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The smoothing thin plate spline (STPS) interpolation using the penalty function method according to the optimization
theory is presented to deal with transient heat conduction problems. The smooth conditions of the shape functions and
derivatives can be satisfied so that the distortions hardly occur. Local weak forms are developed using the weighted residual
method locally from the partial differential equations of the transient heat conduction. Here the Heaviside step function is
used as the test function in each sub-domain to avoid the need for a domain integral. Essential boundary conditions can be
implemented like the finite element method (FEM) as the shape functions possess the Kronecker delta property. The tradi-
tional two-point difference method is selected for the time discretization scheme. Three selected numerical examples are
presented in this paper to demonstrate the availability and accuracy of the present approach comparing with the traditional

thin plate spline (TPS) radial basis functions.
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1. Introduction

Transient heat transfer problems can be encountered in
many engineering applications, such as nuclear energy and
petrochemical engineering. Nowadays numerical methods are
mainly adopted to analyze these problems.!! In the past few
decades, the finite element method (FEM) and the bound-
ary element method (BEM) have been well developed and
have been successfully applied to transient heat conduction
analysis.[>?] However, there exist some shortcomings, for
example, the mesh generation for discretizations of compli-
cated structural geometries in these methods is far more time-
consuming and burdensome. As an alternative to these meth-
ods, the meshless method has attracted much attention due to
its flexibility and good convergence rate.[*!

The meshless method is a new numerical approach for
solving the partial differential equation (PDE), which relies
only on a set of scattered nodes in the problem domain, so
it can prime handle the large deformation problem because
there is no need for remeshing of the domain. Many schol-
ars research the meshless method using different approxima-
tion methods of the field function, and the meshless method
can be used to solve the heat conduction problem. The mesh-
less local Petrov—Galerkin (MLPG) method based on the local
weak form has been proposed and developed by Atluri and
his colleagues.®~!"l The MLPG method is a truly meshless
method, as it does not require a mesh, either for the construc-
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tion of the shape function, or for the integration of the lo-
cal sub-domain, and has been successfully applied to solving
heat conduction problems.!'>~!31 Though the MLPG method
is an efficient meshless method, it is difficult to enforce the
essential boundary conditions since the shape function con-
structed by the moving least-squares (MLS) approximation
lacks the delta function property.['®! In order to solve this
problem, Wang!!7-18] proposed the radial point interpolation
method (RPIM) using the radial basis functions (RBF) based
on the point interpolation method (PIM) which was presented
by Liu.l'29 Cheng?!! extended the RPIM by incorporat-
ing with the local boundary integral equation method (LBIE).
Dai?>23] combined the moving Kriging interpolation with the
MLPG method to solve the potential problems and solids prob-
lems.

Thin plate spline (TPS) which is one type of RBF, can be
applied to the meshless method.?*! Though TPS has a more
simple and concise functional form than the multi-quadrics
(MQ) and Gaussian radial basis functions (Exp), it is rarely
used. Brown!?! and Wang!?%! applied TPS to non-rigid im-
age alignment and found the selected points with large errors
producing distortions. So they suggested weakening the effect
of the constraint conditions using the penalty function method
in order to achieve the tradeoff of warp smoothness and inter-
polation. Under the condition of regular nodes arrangement, a
large amount of numerical experiments show that the smooth
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condition of the shape functions and derivatives which are ob-
tained from the higher-order TPS cannot be satisfied and dis-
tortions occur, while the shape functions and derivatives got
from the low-order TPS are nice but the nodes arrangement
must be close in order to get an accurate solution. Here we
use the penalty function method based on the optimization
theory to improve TPS interpolation so that smoothing thin
plate spline (STPS) radial basis functions are obtained, and the
shape functions can have reliable smoothness. The parameters
of the shape functions increase from one to two.

In this paper, a local radial point interpolation method
(LRPIM) based on STPS interpolation is developed to perform
the transient heat conduction analysis, and the Heaviside step
function is used as the test function. The discrete equations are
obtained using the local weak form of the partial differential
equations (PDESs) derived from the weighted residual method.
Three numerical examples are presented to verify the validity
and accuracy of the proposed scheme in comparison with the
traditional TPS radial basis functions.

