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A conservative Fourier pseudospectral algorithm for a coupled
nonlinear Schrödinger system∗
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We derive a new method for a coupled nonlinear Schrödinger system by using the square of first-order Fourier spectral
differentiation matrix D1 instead of traditional second-order Fourier spectral differentiation matrix D2 to approximate the
second derivative. We prove the proposed method preserves the charge and energy conservation laws exactly. In numerical
tests, we display the accuracy of numerical solution and the role of the nonlinear coupling parameter in cases of soliton
collisions. Numerical experiments also exhibit the excellent performance of the method in preserving the charge and
energy conservation laws. These numerical results verify that the proposed method is both a charge-preserving and an
energy-preserving algorithm.
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1. Introduction
The Schrödinger system describes a wide range of physi-

cal phenomena, such as hydrodynamics, plasma physics, self-
focusing in a laser pulse, and the dynamics of Bose–Einstein
condensate at extremely low temperature. Here, we consider
coupled nonlinear Schrödinger (CNLS) system

iφt +φxx +(|φ |2 +β |ψ|2)φ = 0,

iψt +ψxx +(|ψ|2 +β |φ |2)ψ = 0, (1)

where φ and ψ represent the complex amplitudes of two wave
packets and β is a real-valued cross-phase modulation coeffi-
cient. The system was first derived by Benney and Newell[1]

for two interacting nonlinear wave packets in a dispersive and
conservative system. With initial condition

φ(x,0) = φ0(x), ψ(x,0) = ψ0(x), (2)

and periodic boundary conditions

φ(xL, t) = φ(xR, t), ψ(xL, t) = ψ(xR, t), (3)

the CNLS system admits charge conservation law

Q(t) =
∫ xR

xL

[|φ(x, t)|2 + |ψ(x, t)|2]dx = Q(0), (4)

and energy conservation law

E (t) =
∫ xR

xL

[
1
4
(|φ |4 + |ψ|4)

− 1
2
(|φx|2 + |ψx|2)+

β

2
|φ |2|ψ|2

]
dx = E (0). (5)

The CNLS system has been studied numerically in recent
years by using various methods. Wang et al.[2] simulated the
CNLS system by using semi-explicit multisymplectic Euler-
box schemes. Ismail et al.[3–5] respectively studied Crank–
Nicolson, highly accurate and linearly implicit schemes. In
Refs. [6]–[10], the authors discussed the multisymplectic mid-
point schemes for the CNLS system. Ma et al.[11] studied
the multisymplectic splitting methods for the problem. Zhang
et al. presented the direct discontinuous Galerkin method in
Ref. [12]. All methods[3–12] preserve charge conservation law
exactly, however, they do not preserve the energy conservation
law. In Refs. [13]–[16], some conserved charge methods and
energy conservation laws are proposed for the CNLS system.

Spectral and pseudospectral methods have become very
popular in the last decades because of their convergence ac-
curacy in solving smooth problems, especially with the ad-
vent of the fast Fourier transform. Chen et al.[17] suggested
a multisymplectic Fourier pseudospectral method to solve the
CNLS by using the idea of splitting partial differential equa-
tion. But it is neither a charge-preserving nor an energy-
preserving method. The aim of this paper is to construct a
charge-preserving and energy-preserving Fourier pseudospec-
tral algorithm for the CNLS system (1). We will then conduct
some numerical experiments to show the performance and ef-
ficiency of the proposed algorithm.

A plan of this paper is as follows: in Section 2, a new
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scheme is proposed for the CNLS system. We prove that the
method conserves the charge and energy conservation laws si-
multaneously. The numerical performance of the method is
shown in Section 3. Section 4 is our conclusions.

2. Construction of conservative algorithm
As usual, we introduce some notations: x j = xL + jh,

tn = nτ , j = 0,1, . . . ,N; n = 0,1,2, . . ., where h = (xR−xL)/N
and τ are spatial and temporal step lengths. Denote un

j as the
approximate values of u(x j, tn) and 𝑢= (u0,u1, . . .uN−1)

T. In
order to derive the algorithms conveniently, we define δtun

j =

(un+1
j −un

j)/τ and Atun
j = (un+1

j +un
j)/2 as difference and av-

erage operators. We also need define the inner product and
p-norm (1 < p < ∞) of vectors as

〈𝑢,𝑣〉= h
N−1

∑
j=0

u jv j, ‖ 𝑢 ‖p=

(
h

N−1

∑
j=0
|u j|p

)1/p

.

