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Solving the spin-weighted spheroidal wave equation”
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In this paper we solve spin-weighted spheroidal wave equations through super-symmetric quantum mechanics with a
different expression of the super-potential. We use the shape invariance property to compute the “excited” eigenvalues and
eigenfunctions. The results are beneficial to researchers for understanding the properties of the spin-weighted spheroidal

wave more deeply, especially its integrability.

Keywords: spin-weighted spherical wave equation, supersymmetric quantum mechanics, shape invariance,

recurrence relation
PACS: 02.30.Gp, 03.65.Ge, 11.30.Pb

1. Introduction

As an extension of the associated Legendre functions,
spin-weighted spheroidal wave functions have extensive ap-
plications in many branches of physics and mathematics.'~!
Their differential equations are expressed as follows:

1 d de
(sin 9) + {E +5+ B2w?cos’ 6

sin@ do dé
0 2
—2sﬁc0s6—(m+,sczos)}@:0, 0<6<m (1)
sin” 0

with the boundary condition that © is finite at 6 =0, 7.

It is well known that the special mathematical functions
generally come from the differential equations with appro-
priate condition, the Sturm-Liouville problem. Here we use
Eq. (1) with B = s = 0 as an example. By the transformations
x=cos0 and E = [(l + 1), equation (1) becomes
d de m?

& [“ —%] e
+(+1DIO=0, —1l<x<+I, 2)

with the corresponding boundary condition that @ |,—1; is
limited. The solutions to the Sturm-Liouville problem are as-
sociated Legendre’s functions P}"(x). There are two ways to
obtain the solutions of Eq. (2). One can directly solve it to

obtain, the associated-Legendre functions
P'(x), I=mm+1,..., m=0,1,2,3,... 3)

Another way is to first obtain its “ground” state for [ = m,

that is, @ =P = (1 — xz)’"/ 2, then try to get its recurrence

relations!!

PP = (4 m) 1= m) 2 [ (1= 2) | P 0.
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The “excited” states P}",/ > m are then achieved through the
recurrence relation Eq. (4). Note that the meaning of “ground”
and “excited” here is different from that in physics and here we
use them only for getting analog of the results in suppersym-
metric quantum mechanics (SUSYQM). We distinguish them
by the value of [/: the “state” is called “ground” when the con-
dition / = m is satisfied, while other “states” with [ > m are
called “excited”.

As a kind of special function, the spin-weighted
spheroided wave function’s recurrence relations are very im-
portant in both theoretical and practical backgrounds. Though
there are some recurrence relations that have been given
recently,[®°! the kind of recurrence relations like that of Eq. (4)
has not been given as yet.[!%1 So what we will try to do in this
paper is to obtain the recurrence relations which are the ex-
tension of Eq. (4) for spin-weighted spherical wave (SWSW)
functions.

The rest of this paper is arranged as follows. In Section 2,
we will briefly introduce the SUSYQM method. Section 3 will
give a summary of the study of the spin-weighted spheroidal

wave function. Our main results will be given in Section 4.

2. A brief introduction of SUSYQM

The spin-weighted spheroidal wave functions were solved
by the perturbation method in quantum physics,!'~3! but the re-
currence relations were not touched by then. Recently, a new
method of SUSYQM has been applied to study them and some
new results were obtained. Here we give only a brief introduc-
tion of SUSYQM. In SUSYQM, the Schrodinger equation
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is solved by introducing the key concept of the super-potential

W, and the “ground” function yy is obtained by!!!!

Wo(x) = Nexp [ / de} : ©)

where W can be determined from the potential V (x) by

— g =V -E. )

It is easy to see that solving Eq. (7) will give the “ground”
function yo(x). However, other solutions, that is, the “ex-
cited” state functions cannot be available directly through the
super-potential W. This requires a new property, i.e., shape-
invariance, for the super-potential W. There are two partner

potentials V= defined by the super-potential W (x;a):

dW(x;a)

VE(x;a) = a )
x

W2(x;a) + (®)
where we suppose that a may be some parameter or parame-
ters. If the partner potentials V* satisfy the following relations
VT (x;a) =V~ (x;b) +R(a), )
where b are parameters determined by parameters a and R(a)
depends just only on parameters a, then the super-potential W
is said to be of shape-invariance.
Actually the shape-invariance properties make the partner
potentials V*(x;a) similar in shape. By the shape-invariance
property of W, the “excited” state function can be obtained by

¥, (a) =" (wa)y,  (xb), (10)

d
PN — .
A (x;a) dx—i—W(x,a),
n=1,2,3,... (11)

It is obvious that equation (10) is also the recurrence

relations.['!]