2. Point interpolation using smoothing thin plate
splines
2.1. Thin plate splines

Thin plate splines were introduced to geometric design by
Duchon!?”! by minimizing the integral that represents the
bending energy of a surface. A thin plate spline is a physically
motivated two-dimensional (2D) interpolation scheme for ar-
bitrarily spaced tabulated data (x;,y;, f(x;,y;)). These splines
are the generalization of the natural cubic splines in the one-
dimensional (1D) case.

In two dimensions, one should choose a function f(x)
which exactly interpolates the data point (x;,y;), i.e., yi =
f(x;), and minimizes the functional penalty function J(f)

50) = [[ Fr+2£+ £ dxd n
R2

In fact, this is an optimization problem. Mathematically, it can
be expressed as

minJ(f)

The minimizing function of the form is

=2

flx,y) =) aiRi(x,y)+bo+bix+bry=Roa+ P,b, (3)
i—1

where R;(x,y) = r]l, 1 is the parameter of the shape function.
Ri(r1) Ro(r1) Ry(r1)
Ry Ry ('rz) Rz(.rz) Rq('rz) | @
Rl('rq) RZ("'q) Rq("’q) axq

1 1 1
Pi=| ! E)
pm(T1)  pm(2) pm(mq) mxq

An orthogonality condition that comes from the functional
analysis is

Pla=o. (6)

2.2. Smoothing thin plate splines

The derivation of thin plate splines is a strictly constraint
problem. However, the thin plate spline interpolation is sensi-
tive to the deviation of points so that the singularity occurs in
constructing the shape functions and derivatives of meshless
methods easily. Therefore, the penalty function method is em-
ployed to change the constraint problem into the unconstraint
problem in order to weaken the constraint condition according
to the optimization theory.!?8! Interestingly, this process can
not only reduce the effect of deviation but also improve the
smoothing characteristics of the shape functions and deriva-
tives. The corresponding penalty function is

q
F(f.A) = é Y R(f) + AI(f)
j=1
minF(f,1), )

where A is a fixed smoothing parameter. The smoothing pa-
rameter A controls the separation of signal and noise. If A =0,
the function f exactly interpolates the data, implying zero
noise. If A is very large, the function f approaches a hyper-
plane.

The approximate solution of Eq. (2) can be obtained by
solving Eq. (7). The following form can be obtained

f(x,y) = (Ro+gAI)a+ P,b, (®)

where I is a g x g identity matrix. The condition for Eq. (6) is
also satisfied.

The A that corresponds to the spline function f can be
accurately estimated by minimizing the generalized cross val-
idation (GCV),[?*3% given by

1y-AM)y) " (y-A)y)
g (e(I-AQR))/q)*

where A(A) is the matrix which transforms the vector of data

©))

values into the vector of predicted values, and thus
g=A)y, (10)

where 9 is the vector of predicted values and A(A) is the in-
fluence matrix.
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2.3. The construction of the shape function

Considering a function u(x) defined in the domain Q
which is discretized by a set of scattered nodes x,...,xy and
then the discretized function values of u(x) can be defined as

{ui = u(z;) }YL |

field function can be approximated by

az"’ZP}

. Now, for any local sub-domain Q, C Q, the

R'(z)a+p"(z)b,(11)

where R;(x) is the TPS function, n is the number of nodes
in the local support domain of «. p;(x) are monomial basis
functions in the space coordinate =1 = [x,y], m is the number
of polynomial basis functions and the coefficients a; and b are
interpolation constants.

In TPS, the variable is only the distance r between the in-
terpolation point & and a node x;. For a two-dimensional (2D)
problem, r is defined as

r—\/x xi)?