As we know, the first-order differential operator ∂x yields
the Fourier differentiation matrix D1. Here, D1 is an N ×N
skew-symmetric matrix with elements

(D1)r,s =


1
2

µ(−1)r+s cot
(

µ
xr− xs

2

)
, r 6= s,

0 r = s,

where r,s= 1,2, . . . ,N and µ = 2π/(xR−xL). We can also ob-
tain a Fourier spectral differentiation matrix D2 for the second-
order differential operator ∂xx. For the ordinary differential
equation (ODE) uxx = f , we set ux = v and vx = f . Apply-
ing the first order Fourier pseudospectral method to the two
equations reads D1𝑢= 𝑣 and D1𝑣 = 𝑓 . Eliminating vector 𝑣
gives D2

1𝑢 = 𝑓 . In this work, in order to construct a charge-
preserving and energy-preserving method for the CNLS sys-
tem, we use D2

1𝑢 to approximate uxx instead of D2𝑢. This
method has been used to derive multisymplectic schemes for
some classical partial differential equations (PDEs).[18–22] Ap-
plying the Fourier pseudospectral method to space derivatives
and the midpoint rule to the time derivatives in CNLS (1) gives

iδtφ
n
j +At(D2

1Φ
n) j +At(|φ n

j |2 +β |ψn
j |2)(Atφ

n
j ) = 0,

iδtψ
n
j +At(D2

1Ψ
n) j +At(|ψn

j |2 +β |φ n
j |2)(Atψ

n
j ) = 0, (6)

where Φn =(φ n
0 ,φ

n
1 , . . . ,φ

n
N−1)

T andΨ n =(ψn
0 ,ψ

n
1 , . . . ,ψ

n
N−1)

T.
Obviously, the scheme (6) can be reformed as a vector form

iδtΦ
n +AtD2

1Φ
n +At(|Φn| ·2 +β |Ψ n|·2) ·AtΦ

n = 0,

iδtΨ
n +AtD2

1Ψ
n +At(|Ψ n| ·2 +β |Φn|·2) ·AtΨ

n = 0, (7)

where ‘·’ denotes point multiplication between vectors, that is

Φ
n ·Ψ n = (φ n

0 ψ
n
0 ,φ

n
1 ψ

n
1 , . . . ,φ

n
N−1ψ

n
N−1)

T.

In general, the charge conservation law (4), which is
a quadratic invariant, plays an important part in quantum
physics. Therefore, it is necessary to discuss whether the
method conserves the charge conservation law exactly.

Theorem 1 With periodic boundary condition (3), the
scheme (7) preserves the charge conservation law exactly,
namely,

Qn+1 = Qn = · · ·= Q1 = Q0, (8)

where Qn =‖Φn ‖2
2 + ‖Ψ n ‖2

2. The algorithm is unitary, thus
the method is unditionally stable with respect to the initial
value.

Proof Taking the inner product of the first line of Eq. (7)
with Φn+1 +Φn yields

i〈δtΦ
n,Φn+1 +Φ

n〉+ 〈AtD2
1Φ

n,Φn+1 +Φ
n〉

+〈At(|Φn| ·2 +β |Ψ n|·2) ·AtΦ
n,Φn+1 +Φ

n〉= 0. (9)

The first term becomes

i
τ
〈Φn+1−Φ

n,Φn+1 +Φ
n〉

=
i
τ
(‖Φ

n+1 ‖2
2 − ‖Φ

n ‖2
2)−

2
τ

ℑ〈Φn+1,Φn〉, (10)

where ℑ stands for the imaginary part. The second term can
be reduced to

1
2
〈D2

1(Φ
n+1 +Φ

n),Φn+1 +Φ
n〉

= −1
2
〈D1(Φ

n+1 +Φ
n),D1(Φ

n+1 +Φ
n)〉

= −1
2
‖ D1(Φ

n+1 +Φ
n) ‖2

2 . (11)

It is a real function. The last term

〈At(|Φn| ·2 +β |Ψ n|·2) ·AtΦ
n,Φn+1 +Φ

n〉

= 2h
N−1

∑
j=0

At(|ψn
j |2 +β |φ n

j |2)(Atφ
n
j )(Atφ

n
j )

