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Coupling effects of depletion interactions
in a three-sphere colloidal system*
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In a three-sphere system, the middle sphere is acted upon by two opposite depletion forces from the other two spheres.
It is found that, in this system, the two depletion forces are coupled with each other and result in a strengthened depletion
force. So the difference of the depletion forces of the three-sphere system and its corresponding two two-sphere systems
is introduced to describe the coupling effect of the depletion interactions. The numerical results obtained by Monte—
Carlo simulations show that this coupling effect is affected by both the concentration of small spheres and the geometrical
confinement. Meanwhile, it is also found that the mechanisms of the coupling effect and the effect on the depletion force

from the geometry factor are the same.
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1. Introduction

It is well known that the depletion interaction arises when
two large spheres are immersed in a sea of small spheres.
The mechanism of the depletion force was first described
by Asakura and Oosawa (AO) with the concept of excluded
volume.!'! According to the AO approximation, the depletion
force is monotonously attractive. However, both the exper-
imental and simulation results show that besides the attrac-
tive part, there is also a repulsive part in the depletion inter-
action. So the mechanism for the depletion interaction is not
as simple as that described in the AO model. Due to the fact
that the depletion force is very important to the colloidal sys-
tem, many investigations have been carried out all these years,
and knowledge about the depletion interactions is significantly
improved.[>14 In fact, it was found that the depletion force be-
tween two spheres will be strengthened if they are confined be-
tween two parallel plates.l*! Recently, more and more research
works were carried out on the three-body depletion interac-
tions. For example, the equilateral triplets, where three large
spheres are dispersed in equilateral-triangular configurations,
were studied and the results showed that the three-body inter-
action is attractive when the distance among them is small.[*~7]
Obviously, the depletion interaction is not the additive one. We
also found that when two spheres are perpendicularly placed
in two parallel plates, the depletion forces between the two
spheres and between the spheres and the plates can couple
with each other, and finally result in a strengthened depletion
force %111 As a new finding, the coupling effect is very in-
teresting and is significant to the colloidal system, since the
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dynamic behavior of the particles and the structure of the sys-
tem will be affected by the strengthened depletion interactions.
In this paper, we will study the depletion interactions of the
three-sphere system schematically illustrated in Fig. 1(a). In
this system, the large sphere B is placed between two spheres
A and C. Apparently it suffers two opposite depletion forces
from A and C. However, it will be found that in this three-
sphere system, the depletion forces acted on B are larger than
that of the two-sphere system described by Fig. 1(b), where
sphere C is taken out of the three-sphere system. To describe
this coupling effect of depletion interactions clearly, a param-
eter should be introduced. According to the definition of the
three-body interaction, the difference of the depletion forces in
the three systems demonstrated in Figs. 1(a)-1(c) can be used
to describe the coupling effect. On the other hand, the sphere C
can be also taken as a geometrical factor to the depletion force
of spheres A and B, so there are some relationships between
the coupling effect and the effect on the depletion force from
geometrical confinements. That is why the corresponding con-
fined three-sphere system and two-sphere systems described
by Fig. 1(a’)-1(c’) will also be taken into consideration, and
the relationships between the coupling effect and the effect of
geometrical confinement can be studied through the depletion
forces from the plates.

In this paper, the model and the theory are presented in
Section 2, and the numerical results and a simple discussion
are given in Section 3. Finally a summary of our study will be

given in Section 4.
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Fig. 1. (a) Schematic diagram of a three-sphere system consisting of spheres
A, B, and C; panels (b) and (c) show the two-sphere systems where C and
A are taken out from the three-sphere system, respectively; panels (a’)—(c’)
show the confined systems corresponding to those in panels (a)—(c), respec-
tively. The dashed lines in panels (a)—(c) denote the separation of the sys-
tems, the solid lines in panels (a’)—(c’) denote the confinement plates. Here 4
is the separation of spheres A and B, H is the separation of A and C, and the
vertical arrows in panels (a’)—(c") denote the depletion forces on the spheres
from the plates.

2. Theory and model

It is well known that a hard-sphere mixture is character-
ized by the pair potential

u(d):{o(;’ d<dijd—>((zliij:0j)/2a (1)

where d is the distance between two spheres of diameters o;

and o;, respectively. The force exerted on the big sphere of

radius R by a small sphere of radius r can then be written as

kgT&(d — d;;). Consequently, the depletion force is the total

force acted on the large sphere from the small spheres, and can

usually be determined through the acceptance ratio method
(ARM).

In the ARM, if the potential and the partition function of

two systems are Vy, Qg and V;, Q1, respectively, where V) and

V1 are the external potentials corresponding to the two large

spheres located at different positions, the free energy differ-

ence between these two systems is given byl>%13!