The following linear polynomial basis is used

+ (=) 12)

p'(x)={lxy}. (13)

In order to determine the constants a; and b;, Eq. (8) is
enforced to be satisfied at these n nodes in the local support
domain and can be rewritten in a matrix form as

u=(Ro+NAI)a+ P,b (14)
with m constraint conditions
Pla=0, (15)
where the vector of function values u is
ul = {uyup uz -+ u,}. (16)

The moment matrix of TPS is

Ri(r1) Ra(r1) Ry (r1)
Ro— Rl(:rz) Rz(:rz) Rn(:rz) . an
Rl(.r,,) Rz('rn) Rn(.r,,) e
The polynomial moment matrix is
1 1 1
pr—| . ag)

Pm(.ﬂh) Pm(.mZ) pm('m") mxn

The vector of unknown coefficients for TPS is

al = {aiay -+ ay}. (19)

The vector of unknown coefficients for polynomial is
b = {b1 by --- by}. (20)
In Eq. (17), r in R;(r) is
k= \/(Xk—xi)2+(Yk—yi)2- 2y
Combining Eqgs. (14) and (15) yields the following set of equa-

tions in the matrix form

Ry+NAI P, a u
B
By solving Eq. (22), the solution for coefficients a and b is
b= S;,u,
a=S,u, (23)
where
T -1 “I 5T —1
Sy =[Py(Ro+NAI)"'P,]  P)(Ro+NAI)
S, = (Ry+NAI)"Y(I-P,S,). (24)

Equation (11) can be rewritten as
u"(z) = [R"(x)S, +pT( )Splu
- &z u—zqak @), (25)

where

m

n
:ZRI( azk"’zpj

i=1 j=1

)Sbjk- (26)

The partial derivatives of the shape functions can be easily ob-

tained as
_9dp(x) - OR
(pk,x - Jx - 1:21 X alk + Z Jx Sh/lm
Ip(x) v (24
= — = S 27
Ok y Iy l; y ik + Z Iy = Spje- - (27)

2.4. Correlation parameter versus shape functions
[0,1] x [0,1] in
two dimensions with 25 (5 x 5) regularly distributed nodes. n

Considering a rectangular domain Q =

and A are correlation parameters versus the shape functions.
When choosing 7 = 3 and A = 3.5 x 1074, the shape func-
tions and the first-order derivatives are evaluated at the point
(0.5, 0.5) as shown in Fig. 1 and Fig. 2.

Fig. 1. (color online) The shape functions.
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The shape functions and the first-order derivatives result-
ing from traditional TPS are evaluated at the point (0.5, 0.5)
when 1 equals 6.001. The results are shown in Fig. 3 and
Fig. 4.

Compared with the traditional TPS interpolation, the im-
proved shape functions and derivatives have better smoothness
and definition.

3. The formulation of LRPIM for transient heat
conduction problems
The transient heat conduction equation belongs to the
parabolic partial differential equations. Let us consider the

transient heat problem for two dimensions in the domain 2
bounded by I" and the governing equation is given by

aT o aT d aT )
pcat_ax(k"ax> _ay(kyay) —0=0 in Q.(28)

The boundary conditions for this problem can be obtained by
any combination of the following types

T—T=0 on I, (29)
aT oT
kxanx‘i‘kyaiyny =g on Bv (30)
: aT aT
(i kegmetky5om —h(T,=T)=0 on I3, (D)

where I3, I3, I3 denote the Dirichlet, Neumann, and Robin
boundary conditions, respectively. T represents the tempera-
ture field. ¢ is time. p and c are the density and specific heat,

respectively. Q is the density of heat sources. k. and k, are the
coefficients of the heat conduction along x and y directions. 7,
Fig. 3. (color online) The shape functions. and ny are the direction cosines of the outward normal to the
boundary surface. T, g, and h are the prescribed temperature,
the prescribed heat flux, the prescribed heat transfer coefficient
on boundaries I, I, and I3, respectively.