= 2h
N−1

∑
j=0

At(|ψn
j |2 +β |φ n

j |2)|Atφ
n
j |2, (12)

is also a real function. Therefore, the imaginary part of Eq. (9)
implies

‖Φ
n+1 ‖2

2=‖Φ
n ‖2

2 . (13)

Similarly, taking the inner product of the second line of Eq. (7)
with Ψ n+1 +Ψ n, and then taking the imaginary part yields

‖Ψ
n+1 ‖2

2=‖Ψ
n ‖2

2 . (14)

Combining Eqs. (13) and (14) gives the discrete charge con-
servation law (9).

Remark 1 From Eqs. (13) and (14), we find that the
scheme (7) also admits charge conservation laws ‖Φn+1 ‖2

2=‖
Φn ‖2

2 and ‖Ψ n+1 ‖2
2=‖Ψ n ‖2

2.
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The energy invariant (5) is also an important conservative
property for the CNLS. Next, we turn our sights to study the
discrete analogue of the energy conservation law.

Theorem 2 For the periodic condition (3), the scheme
(7) possesses the discrete global energy conservation law

E n+1 = E n = . . .= E 1 = E 0, (15)

where

E n =
1
4
(‖Φ

n ‖n
4 + ‖Ψ

n ‖4
4)−

1
2
(‖ D1Φ

n ‖2
2 + ‖ D1Ψ

n ‖2
2)

+
β

2
h

N−1

∑
j=0
|φ n

j |2|ψn
j |2.

Proof Taking the inner product of the first line of Eq. (7)
with Φn+1−Φn reads

i〈δtΦ
n,Φn+1−Φ

n〉+ 〈AtD2
1Φ

n,Φn+1−Φ
n〉

+〈At(|Φn| ·2 +β |Ψ n|·2) ·AtΦ
n,Φn+1−Φ

n〉= 0. (16)

The first term

i〈δtΦ
n,Φn+1−Φ

n〉= i
τ
‖Φ

n+1−Φ
n ‖2

2, (17)

is a purely imaginary. The second term

〈AtD2
1Φ

n,Φn+1−Φ
n〉

= −1
2
(‖ D1Φ

n+1 ‖2
2 − ‖ D1Φ

n ‖2
2)

+ iℑ〈D1Φ
n+1,D1Φ

n〉. (18)

The last term

〈At(|Φn| ·2 +β |Ψ n|·2) ·AtΦ
n,Φn+1−Φ

n〉

=
1
4

[
‖Φ

n+1 ‖4
4 −2iℑ〈|Φn+1| ·2 ·Φn+1,Φn〉

+βh
N−1

∑
j=0
|ψn+1

j |2|φ n+1
j |2−2β iℑ〈|Φn+1| ·2 ·Φn+1,Φn〉

−βh
N−1

∑
j=0
|ψn+1

j |2|φ n
j |2−2iℑ〈|Φn| ·2 ·Φn+1,Φn〉

− ‖Φ
n ‖4

4 +βh
N−1

∑
j=0
|ψn

j |2|φ n+1
j |2

−2β iℑ〈|Φn| ·2 ·Φn+1,Φn〉−βh
N−1

∑
j=0
|ψn

j |2|φ n
j |2
]
. (19)

Therefore, the real part of Eq. (16) is

−1
2
(‖ D1Φ

n+1 ‖2
2 − ‖ D1Φ

n ‖2
2)

+
1
4

(
‖Φ

n+1 ‖4
4 − ‖Φ

n ‖4
4 +βh

N−1

∑
j=0
|ψn+1

j |2|φ n+1
j |2

−βh
N−1

∑
j=0
|ψn+1

j |2|φ n
j |2 +βh

N−1

∑
j=0
|ψn

j |2|φ n+1
j |2

−βh
N−1

∑
j=0
|ψn

j |2|φ n
j |2
)
= 0. (20)

Similarly, taking the inner product of the second line of Eq. (7)
with Ψ n+1−Ψ n, and then taking its real part yields

−1
2
(‖ D1Ψ

n+1 ‖2
2 − ‖ D1Ψ

n ‖2
2)