3. Retrospection of spin-weighted spheroidal
functions

In order to employ SUSYQM to Eq. (1), we first put it

into the Schrodinger form!®-101
a2y J1 5
102 + +s+[3 cos? @ —2sfB cos O
2_1/4
- (m+SC(.)529) / +E|¥Y=0, (12)
sin“ 6
by the transformation
¥(0)
0(8)= : 13
)= eme (13)

In previous literatures, equation (12) has been studied, in
Refs. [6]- [9]. In Ref. [9], the authors have solved the equation
completely with the expression of W,;:
(/2]
W,(0) = Z by sin®*~1 @ cos 6
k=1
(n+1)/2]
+ Y ausin®*le. (14)
The method used in Ref. [9] is very useful to describe the char-
acteristic of 8, especially when one needs to study the behav-
ior of the function at @ = 0, 7. And the authors have already
obtained the “ground” and “excited” solutions. Whenever one
wants to study the spin-weighted spheroidal wave functions as
the functions of independent variable x = cos 0, their results
are not convenient. So in Ref. [10], the authors used another
expression
n—1 )
W,(6) = sin6 ) a, jcos’ 6 (15)
j=0
and obtained the “ground” solutions of Eq. (1). It should
be noted that the a, ; in Eq. (15) are different from those in
Eq. (14). Readers are referred to Refs. [6]— [10] for details.
Compared with Eq. (14), equation (15) can be turned into
a much more simple expression of independent variable x with
the transformation x = cos 8. So the method used in Ref. [10]
is very useful for processing the form of ¥(x) and is much
simpler than the former. However in Ref. [10], the authors
only obtained the “ground” solutions. In this paper we will
continue their work to get the recurrence relations to complete
the whole solutions.

4. The recurrence relations for the
weighted spheroidal functions

spin-

The super-potential W is expended as the series sum of
the parameter 3 as

W=Wo+ ) B"W,. (16)
n=1
In Ref. [10], this series form of W has been obtained, here we
just give some terms

Wo(0) — _s+(m7;i/62)cos6’ (17

and all W,,(0) have the following form

n—1
W,(6) = sin® Y ayjcos’6, n>1, (18)
j=0

the first two expressions of W, (0) are as follows:

wi(0) = — sin#, (19)

m+1
(m+s+1)( —s+1)s
(m+1)3(2m+3)
(m+s+1)( —s+1)
(m+1)2(2m+3)

Wa(0) = sin @

sinfBcosB. (20)
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For other a,, ;, see Ref. [10] for details.
The “ground” eigenvalue has also been presented in
Ref. [10] as

Ey = ZEO,,,[%”, (21)
n=0
2
Eypo = — 1), Ep1=———— 22
00 = (m—s)(m+s+1), Ey paE (22)
oy = -~
02 = m+1
_(m+s+1)(m—s—|—1)(m—|—2s2—|—1). (23)

2m+3)(m+1)?

We now rewrite the super-potential W in the form of

1
W(@;A0707C0707W) = — (m+ 2>A070C0t9—SC070CSC9

+ Y B'Wa(6:A,) (24)
n=1
with the definition
n—1 )
W,(6;4,) = sin6 Z @n,jcos’ 0, (25)
j=0

where A, is the finite set {A, j|j =0,...,n—1} with A, ; con-
stant, .27, is the finite set {A; ; € Aglk=1,...,n,j=0,...,k—
1} and &7 is the infinite set {A,|n =1,... o},

An,j = An,jan,j- (26)
We define V£(0;A¢,0,47) as follows:

VE(8;A00,9) = W (0;400,9) £ W' (8;A00, )

=

= Y B"V;5(0:A00,%). @7)
n=0

Just as mentioned above, there are shape-invariance properties,
similar in shape and different in parameters, with the pair of
partner potentials V*(0;A0, 7). We then need to find some
quantities By o, %, to make the property relations

V.5 (0:A00,,) =V, (6;B00, %)
+ Ru (A0, Boo, %)  (28)
retain with R, (Ao 0, %%, Boo, %) pure quantities, where By,