The initial condition is

7 r//llll/l/g" 5

ANy T(x,5,0) = To(x,y), (32)
where Tj is the initial temperature.
3.1. Local weak forms of the transient heat conduction

problems

The local weak form of Eq. (28) over a local sub-domain
€ bounded by I, can be written as

aT o aT d aT
b 363) 363) fan-a o

where v is the test function.
Using the divergence theorem, Eq. (33) can be integrated
by parts to become

oT r dT dv dT dv 40
Fig. 4. (color online) The first-order derivatives of the shape function. /-Qs p CEV ke Ox Ox +iy 87)7 87)/ Y
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aT aT
—‘/Fsv<kx8xnx+k)ayl’l}> dI"' =0. (34)

When an intersection exists between the local boundary I'; and
the global boundary I', the boundary I is comprised of four
parts: the internal boundary Igj, the Dirichlet boundary I, the
Neumann boundary I, and the Robin boundary Ig3. If no in-
tersection exists between the local boundary I and the global
boundary I', Iy; = I§ and the integrals over I, Iy, I3 vanish.
Substituting Egs. (30) and (31) into Eq. (34), we obtain

oT dT dv dT dv
/ ( atV+k ax ax'f'kyayay—VQ)dQ

oT aT
— vl ky—=—n,+k dr
/Fsl ( dx ' 3y y)
aT aT
- ky k dr
/El V( “ox T ay )
—/ qur—/ Vh(T, —T)dI" = 0. (35)
I I3
The Heaviside step function is chosen as the test function v in

this research

1, xe &,
={o Tem 39

The local weak form (35) is transformed into the following
simple boundary integral equation
) ar

T oT  aT
/Qspcgdﬂ —/d (kxnx—i—kyan

aT oT
,/FSl <k Stk ny>dF+/ hTdI

:/ QdQ+/ gdr + [ hT,dr. 37)
Q4 Iy

I3

An arbitrary shape support domain can be used and a circle
or rectangular support domain is commonly used in 2D prob-
lems.

3.2. Discretization and the time difference scheme

For the transient heat conduction, the temperature field
function relates to not only the space coordinate but also time
t. Because the shape functions are independent of time, the
temperature field function can be expressed as

= Y @) Til0). (38)
k=1

Substituting Eq. (38) into Eq. (37), the following discrete
equation for all nodes can be obtained

CT(t)+KT(t)=F(1), (39)
where

C'IJ:/Q pc@s(z)dQ,

_ ¢, () ¢ (x)
K= /1}, |:kx ox nx—|—ky ay ny dr

9¢;(x) 99s(x)
—/1;1 {kx pp ny+ky Iy n

FI:/ QdQ—|—/ (de—F/ hT,dI". 42)
s I I3

}} dF+/FS3h¢J(:c)dF, A1)

Equation (39) is a set of ordinary differential equations
with respect to time. Here we adopt the traditional two-point
difference technique for time discretization

(&) 0-0(5),

where 0 satisfies the condition 0 < 6 < 1. When 6 =0, it is the
forward Euler difference scheme. When 0 = 1, it is the back-
ward Euler difference scheme. When 6 = 1/2, it is the CN
(Crank—Nicolson) scheme. When 6 = 2/3, it is the Galerkin
scheme. We use the CN scheme to solve Eq. (39). Substituting
Eq. (43) into Eq. (39) results in

K C 1 - _ C K
(t;tﬁ-m) Tt+Ar:2(Ft+At+Ft>+<At ZI)Tt (44)

@y

4. Numerical examples

For the purpose of the error estimation, the Sobolev
norms are defined as follows:

1/2
(||| = </Qu2d!2) . (45)

The relative errors are defined as
||unum _ uexact ||
|| uexact ||

(46)

ér —

For a node x;, there are two local independent domains: the
support domain €, (size rg) and the interpolation domain £;
(size r;), which are defined as ry = ad; and r; = Bd;, respec-
tively. o and 3 are coefficients and d; is the average distance
among the nodes of the local sub-domain.