+
1
4

(
‖Ψ

n+1 ‖4
4 − ‖Ψ

n ‖4
4 +βh

N−1

∑
j=0
|φ n+1

j |2|ψn+1
j |2

−βh
N−1

∑
j=0
|φ n+1

j |2|ψn
j |2 +βh

N−1

∑
j=0
|φ n

j |2|ψn+1
j |2

−βh
N−1

∑
j=0
|φ n

j |2|ψn
j |2
)
= 0. (21)

Adding Eq. (20) onto Eq. (21) gives

−1
2
(‖ D1Φ

n+1
j ‖2

2 + ‖ D1Ψ
n+1
j ‖2

2)

+
1
4
(‖Φ

n+1
j ‖4

4 + ‖Ψ
n+1
j ‖4

4)+
β

2
h

N−1

∑
j=0
|φ n+1

j |2|ψn+1
j |2

= −1
2
(‖ D1Φ

n
j ‖2

2 + ‖ D1Ψ
n
j ‖2

2)

+
1
4
(‖Φ

n
j ‖4

4 + ‖Ψ
n
j ‖4

4)+
β

2
h

N−1

∑
j=0
|φ n

j |2|ψn
j |2.

This completes the proof.
�

Remark 2 It is evident that theorem 2 is consistent
with the global energy conservation law (5). Therefore, the
scheme (7) preserves the discrete global energy conservation
law exactly.

3. Numerical experiments
In this section, we conduct some numerical experiments

to show the performance of the scheme (7). The goal of the
following numerical experiments includes three aspects: (i)
to show the accuracy of soliton solution; (ii) to simulate the
interaction of two solitons; (iii) to investigate the role of the
nonlinear coupling parameter β in solitons collision; (iv) to
numerically verify the method has excellent preservation of
charge and energy conservation laws.

Example 1 (single solition) As we know, choosing β = 1
in the CNLS system (1) gives NLS equation

iφt +φxx +2|φ |2φ = 0. (22)

The equation has an analytic soliton solution φ(x, t) =

sech(x− 2t)exp(ix). Here, we take φ0(x) = φ(x,0), −20 ≤
x ≤ 60 as the initial condition. To scale the errors of solution,
we define L∞(φ) = max0≤ j≤N−1 | φ(x j,nτ)−φ n

j |. In Ref. [5],
Ismail presented L∞ errors of the linearly implicit conserva-
tive scheme (LICS) and Crank–Nicholson scheme (CNS) with
τ = 0.01 and N = 800. For the present scheme, we choose
N = 800 and N = 200, respectively. Table 1 displays the errors
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of solution obtained by the three schemes. It is clear that the
solutions of the present scheme are much more accurate than
those of the others. Further, the errors of the cases N = 200 and
N = 800 are almost the same. The reason is that the error from
the time discretization (τ = 0.01) is not negligible comparing
to those from the space approximation as N is large. The er-
rors in charge and energy of the present scheme are shown in
Fig. 1. From the figure, one can see that the errors are within
the roundoff error of the machine.

Table 1. The L∞(|φ |) error at different times, obtained by various
schemes.

Method\Time T = 10 T = 20 T = 30
Present (N = 200) 3.37×10−4 6.65×10−4 9.95×10−4

Present (N = 800) 3.35×10−4 6.70×10−4 9.94×10−4

LICS (N = 800) 8.91×10−2 1.88×10−1 2.76×10−1

CNS (N = 800) 3.77×10−2 7.38×10−2 1.09×10−1

Next, we compute the problem over the region −20 ≤
x ≤ 20 up to T = 1. In order to test convergence rate in
time, we take N = 200 and various time steps. The rate of
convergence in time can be obtained by using the formula

Order = ln(L∞(τ2)/L∞(τ1))/ ln(τ2/τ1). Table 2 displays the
L∞ error norms and convergence rates. From the table, one
can see that the convergence rate in time is of order 2. To test
the convergence in space, we choose τ = 0.0001. The results
in Table 3 indicate the numerical solutions converge rapidly to
the accurate solutions in space, which is indicative of expo-
nential convergence.

0 10 20 30
−16

−15

−14

−13

t

lo
g
1
0
|e
rr
o
r|

charge
energy

Fig. 1. (color online) The errors in charge and energy against time for a
single soliton.

Table 2. The convergence rate in time, N = 200, T = 1.