2B, are counterparts of Ago and 27, respectively. It is easy to
know that the relation is right for the cases n =0

V5 (6;40,0,Co0) = Vy (0:Bo0,Dop)

+ Ro(A0,0,B0,0)- (29)

where
Agpo =1, Cop=1; (30)
Boo = Ao+ i, Do =Cop=1; (31)

2m—+1

Ry = (2m+1)Agp+ 1. (32)

Due to the fact that Doy = Cpp = 1, we will not in-
clude Co and Dy in explicit forms of Wy(6;A0,0,Co0) and
Wo(6;B0,0,D0,0). We write them as

1 s
W()(G,A()}()) = — <m+ 2) Agocotf — Sno (33)
and
1 s
;B =— — |B - 4
W()(G, 0,0) <m+ 2) oﬂoCOtG Sin® (34)

for convenience.
We can get the following results

V, (65400, %)

Il
yg
=5
3—\

o
o

<

S
N

+ H,, p(A—1)cos” O 35)

and

Vn+(6;AO,O7°(Z{n) = Z(Pr:rp(AO,O7An)
p=0

+ Hyp(yoi)cos”8,  (36)

where P,jp (A0,0,An), Py ,(A00,An), and H, p(o1) are de-
fined by Eqs. (A7), (A8), and (A10) in the Appendix A.
We rewrite the formula of V," (6;A¢ 0, %%,) as follows:

V.5 (0;400, )
=V, (6;Bo0, %)+ Ru(A00, %, Boo, HBn)

= Y (B, (Boo.Bn) + Hup(%Bu-1))cos’
p=0
+Rn(A0,05'Q{n7BO,Ow%n)~ (37)

In the term V,; (6;Bo.0, %), An,j is substituted into the forms
{n,j = Ap, jan,j by the corresponding terms B, ;.
It is easy to obtain
R, (A0,0, %, Bo.0, %)
= P,j:()(AOA,OvAn) +Hn,0(b@(nfl)

- P,ZQ(BO,07BH) _Hn,O(%nf] )7 (38)
where

Pl3(A00,An) = —25A,0a0 —Ap1dn 1, (39)
P;;O(BQOaBn) = —2an’0an10 —|—B,,71a,,71, (40)

n—1
Huo( 1) = ) Ar0ak0An—k,00n—k0, (41)

k=1

n—1
Hyo(Bn1) = Y Brok0Bu—k0an-r0- (42)

k=1

From Eq. (37), the following equations must be satisfied to
maintain the shape-invariance property

P::p(AO,OaAn) +Hn,p(f52/nfl) = Pn_?p(BO,Oan) +Hn,p(%n71)7

p=12,...,n (43)

060203-3



Chin. Phys. B Vol. 22, No. 6 (2013) 060203

Define

P;j:p(AO,O7An) +Hn7p(%,1) 7Hn,p(%nfl)
= Un,p(AO,O;DQ{naBO,OV@nfl)a (44)

and from Eq. (A8) in Appendix A we can obtain

|

_ZSBn.pan,p + (P + I)Bn-,P+1a"71’+l

= (=(2m+1)Bo,o — p)Bup—1anp-1
— 2sBy pan,p + (1 +p)Bn,p+lan.p+1 . (45)

It is easy to see that in the above equation, the quantities
are all known functions with the only unknown quantities

Bn,jvj = 07 l,...,n— 1. SO, we obtain

— Uy, p(Bo,0, %0, Boo, #n—1)