4.1. The transient heat field in the square domain
Considering a square domain
Q={(x,y),0<x<mm, 0<y<mm}, 47)
with
ke =ky=1W/(m-°C), pc=1J/(m*-°C),  (48)

Q = 0 °C because of no internal heat source. The boundary
conditions and the initial temperature for this transient heat
conduction problem are as follows:

T(0,y,¢) =T (x,0,¢) =T (m,y,t) =T (x,7m,t) =0, (49)
T(x,y,0) = 10sin(x)sin(y), (x,y) € 2, (50)

where T (x,y,t) is the temperature at the point coordinate (x,y)

(40) at any given time 7. The corresponding analytical solution for

this problem is

T (x,y,t) = 10sin(x) sin(y)e 2. (51)
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In this study, the coefficients are @ = 1.85 and 8 = 0.5. As
shown in Fig. 5, the regular (Fig. 5(a)) and irregular (Fig. 5(b))
node distributions of 11 x 11 are employed. 7 =3 and A =
7.2 x 107> are chosen in constructing the shape functions. The
time step in CN is At = 0.02 s.

Y T=0 (a)

- o o o o o o o o o
L L ] L ] L ] L ] L ] L ] L ] L ] L]
L L] L] L] L] L] L] L] L] L]
L [ ] L] [ ] L ] [ ] L] L ] L] L]

T:O L L ] L ] L ] L ] L ] L ] L ] L ] L] T:0

L L] L] L] L] L] L] L] L] L]
L L] L] [ ] L ] [ ] L] L] L ] L]
L L ] L ] L ] L ] L ] L ] L ] L ] L]
L L] L] L] L] L] L] L] L] L]
L L] L] L] L] L] L] L] L] L]

o T=0 T T
Y T=0 (b)

T ~—o . — 6o o o
[ I e o 0o o
q * .. ., . ., -
e ¢ e 0 o o X o

T=0 9 * * ° S o ¢
B ¢ ° e * o ° * =0

? e e 4 o, 0 .
q P ) L ) o o °
e ® o o g0 0 , o
| S ® e o o 4,

o T':O' T T r Tz

Fig. 5. (a) Regularly distributed 121 nodes and (b) irregularly dis-
tributed 121 nodes.

6l
1<
o L
=
= 4r
g
] L
5
g o}
&
g i e present (regular)
B ——analytical solution
ok
0 1.0 2.0 3.0
y/m
‘ (b)
, 61
14
L‘a L
2
= 4f
£
B
q;i 2r A present (irregular)
% i —— analytical solution
=
O -
0 1.0 2.0 3.0
y/m

Fig. 6. The temperature distributions along x = /2 m att = 6 s for
regular (a) and irregular (b) cases.

The computation temperature distribution along x =
(m/2) m at t = 6 s by using the present method is shown in
Fig. 6 for both regular (Fig. 6(a)) and irregular (Fig. 6(b))
cases. It can be easily observed that a very nice agreement
is achieved between the numerical results and the analytical
solutions at these two cases with different nodal distributions.
Figure 7 shows the variations of the temperature on point A
(m/2,7/2) in 6 seconds for regular (Fig. 7(a) and irregular
(Fig. 7(b)) cases. It can clearly demonstrate that irregular node
distribution does not affect much numerical accuracy in this
meshless method.

10r (a)
o 8r
g e present (regular)
g e lytical soluti
5 6f analytical solution
@
g
=4
5
H
2 -
0 - : 3 0
0 1 2 3 4 5 6
Time/s
10F (b)
o 8
G A present (irregular)
% 6+ ——analytical solution
3
@
-
g 4r
g
)
E oL
0 -

0 1 2 3 4 5 6
Time/s

Fig. 7. The variations of temperature on point A for regular (a) and
irregular (b) cases.

As shown in Table 1, the present meshless method de-
rived from the STPS interpolation is a very effective method
in comparison with the traditional TPS RPIM. Although the
traditional TPS RPIM (11 = 6.001) can get an accurate solu-
tion, the shape functions and derivatives produce distortions.
In the meantime, the traditional TPS RPIM (1) = 3.001) needs
more nodes to be assigned and it is time-comsuming.

Table 1. The relative errors and computational time of meshless methods.