τ 0.1 0.05 0.01 0.005 0.0025
L∞(|φ |) 4.8656×10−3 1.1957×10−3 4.7484×10−5 1.1868×10−5 2.9669×10−6

Order – 2.0250 2.0017 2.0004 2.0000

Table 3. The maximum errors of solution |φ |, τ = 0.0001, T = 1.

N 48 64 96 128 256
L∞ 2.4569×10−2 3.7312×10−3 2.8259×10−5 3.6231×10−7 4.9927×10−9

Example 2 (solitions collision) We consider the follow-
ing initial condition

φ(x,0) =
√

2r1 sech(r1x+D0)exp(ivx/4), (23)

ψ(x,0) =
√

2r2 sech(r2x−D0)exp(−ivx/4), (24)

where −40 ≤ x ≤ 40, r1 = r2 = 1, D0 = 10, and v = 1. The
simulations are conducted with τ = 0.1 and N = 200 up to

T = 40.
First, we take β = 2/3. The profiles for the numerical

solutions |φ | and |ψ| from beginning to the end are presented
in Fig. 2. From the figure, one can see that the two solitary
waves seem to be trapped after interaction. The phenomenon
indicates that the collision is inelastic. Figure 3 displays the
errors in invariants against time. It is clear that the errors in
charge and energy are in the scale of 10−14. Moreover, the er-
rors oscillate near zeros but do not exhibit any growth for the
duration of the simulation. Therefore, scheme (7) preserves
the charge and energy exactly.

-40

0

40

0

20

40
0

1

2

x

t

(a) 

-40
0

40
0

20

40
0

1

2

x

t

(b) 

|ψ
|

|φ
|

Fig. 2. (color online) Collision of two solitons for β = 2/3. (a): |φ |; (b): |ψ|.
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Fig. 3. (color online) The errors in invariants for the two solitons colli-
sion with β = 2/3.

Second, we discuss the case of β = 2. In such a case, two
stable solitary waves, which move in opposite direction after
interaction, are generated as shown in Fig. 4. Figure 5 shows
the residuals of charge and energy. From the graphs, one can
see that the errors in the two invariants are all in the scale of
10−14 throughout computations.

|ψ
|

|φ
|

-40
0

40
0

20

40
0

0.5

1.0

1.5

x

t

(a) 

-40 -20 0 20 40
0

20

40
0

0.5

1.0

1.5

x

t

(b) 

Fig. 4. (color online) Collision of two solitons for β = 2. (a): |φ |; (b):
|ψ|.

Finally, β = 3 is chosen. Figure 6 shows the evolution of
the solitons |φ | and |ψ| as time evolves. It is clear that three
solitons appear after soliton collision. The variations of the
errors in charge and energy against time are illustrated with
Fig. 7. Again, the errors in the two invariants oscillate near
zeros in the scale of 10−14.
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r/
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0
-
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0 10 20 30 40

0

1

2

t

charge
energy

Fig. 5. (color online) The errors in invariants for the two solitons colli-
sion with β = 2.

|ψ
|

|φ
|

-40
0

40
0

20

40
0

0.5

1.0

1.5

x

t

(a) 

-40 -20
0 20 40

0

20

40
0

0.5

1.0

1.5

x

t

(b) 

Fig. 6. (color online) Collision of two solitons for β = 3. (a): |φ |; (b):
|ψ|.
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Fig. 7. (color online) The errors in invariants for the two solitons colli-
sion with β = 3.
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Actually, as the value of β increases, more and more soli-

tons will be formed after interaction. The corresponding errors

in invariants are all within the roundoff error of the machine.

These results are not shown here. The above numerical results

verify the theoretical analysis, namely, the scheme (7) is both

a charge-preserving and an energy-preserving method.

4. Conclusions

In this work, we proposed a conservative method for the

CNLS equation based on applying the Fourier pseudospec-

tral method and midpoint rule with respect to space and time

derivatives. The method preserves the charge and energy con-

servation law exactly. The accuracy of the single soliton solu-

tion is presented. In addition, various numerical experiments

were conducted to investigate the role of the nonlinear cou-

pling parameter β in soliton collisions. Numerical experi-

ments showed good performance of the method in preserv-

ing conservative quantities. These results verify the theoretical

analysis.
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