_ @, VBV —Vo) +Cl)
PAF = =i G = T B — ) — O,
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Not

where Njg is the number of samples drawn out from N simu-
lated samples generated with potential Vy, and V; is not infi-
nite; Ny is the number of samples drawn out from N simulated
samples generated with potential V|, and Vj is not infinite;
f(x) = [1 +exp(x)]~! is the Fermi function; and C is a con-
stant which is usually set to 0 for a hard-sphere system. Since
the change of potential is only related to the number of sam-
ples drawn out from the N simulated samples, therefore the
depletion interaction can be obtained through the ARM conve-
niently. Furthermore, we note that if many depletion forces act
on a sphere at the same time, instead of the component force,
only the resultant force will be determined by the ARM.

In general, when two or many depletion forces act on a
sphere at the same time, these forces will couple with each
other. To expose the coupling effect among the depletion in-
teractions in this three-sphere system, a parameter should be
introduced. If the two component forces acted on large sphere
B are fiy and f¢g, and the resultant force is f, apparently,

f=fas— fc- 3
On the other hand, the resultant force f can be easily obtained
by the ARM for the three-sphere system, the uncoupled com-
ponent forces of spheres A and B, B and C (fag, fcg) should
be determined through the two-sphere systems described in

Figs. 1(b) and 1(c), respectively, then the difference between
the resultant and the two component forces is

Af = f— faB— fcs. “4)

Obviously, if there is no coupling effect between fap and fcg,
Af =0, otherwise Af # 0, so Af can be used to describe the
coupling effect. In addition, in the confined systems demon-
strated by Figs. 1(a’)-1(c"), Af can also be defined in the same
way through Eq. (4). For the sake of simplicity, we sup-
pose that in all the systems mentioned above, the positions
of spheres A and C are fixed, only B moves from the contact
position with A to the middle of A and C. Parameter / is the

separation of A and B, and H is the separation of A and C.

3. Results and discussion

In this section, according to Eq. (4), the six systems de-
scribed in Fig. 1 are studied respectively. In the simulations,
the two or three large hard spheres are placed along the z
direction of a cell box of sizes Ly x Ly X L, and the small
spheres are randomly distributed around the macro spheres to
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form a fluid; the size ratio of the macro sphere to the micro
sphere R/r is 5, and the number of micro-ions N is deter-
mined by the given volume fraction 1), which is defined as
n =NV, /(V—-3Vy) and n = NV, /(V —2V,,) for the three-
and two-sphere systems, respectively, where V =L, x L, x L,
is the total volume of the cell box, V, = 4773 /3 is the volume
of the micro sphere, and V, = 47rR3/ 3 denotes the volume
of the macro sphere. For the unconfined systems, the period
boundary condition is applied to all three directions of x, y,
and z in the Monte—Carlo simulations. However, for the con-
fined systems, the fixed boundary condition is applied to the
direction (such as the x direction) in which the two parallel
plates are placed; the other two directions y and z still have the
period boundary conditions. Then the configurations of the
micro spheres will be sampled according to the Metropolis al-
gorithm with the two macro spheres A and C fixed while B is
moved from the contact position with A to the middle of A and
C. Each micro sphere is orderly chosen involving a trial dis-
placement. Except for an overlap with the macro spheres and
the other micro spheres, the new position of the micro sphere
is randomly accepted. In our simulations, 1.0 x 10° Monte—
Carlo steps (MCS) are used to reach the equilibrium state of
the system, and another 3.0 x 103 MCS are used to collect
data. The depletion potential is set as 0 while the two macro
spheres A and B are at contact, i.e., # = 0. In this way, the
depletion potentials then the corresponding depletion forces
in both the confined and the unconfined two- and three-sphere
systems are determined by the ARM respectively. For the sake
of simplicity, only the cases of 7 = 0.116 and 0.229 are stud-
ied, and the corresponding depletion forces in the confined
and the unconfined systems are shown in Figs. 2-5, respec-
tively. In these figures, the depletion force F is plotted as a
function of 4, and F and h are in units of 7RpkgT and 2r, re-
spectively, where p is the number density of the small spheres,
kg is the Boltzmann constant, and 7 is the absolute tempera-
ture. In Figs. 2-5, the short-dashed lines denote the depletion
forces of the three-sphere system, the solid and long-dashed
lines denote the two-sphere systems described by Figs. 1(b)
and 1(c) or Figs. 1(b") and 1(¢’), respectively. From Figs. 2-5,
it is evident that no matter whether the system is confined or
unconfined, the volume fraction is large or small, (i) the deple-
tion force between spheres B and C is almost 0; (ii) the deple-
tion force of the three-sphere system is larger than that of the
two-sphere system (consisting of A and B); and (iii) the deple-
tion forces of the confined systems are larger than those of the
corresponding unconfined systems. Furthermore, according to
Eq. (4), Af in both the confined and the unconfined systems
are determined, the results for the systems of n = 0.116 and
0.229 are shown in Figs. 6 and 7, where the dashed and the
solid lines are for the confined and the unconfined systems, re-
spectively. From Figs. 6 and 7, it is evident that Af # 0, so the

