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Adaptive synchronization control of coupled chaotic neurons
in an external electrical stimulation”
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In this paper we present a combined algorithm for the synchronization control of two gap junction coupled chaotic
FitzHugh—Nagumo (FHN) neurons in an external electrical stimulation. The controller consists of a combination of dynam-
ical sliding mode control and adaptive backstepping control. The combined algorithm yields an adaptive dynamical sliding
mode control law which has the advantage over static sliding mode-based controllers of being chattering-free, i.e., a suffi-
ciently smooth control input signal is generated. It is shown that the proposed control scheme can not only compensate for
the system uncertainty, but also guarantee the stability of the synchronized error system. In addition, numerical simulations
are also performed to demonstrate the effectiveness of the proposed adaptive controller.

Keywords: FitzHugh—Nagumo neuron, synchronization, adaptive control

PACS: 87.19.Im

1. Introduction

Synchronization processes are ubiquitous in nature and
play an important role in many different fields such as biology,
ecology, sociology, and technology.!'! Recently, increasing ev-
idence have been provided to show that synchronization is spe-
cially relevant to a variety of neuronal phenomena.l”) Classi-
cal phenomena such as mutual synchronization, entrainment,
and chaotic synchronization have been observed in many bi-

[3-31 Experi-

ological experiments and numerical simulations.
mental observations demonstrated that synchronous neuronal
oscillations correlate with many physiological mechanisms of
normal and pathological brain functions. For example, syn-
chronization plays a crucial role in the mechanisms of infor-
mation processing and information prefacing within different
brain areas.[®! Moreover, synchronous oscillations in the sen-
sorimotor cortex provide integration and coordination of the
information needed for the motor control.l”! On the other hand,
an abnormal synchronization of individual neurons may re-
sult in the emergence of some pathological conditions, such as
epilepsy, essential tremor, and Parkinson’s disease.[®-10]

The investigation of synchronization control in a
chaotic system has recently become a subject of increasing
interest.!!=15] It has been shown that synchronization in a
neuronal system may be influenced by many factors. With-
out control, identical coupled neurons can eventually synchro-
nize only when the coupling strength exceeds a certain critical

16,171 which may be beyond the physiological condition.

value,!
In biological experiments, the synchronization of two coupled
neurons can be realized upon depolarization by an external DC

current.!*! Theoretically, many control methods have been de-
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veloped to achieve the synchronization of neuronal systems,
such as adaptive control,l'81°1 backstepping control,*°! non-
linear control [2!! and feedback control.[22-23!

In a previous literature,[*”! we have studied the synchro-
nization control of two electrically coupled chaotic FitzZHugh—
Nagumo (FHN) neurons in the external electrical stimulation
by backstepping method. The FHN model is a simplified
version of the Hodgkin—Huxley model of neuronal dynam-
ics, yet captures the main dynamical features of biological
neurons.[24] Using the external electrical stimulation, an in-
dividual FHN neuron may exhibit chaotic behavior.?>! The
backstepping scheme needs only one controller to synchronize
the coupled neurons and can be applied to a variety of chaotic
neuronal systems, no matter whether they contain the external
excitation. However, it does not consider the uncertain factors
in practice. In fact, there are many uncertainty sources in com-
plex neural systems. The most important one is the coupling
strength between neurons, which is usually unknown in real
neural systems, but has a significant influence on their syn-
chronization behaviors.!'”)

In this paper, an adaptive backstepping dynamical sliding
mode controller, which combines the merits of both the dy-
namical sliding mode control and the adaptive backstepping
control, is used to achieve the chaos synchronization of two
coupled FHN neurons with an uncertain coupling strength. We
first derive a simple static adaptive sliding model controller
via backstepping. However, the control input signal exhibits
an obvious bang—bang behavior which may be deemed as a
counter effect in a neuronal system. Then, an adaptive dynam-
ical sliding mode controller will be proposed as a means of ob-
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taining a smoother controlled response. In this control scheme,
all chattering is completely relegated to the state space of the
dynamical feedback controller. As a consequence, a suffi-
ciently smooth control input signal is generated.[*’! Moreover,
the backstepping technique provides a sufficiently simple way
to obtain a more direct sliding surface adaption procedure,
while avoiding the excessively restrictive stabilizing features
of the adaptive sliding surface.”®28] Based on the Lyapunov
stability theory, the proposed adaptive dynamical sliding mode
control scheme can not only compensate for the system uncer-
tainty, but also guarantee the stability of the synchronized error
system.