Meshless method Relative errors/% Computational  Nodes
time/s distribution

Present method (regular) 0.17 2.597 11 x11

Present method (irregular) 0.73 2.442 11 x11

Traditional TPS (1 = 6.001) 0.55 2.577 11x11

Traditional TPS (1 = 3.001) 2.63 2.641 11x11

Traditional TPS (1 = 3.001) 0.70 10.595 19 x 19
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4.2. The transient heat field in the cubic domain

As shown in Fig. 8, the cube is 20-mm long, 10-mm high,
and has unit thickness. The initial temperature 7o = 20 °C has
been assumed and there is no heat source in the domain. Then
heat the cube in some medium whose temperature is main-
tained at 7, = 100 °C. The top and bottom boundary surfaces
are insulated. The prescribed heat transfer coefficients of the
left and right boundary surfaces are & = 1600 W/(m?-°C).
ke =ky =16 W/(m-°C), pc = 10° J/(m?-°C) are assumed
in the calculation and 231 nodes are employed to model the
domain. It can be simplified to the plane problems.

Parameters selected for the present method in this ex-
ample are At =0.01 s, a =3.5,  =05. n=3,and A =

3.8 x 1073, Due to the symmetry, only the the temperature

distribution of x > 0 needs to be determined. The computa-
tional results at time t = 1 s, 2 s, 3 s located at point A (0, 0),
B (5, 5), and C (10, 0) are presented in Table 2, respectively.
Also shown in the table are the computational results obtained
from the finite element software ANSYS.

<

T,=100°C

>
Il
o

T, =100 °C 10 mm

Ot e e e ee oo e

>
I

L 10 mm _(: 10mm
I T il

Fig. 8. Node distribution with 231 nodes.

Table 2. The comparison of the temperature obtained from some kinds of numerical methods.

Time/s Point FEM/°C - The present method -
Computational results/°C Relative error/%
1 A 22.356 22.331 0.11
B 27.421 27.475 0.20
C 46.278 46.364 0.19
2 A 29.623 29.659 0.12
B 35.721 35.770 0.14
C 53.633 53.669 0.07
3 A 37.259 37.313 0.14
B 42.930 42.977 0.11
C 59.023 59.045 0.04
As expected, the present numerical solutions are very T Y
close to the results obtained from the finite element software
ANSYS. This example confirms that the developed method in
this paper can give a good numerical solution indeed.
4.3. The transient heat field in a square plate with a circu-
lar hole
. . . a= 1 m
Consider a square plate with a central circular hole: 5 .
T
x% +y? < a? (a is the radius of the hole). The boundary around . b=4m

the circular hole is insulated and the other boundaries are pre-
scribed with a heat flux § = 10 W/m?. Due to the symme-
try, only one quarter of the plate is considered as shown in
Fig. 9. For this transient heat conduction problem, the ma-
terial parameters are as follows: ke = ky = 1 W/(m-°C),
pc=11J/(m?-°C). The plate has zero initial temperature and
there is no heat source in the domain.

The node arrangement for the square plate with a cen-
tral hole is shown in Fig. 10 and the domain is discretized
by 225 nodes in computation. The parameters are taken as
At=001s, =24, 3=05mn=3,and A =1.7x 107 for

this example.

N
™ 'I

Fig. 9. The square plate with a central hole based on fourfold symmetry.

Fig. 10. Node distribution in the plate with a central hole.

The present numerical results of temperature at time ¢ =
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2 s along y axis are compared with the finite element solu-
tions computed from the software ANSYS. It can be seen from
Fig. 11 that the present method can give a good numerical so-
lution indeed.

[
()
T

—— ANSYS
® present

Temperature/°C
o0
T

W~
T

y/m

Fig. 11. Temperature at the section x = 0 of the square plate with a hole.

5. Conclusion

This paper presents and develops the LRPIM using the
Heaviside step function as the test function to solve transient
heat conduction problems. Because the smoothing thin plate
spline (STPS) interpolation using the penalty function method
can achieve the tradeoff of warp smoothness and interpolation,
the LRPIM employs the STPS interpolation to construct the
shape functions and derivatives. The essential boundary con-
ditions can be implemented like the classical FEM as the shape
functions used in this paper possess the Kronecker delta prop-
erty. The LRPIM avoids the need for the domain integral and
the traditional CN difference method is selected for the time
discretization scheme. The computational results demonstrate
that the present method based on the STPS interpolation is an
effective meshless method.
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