two depletion forces acted on sphere B are coupled with each
other. In addition, from Figs. 6 and 7 we also find that, for the
same volume fraction, the difference of depletion force in the
confined system is larger than that in the unconfined system.
For both the confined and the unconfined systems, Af is en-
larged when the volume fraction of the system increases from
0.116 to 0.229.
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Fig. 2. (color online) Depletion forces of the unconfined three-sphere
system (solid lines) and the two-sphere systems (dotted and dot-dashed
lines). The volume fraction is 7 = 0.116.
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Fig. 3. (color online) Depletion forces of the confined three-sphere sys-

tem (solid lines) and the two-sphere systems (dotted and dot-dashed
lines). The volume fraction is n = 0.116.
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Fig. 4. (color online) Depletion forces of the unconfined three-sphere
system (solid lines) and the two-sphere systems (dotted and dot-dashed
lines). The volume fraction is = 0.229.

We now discuss the results obtained above. From
Fig. 1(a’), it is known that both the coupling effect and the
effect on the depletion force from the geometry factor have
been brought together in the confined three-sphere system.
Though the mechanisms for the two effects are still unknown,
we believe that there are some relations between them. Firstly,
it is known that the depletion force between two spheres will
be strengthened if they are confined by geometry factors, such

as by two plates,*! by a cylinder,'?! or by other spheres.['3]

058202-3



Chin. Phys. B  Vol. 22, No. 5 (2013) 058202

Based on this fact, it is easy to understand that, in the three-
sphere system discussed in this paper, if the large sphere C is
taken as a geometry factor for the system consisting of two
large spheres A and B, the depletion force of this system must
be strengthened due to the presence of large sphere C. Sec-
ondly, the effect of geometrical confinement can be taken as
a special case of the coupling effect: in the confined systems
shown in Figs. 1(a’)-1(c’), we know that, besides the deple-
tion interactions among spheres A, B, and C, there are also two
opposite depletion forces acted on each of the three spheres
from the two plates. Though the values of the two oppo-
site depletion forces from the plates are equal and will cancel
out each other, their influence on the depletion force of the two
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Fig. 5. (color online) Depletion forces of the confined three-sphere sys-
tem (solid lines) and the two-sphere systems (dotted and dot-dashed
lines). The volume fraction is 1 = 0.229.
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Fig. 6. (color online) Differences of the depletion forces of the un-
confined and the confined three-sphere system and two-sphere system,
where 1 = 0.116.
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Fig. 7. (color online) Differences of the depletion forces of the un-
confined and the confined three-sphere system and two-sphere system,
where 1 = 0.229.

spheres in the parallel direction is obvious, in other words, the
depletion forces from the spheres and from the plates can cou-
ple with each other. Meanwhile, in the three-sphere system,
though the depletion force on the middle sphere from C is also
very small, it couples with the depletion force between A and
B, and results in a strengthened depletion interaction. So, the
coupling effect of the three-sphere system is the coupling of
two depletion forces in opposite directions, but the effect of
geometry confinement is the coupling of the depletion interac-
tions in the vertical and the parallel directions. Obviously, the
nature of the coupling effect and the effect on the depletion in-
teractions from a geometry factor is the same. That is why the
depletion interaction can be enlarged by both the coupling ef-
fect and the geometrical effect of depletion, and will be further
enlarged when the volume fraction of the system increases.

4. Conclusion

We have studied the depletion interactions in the confined
and the unconfined three-sphere systems through Monte—
Carlo simulations. The difference of the depletion forces of
the three-sphere system and the two corresponding two-sphere
systems has been introduced to describe the coupling effect. It
is found that the depletion interactions may couple with each
other and result in a strengthened total depletion force; the
coupling effect of the depletion force will increase when the
volume fraction of the system is increased. In addition, it is
also found that the nature of the effect on the depletion in-
teractions from a geometry factor and the coupling effect is
the same, or the effect of geometry confinement can be taken
as a special case of the coupling effect, and both of them are
affected by the concentration of the small spheres and the ge-
ometrical confinements.
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