The rest of this paper is organized as follows. In Sec-
tion 2, the dynamic behaviors of two chaotic FHN neurons
electrically coupled with gap junctions in the external elec-
trical stimulation are studied. In Section 3, a robust control
scheme combining adaptive backstepping method and dynam-
ical sliding mode control technique is designed to synchronize
two coupled FHN neurons. The simulation results are also
provided to illustrate the effectiveness of the control method.
Finally, conclusions are drawn in Section 4.

2. Dynamic behaviors of two FHN neurons elec-
trically coupled with gap junctions

In a neuronal system, the coupling between neurons may
occur via two different types of synapses, i.e., the electri-
cal and chemical ones. In the former case, the coupling oc-
curs through gap junctions and its strength depends linearly
on the difference between their membrane potentials.[>>3 In
our previous study,'®! the model of neurons coupled with gap
junction was given, and the influence of gap junction on the
synchronization of two coupled FHN neurons was investi-

gated. The circuit diagram of the model is shown in Fig. 1.
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Fig. 1. Circuit diagram of two coupled neurons. V; and V, denote the
membrane potentials for two coupled neurons; f(V), Ly, and Cy, are
the electrical parameters of neurons; g is the coupling strength between
neurons; and Iy is the external electrical stimulation.

The model of FHN neurons coupled with two gap junc-
tions is described by

Xi =X1(X-D(l—=rX))—-Y1—g(X1 —X2) +1,
Y1 = bX),
X =XX—1)(1—rXs)—Y,—g(Xo — X1) +1,

Y, = bXo, ey

where X; and Y; (i = 1,2) are rescaled membrane voltage and
the recovery variable of two FHN neurons, respectively, g is
the coupling strength of gap junction, and [ is the external
electrical stimulation in the form of I = (A/®)cos(wr) with
A and @ = 27 f being the amplitude and frequency, respec-
tively. Throughout this paper, we fix parameters b, r, A, and f
to be 1, 10, 0.1, and 127.1, respectively. Thus, the dynamics
of individual FHN neurons without coupling is chaotic.!*! Ac-
cording to Ref. [16], if the individual neurons are chaotic, then
the synchronization occurs only when the coupling strength of
gap junction satisfies some critical conditions. If the coupling
strength of the gap junction g = 0.02 < 0.5, the synchroniza-
tion cannot occur; when g =1 > 0.5, the synchronization oc-
curs, as shown in Figs. 2 and 3, respectively.
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Fig. 2. (color online) Dynamics of two electrically coupled FHN neu-
rons at f = 127.1 Hz and g = 0.02 < 0.5. Phase plane diagrams: (a)
XY, 00X -1, 00X —X, ()Y -1
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Fig. 3. (color online) Dynamics of two electrically coupled FHN neu-
rons at f = 127.1 Hz and g = 1 > 0.5. Phase plane diagrams: (a)
Xi—-N,0)X—1, ©) X —X, (Y — Y.

3. Chaos synchronization via adaptive control

3.1. Description of the coupled FHN neuron system under
control

For clarity and without loss of generality, the gap-
junction-coupled FHN neuron system under control can be ex-
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pressed as

Xl :XI(XI — 1)(] —er)—Yl —g<X1 —X2)+I,

Y1 = bX;,
X =Xo(Xa—1)(1=rXa) = Y2 —g(Xo — X1) +1+u,
Y, = bX,, 2

where g is assumed to be an unknown constant, and u is the
added control force such that the dynamical behaviors of two
coupled FHN neurons are synchronous.

Let ex = X, — X and ey =Y, — Y], the error dynamic sys-
tem of coupled neurons can be written as follows:

éx = XX —1)(1-rX2) — Y2 —g(X2 — X))
—[Xl(X] — 1)(1 —er) —Y[ —g(X] —Xz)]—Fu,
ey = b(X —X). 3)

We can rewrite the error system (3) as

é=Ae+ B(F(x)+u), “4)
where

i) a3 7)ol

and F(x) =X (Xo — 1)(1 — rX2) — X1 (X; — 1)(1 — rX;) is the
nonlinear part of the error dynamics with = = [X;,X>]T.

In this way, the problem of synchronization between cou-
pled neurons can be converted into a problem of how to re-
alize the asymptotical stabilization of system (4) at the ori-
gin. Our goal is to design an adaptive backstepping dynam-
ical sliding mode controller for the variable X, of system (2)
to track the reference trajectory X; asymptotically, such that
fim (1) =0.