Bup-1 = ) (46)
” ((2m+1)Boo+ p)anp-1
p=nn—1n—2...21,
or
_ZSBn,pan,p + (P + 1)Bl1,}7+1an,p+l - Un,p (BO,Oa %330,07 f%nfl)
B, p—1anp—1 = , 47)
’ ’ ((2m+1)Boo+ p)
p=nn—1n-2,....21.
|
In Eq. (47) we have used the fact that a, , = B, , = 0 when- ~ |a )1/2i s+ ((m+1/2)A0p+1/2)x
ever p>n—1or p <0, and we can obtain B, ,_1, By 42, ..., dx (1*)52)1/2
By, in turn. So all the elements in B will be determined by the Z Z A jain (1 )1 /2, J}
elements in A. n=1 j=
Keeping the fact in mind, we rewrite the quantities X Oy_1(x; By, 0, B ) (55)
R, (A0, ,,Boo, %) in Eq. (38) as R, (Ao, <,). Then, we and
can obtain the “excited” eigenvalues Ex and eigenfunctions
Y, through the recurrence relation!'"’ ¥ (x:A0,0,47)
s/2
N _ v l=x (1 — 22)(m+1/2)400/2
Ey =Eo+ ) R(a), (48) 1+x
= o n—1
1.
> X "A, idn. o 56
Eo = (m=s)(m+s+1)+ Y. Eo.B", (49) 0| L LB Ansans gt ] 0
n=1
oo @O(X;AO,O; 427)
R(ak) =Ro+ ﬁan (ak), (50) s/2
Z _ N<lx> (17x2)(m+1/2)A0’0/2—1/4
ar = (), ay = (By), ..., (51) 1+x
. d > 1
1 (0;400,9) = ——= +W(6,A00,4), (52) xexp | Y. Y B Anjan——¥* |, (5]
’ de n=1j=0 j+1
Wy (0:A00,4) = /" (0:A00,4 ) Wy_(0:Boo, B), where N is a constant.
N=1,2.3,... (53) From the above discussion, we draw our the conclusions

Finally, we can get the recurrence relations between Gy(0)
and Oy_ (9)
d cos @
3A00,9) = |——
On(8: 400, ) [ d6  2sin6
X Oy_1(0;Bo,0,%). (54)

+W(0;A, Q,JZ{):|

With the transformation cos 6 = x, we can get

On(x;A00,)

d X
_ _ . 2\1/2 _ W (x:
- [(1 SRR (X’AO’O’"Q{)}

X Oy_1(x;Boo,B)

that the spin-weighted equations have shape-invariance prop-
erties and their recurrence relations, the excited eigenvalues
and eigenfunctions can be sequentially obtained.

Appendix A
With the help of
W2(6;40,0, )
o n
=W (6:400)+ Y B" [ Y Wi(6:A0)W,_(68:A,1)
n=1 L=l

+ 2W0(9;A0,0)Wn(6;An):| (AD)
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and
W (0:A00, ) =W5(0:A00) + Y B"W,(6:4,),  (A2)
n=1
where
n—k—1 )
W,—x(0;A,_x) =sin 6 {n—i,jcos’ 0,
j=0
k=1 '
Wi(0;Ar) :sinBdeq,'cos’G, n>1, (A3)
i=0

we rewrite the formulae of V;5(0;A¢0,4%,) from Eq. (27) in

the case n > 1 as follows:

V7 (0:A00, %) =Pl (0;400,4,) +Pu(0;,_1), (A4)
where
dw,(6;A
P (8:400,As) = 2Wo(B: A0 W (0:4,) 1 0iAn)
n
Z A() 0,4,)cos” 8, (AS)
(059, 1) Z (0; A1) W1 (0;A, ). (A6)
Then, we have
PIp(AO,OaAn) = (_(2m+ I)AOA,O +p)dn,p71
— 25@n,p — (14 p)an,p+1, (A7)
Pn_,p(AO,OaAn) = (_(2m+ 1)A0,0 _p)dn,pfl
— 25an,p + (14 p)an pr1, (A8)
_ n—1 k—1n—k—1 o
P,(0;.9,_1) = sin® 0 Z Qyiln—k,j cos't/ @
k=1 i=0 j=0
n—1n-2

Qg p— jln—r,jcos’ O (1 — cos’ 0)

T
I
hi
(=]

I
-

=

—2n—1 p

“LE;
o

n—1

d. . cosP
p—jdn—k, jcos’ O

ay
=0

p2

Z Gy p—2— jdn—k,j 0" 6

[\/]:
- HM\

Z Ak, p— jAn—k,j — Ak p—2— jln—k,j)
p=0k=1j=0

X cosp 0, (A9)

where we use the assumption that a, ; = 0 whenever j > n or

j<o.
If we define
n—1 p
Hyp( )= Y Y (@ pj@nij— p2-j@n i)
k=1j=0
n—1 p
=Y Y (@pj—akp-2-j)an-rj,  (AlO)
k=1j=0
then
_ n
Pu(6;, 1) =Y Hy (e 1)cos’ 6. (A11)
p=0
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