following initial condition

u(x,0) = sech2(10x), and perform the numerical simulation,
the relationship, between u and x are shown in Figs. 3–5.

x↼−3, 3↽

−3 −2 −1 0 1 2 3

0

0.2

0.4

0.6

0.8

u

 

 

t/
t/.
t/.
t/.
t/.
t/.

Fig. 3. (color online) The early numerical solution changes of example 3.

x↼−10, 10↽
−10 −5 0 5 10
0

0.2

0.4

0.6

0.8

1.0

u

 

 

t/
t/
t/
t/
t/
t/

Fig. 4. (color online) The numerical solution changes in a short time of
example 3.

From the above figures of example 3, we find that, at the
beginning the diffusion term uxx � 0, and the reaction term
u(1−u) is also very small. Therefore the diffusion term con-
trols the reaction term, the function value reaches its maxi-
mum value and then drops quickly. As time goes on, the reac-
tion term starts to control the diffusion term, and the function
value begins to slowly increase and the peak value also in-
creases gradually until reaching its maximum value u = 1, the
image becomes more and more gentle.

x↼−20, 20↽

−20 −10 0 10 20
0

0.2

0.4

0.6

0.8

1.0

u

 

 
t/
t/
t/
t/
t/
t/

Fig. 5. (color online) The numerical solution changes in a long time of
example 3.

Example 4
For Eq. (1), we take the following initial condition

u(x,0) =

 e10(x+1), x <−1,
1, −1≤ x≤ 1,
e−10(x+1), x > 1,

(46)

and the relationships between u and x are shown in Figs. 6–8.

x↼−4, 4↽

t/
t/.
t/.
t/.
t/.
t/.

−3 −1 1 3

0

0.4

0.8

1.2

u

 

 

Fig. 6. (color online) The early numerical solution changes of example 4.

x↼−10, 10↽

t/
t/
t/
t/
t/
t/

−10 −5 0 5 10

0

0.4

0.8

1.2

u

 

 

Fig. 7. (color online) The numerical solution changes in a short time of
example 4.
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x↼−20, 20↽

−20 −10 0 10 20

0

0.4

0.8

1.2
u

 

 

t/
t/
t/
t/
t/
t/

Fig. 8. (color online) The numerical solution changes in a long time of
example 4.

The above four examples tell us that, at the beginning,
diffusion and reaction terms have a little influence on the so-
lution of the function. With time going on, the influence of
reaction term increases bigger and bigger. After quite a long
time, the peak value reaches its maximum u = 1, the image
becomes more and more gentle.

5. Conclusions
In this paper, we have applied the element-free Galerkin

(EFG) method to the solution of a class of generalized Fisher
equations. We verified the effectiveness of the method by four
numerical examples. At the same time we simulated some bio-
logical mathematics in reaction diffusion phenomena. The re-
sults are consistent with the actual ideal effect. We can obtain
more accurate results with relatively less computation time. In
comparison with the exact solution and other numerical meth-
ods to study Fisher equation, our EFG method has higher ac-
curacy and better convergence.
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