3.2. Adaptive dynamical sliding mode controller design

In this section, we aim to design a chattering-free con-
trol scheme for the synchronization of coupled chaotic FHN
neurons. For comparison, a static adaptive sliding mode con-
troller is designed first to show the bang—bang behavior of the
control input signal. Then, we propose an adaptive dynamical
sliding model control system to remove the bang—bang nature
of control input, i.e., a sufficiently smooth control input signal
is obtained.

3.2.1. Static adaptive sliding mode control
Consider the following error dynamic system:
éx = —2gex —ey +F +u,
éy = ex, 4)

where g is assumed to be an unknown constant. Let ¢ denote
an estimate of g.

Define the sliding surface s as
s=ex +ey, (6)
and its time derivative is
§=éx+éy =ex —2gex —ey +F +u. 7)

Considering the following Lyapunov function:

1 1
V=—s"+-¢? 8
2s+2¢, (3)

where ¢ = g — g, then V is given by
V=ss+0¢=s(ex —ey +F+u)— (2sex +&)g+8& (9
The adaptation law for § is designed as
§ = —2sex. (10)
Then, we have
V =s(ex —ey + F +u—§2eyx). (11)

According to Eq. (11), an adaptive sliding mode control law is
proposed to be

u=—ex+ey —F+g2ex —ksgn(s), (12)
where k > 0. Substituting Eq. (12) into Eq. (11), we obtain
V =—k|s| <0. 13)

Therefore, the error dynamic system (5) is negative definite,
and the state errors ey and ey will converge to zero, i.e., the
static adaptive sliding mode control system is asymptotically
stable.

In the following, numerical simulations are carried out to
evaluate the effectiveness of the proposed static adaptive slid-
ing mode control system. We choose the control parameter
in the simulations to be k = 0.5 and the unknown parameter
g = 0.02. The controller is switched on at time ¢ = 200 ms.
Dynamical responses of the system are given in Fig. 4. As
shown in Fig. 4, two neurons exhibit asynchronous behavior
before control. However, as soon as the controller is applied,
the dynamic error between two coupled neurons vanishes and
the complete synchronization is achieved. The correspond-
ing phase portraits of the system before and after control in
the planes of X; — X, and Y; —Y> are shown in Fig. 5. More-
over, figure 6 shows the simulated trajectory for the control
input signal u(r). Obviously, in the proceeding static sliding
mode-based control scheme, the control input exhibits an ob-
vious bang—bang behavior which may be deemed as counter-
effective in neuronal system, as it may damage a biological
neuron and change its intrinsic dynamics. In the next section,
we will remove the bang—bang nature of the control input by
designing an adaptive dynamical sliding mode controller.
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Fig. 4. (color online) Time courses of the coupled FHN neuron
system with static adaptive sliding mode control: (a) X; and X3, (b)
Y1 and Y;. The state errors: (¢c) ex =X — X, (d) ey =Y, —17.
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Fig. 5. (color online) Phase portraits of the neural system before con-
trol: (a) X1 —Xa, (¢) Y1 —Y,. Phase portraits of the neural system after
control: (b) X; — X, (d) Y —Ya.
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Fig. 6. Static adaptive sliding mode control input signal u(r).

3.3. Adaptive dynamical sliding mode control

In this section, an adaptive dynamical sliding model con-
trol scheme is proposed to achieve chaos synchronization of
coupled FHN neurons. In order to remove the bang—bang na-
ture of the control input, we resort to the system extension, let
the added integration attenuate the discontinuities associated
with the input, and relegate them to the first time derivative of
the input.

Consider the following extended error dynamic system:

éx = —2gex —ey +F+u,

éyzex, ﬂ:V, (14)

where v is an auxiliary input representing the time derivative
of the original input «, and g is an unknown constant parame-
ter. Let ¢ denote an estimate of g. Define the adaptive sliding
surface s as

s=ci(ex +ey)+ex —28ex —ey + F +u, (15)

where ¢ is a positive constant. Define the variable z = ey +ey,
and its time derivative is

i=¢éy+eéx=s—c1z—2(g—8)ex, (16)

where ¢ is a positive constant.
The first Lyapunov function V; is chosen to be

1, 1 2
Vi== —(g—29)~". 17
1 2Z+2(g 8) a7

Then, V; is given by
Vi=z—(g—8)8g=zls—c1z] — (g —8)(2zex +8). (18)
According to Egs. (14) and (15), we obtain
§ = (c1+1—-28)(—2gex —ey +F +u)
—2exg+(c1 — ex +F +v. (19)

We assume the second Lyapunov function V, as

1
Vo=V, + 5s2. (20)

Thus, V5 has the form of
V2 = Vl + 55
= Zfs—c12] — (g — 8)(2zex +8)
+sv+(c1+1-28)(—2gex —ey + F +u)
—2€X§—|—(C’] —l)ex +F] 21)

An adaptive dynamical sliding mode controller is designed as

i=v=—(c1+1-28)(—28ex —ey +F+u)
+2exg—(c1 —1)ex — F —z—ksgn(s), (22)

where k > 0. Substituting Eq. (22) into Eq. (21), we have

Vy = *C]Zz fk‘s| — (gf A)[ZZEX +§
+(c1 +1—-28)2sex]. (23)

The parameter update law is designed as
&= —2zex — (c1 +1—28)2seyx. 24)
Then, V> becomes
Vy =~z —kls| 0. (25)

Thus, the states z and s will converge to zero. Moreover,

}Lm ex(t) =0 and IILm ey(t) = 0. As aresult, the stability of
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the proposed adaptive dynamical sliding mode control system
(22) can be guaranteed.

In Figs. 7 and 8, numerical simulations are carried out to
illustrate the effectiveness of the proposed adaptive dynami-
cal sliding mode control system. The control parameters are
set to be ¢; =2 and k = 0.5, and the “true” value of the con-
stant parameter is set to be g = 0.02. We switch on the con-
troller at time r =200 ms. As one can see, the dynamical errors
converge to zero rapidly, and complete synchronization of the
neuronal system is obtained. The simulated adaptive dynam-
ical sliding mode control signal u(z) and the parameter esti-
mate trajectory g(¢) are shown in Fig. 9. Evidently, the con-
trol input u(f) no longer exhibits a bang-bang behavior, and
a sufficiently smooth control input signal is exactly obtained.
Moreover, the trajectory associated with the estimation law for
the unknown parameter g also shows an asymptotically stable
convergence feature.

In conclusion, we have investigated in detail the synchro-
nization control of coupled neurons from the viewpoint of pos-
sible applications in real neuronal systems. In biological ex-
periments, the membrane potential of neurons can be recorded
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Fig. 7. (color online) Time courses of the coupled FHN neuron system
with adaptive dynamical sliding mode control: (a) X; and X, (b) ¥; and
Y,. The state errors: (¢c) ex =Xo — X1, (d) ey =Y, — Y.
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Fig. 8. (color online) Phase portraits of the neural system before con-
trol: (a) X1 —Xa, (¢) Y1 —Y». Phase portraits of the neural system after
control: (b) X; —X»,(d) Y] — Y>.

by microelectrodes. The control signal u, obtained from an
external controller, should be fed back into the system via
the same or another microelectrode in the form of electrical
current. As one can see, the amplitude of the control signal
is much smaller than the periodic stimulation signal and the
membrane potential of coupled neurons, and thus has little
influence on the intrinsic properties of individual cells. It is
therefore suggested that the proposed control scheme can be
applied to a wide class of uncertain neuronal systems.
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—0.02 . 0.003

® 3 »(].()lT = 0.002
—0.06

0895 300 205 210 0.001

t
—0.10
0 100 200 300 400 0 100 200 300 400
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Fig. 9. (color online) (a) Adaptive dynamical sliding mode control sig-
nal u(r). (b) The parameter estimate trajectory (7).

4. Conclusions

In this paper, an adaptive backstepping dynamical sliding
mode control scheme, which combines the merits of both the
adaptive backstepping control and the dynamical sliding mode
control, is used to synchronize two electrically coupled chaotic
A static
adaptive sliding mode approach is used first to compensate an

FHN neurons in the external electrical stimulation.

uncertainty which occurs in the control system. However, the
control input exhibits a bang—bang behavior which may dam-
age a biological neuron and change its intrinsic dynamics. In
order to remove the bang—bang nature of the control input,
an adaptive dynamical sliding mode control law is designed
based on backstepping technique. It is shown that the proposed
adaptive dynamical sliding mode control scheme can not only
compensate for the system uncertainties, but also guarantee
the stability of the synchronized error system. The simulation
results demonstrate the effectiveness of the proposed adaptive
controller and the smoothed control input signal.
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