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We propose an evolution model of cooperative agent and noncooperative agent aggregates to investigate the dynamic
evolution behaviors of the system and the effects of the competing microscopic reactions on the dynamic evolution. In this
model, each cooperative agent and noncooperative agent are endowed with integer values of cooperative spirits and nonco-
operative spirits, respectively. The cooperative spirits of a cooperative agent aggregate and the noncooperative spirits of a
noncooperative agent aggregate change via four competing microscopic reaction schemes: the win—win reaction between
two cooperative agents, the lose—lose reaction between two noncooperative agents, the win—lose reaction between a coop-
erative agent and a noncooperative agent (equivalent to the migration of spirits from cooperative agents to noncooperative
agents), and the cooperative agent catalyzed decline of noncooperative spirits. Based on the generalized Smoluchowski’s
rate equation approach, we investigate the dynamic evolution behaviors such as the total cooperative spirits of all coop-
erative agents and the total noncooperative spirits of all noncooperative agents. The effects of the three main groups of
competition on the dynamic evolution are revealed. These include: (i) the competition between the lose—lose reaction and
the win—lose reaction, which gives rise to respectively the decrease and increase in the noncooperative agent spirits; (ii)
the competition between the win—win reaction and the win—lose reaction, which gives rise to respectively the increase and
decrease in the cooperative agent spirits; (iii) the competition between the win—lose reaction and the catalyzed-decline
reaction, which gives rise to respectively the increase and decrease in the noncooperative agent spirits.
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1. Introduction

Aggregation growth phenomena are popular in nature and
important for abundant kinetic evolutional behaviors arising
from a variety of complex mechanisms.!'#*! The kinetic evo-
lutional behaviors of aggregates are of theoretical and prac-
tical significance for understanding aggregation growth phe-
nomena. Originally studied mechanisms in pure aggregation
processes have been steadily extended to aggregation phenom-
ena with more complex mechanisms, such as fragmentation,
annihilation, their various combinations, and so on.l>-°]

Recently, the concepts and techniques used in aggregation
growth phenomena in nature have been generalized to quanti-
tatively model some generalized aggregation growth phenom-
ena in social and economic systems to investigate the kinetic
behaviors of their aggregation growth. Ispolatov et al. intro-
duced several asset exchange models for the evolution of the
wealth distribution in the economical interaction population.]
Leyvraz and Redner proposed a migration-driven irreversible
aggregate growth model for the evolution of city population.[®!
In these models, irreversible growth of aggregates takes place
through biased migration or unbiased exchange mechanisms.
In the biased migration model, there exists preferential migra-
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tion of a monomer (equivalently, one unit of assets in asset
exchange models or one person in population migration mod-
els) from a smaller aggregate to a larger aggregate. This mi-
croscopic evolution mechanism can be described by an irre-
versible reaction scheme, A; + A; M A1+ A k<1,
where Ay denotes an aggregate characterized only by its size k
(an aggregate of k units of assets in asset exchange models or
k persons in population migration models) and the migration
rate kernel K(k,l) represents the rate of a monomer migrat-
ing from an aggregate of size k to another aggregate of size /,
which generally depends on the size of the two reactant aggre-
gates. While in an unbiased exchange model, an aggregate is
equally likely to gain or to loss a monomer. These processes
exhibit much more abundant kinetic behaviors than those in
the single aggregation, annihilation, fragmentation processes
or their various combinations. Furthermore, in the migration-
driven city population growth model, Leyvraz and Redner
found a qualitative correspondence between model predictions
and recent data on U.S. cities.

Subsequently, we investigated the kinetics of the gen-
eral unbiased exchange-driven growth system.”) We further
generalized the research to the exchange-driven aggregation
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with birth and death to mimic the evolution of city population
and individual wealth.['%!!] Finally, Ben-Naim and Krapivsky
made general research on exchange-driven growth with prod-
uct rate kernel K(k,I) = K(I,k) = (kI)* and the generalized
homogeneous rate kernel K (k,1) = K(1,k) = (kVI* +kH1v).[1?]
The kinetic behavior was found to fall into three categories:
growth, gelation, and instant gelation.

Later, we further generalized those studies to the aggrega-
tion growth systems of more than one species with interactions
between two aggregates of different species to provide better
aggregation growth models for the real social aggregation phe-
nomena. As an example, we studied the mutually catalyzed
birth of population and assets in exchange-driven growth to in-
vestigate the interaction between the population and the asset
aggregates.!'3] The competition between the two growth mech-
anisms, exchange and catalyzed birth, gives rise to much more
abundant kinetic behaviors. Furthermore, the complex forms
of the competition between the two growth mechanisms and
the effects of the two competing mechanisms on the kinetic
evolution behaviors of the system are revealed. Those stud-
ies were also generalized to a three-species exchange-driven
aggregate growth model with competition between catalyzed
birth and catalyzed death,/'*!3] and a catalysis-select migra-
tion driven evolution model of two-species (A- and B-species)
aggregates where one unit of species A migrates to species B
under the catalysis by a species C aggregate, while under the
catalysis by a species D aggregate the reaction will become
one unit of species B migrating to species A.['®] Moreover, we
also generalized the study to the kinetics of migration-driven
aggregate growth on completely connected scale-free network.
The analytic results were found to be in good agreement with
the data of the population distributions of all U.S. counties.!!”}

On the other hand, Ben-Naim and Redner introduced
and solved analytically a simple advancement-decline model
based on the interplay between advancement and decline
to study the formation of the social hierarchies that are
ubiquitously observed in animal populations and in human
societies.'8] In this model, each agent is endowed with an in-
teger fitness value and individual agents advance their fitness
by competing against those in lower classes, and in parallel,
individuals decline due to inactivity. The reaction scheme can
be described as: (i) the fitness strength of stronger competitor
increases by one unit, Ay +A; M A1 +A; (for k > 1) with
rate kernel K (k,I) = 1; (ii) the fitness of each agent declines
by one unit with rate r, A ﬂi Aj—1. The latter is just the
self-death as in former city population evolution models. The
parameter r fixes the balance of advancement and decline. The
results successfully demonstrate a phase transition from a ho-
mogeneous, single-class society to a hierarchical, multi-class
society. Later, Ben-Naim et al. generalized the model by in-
troducing a stochastic advancement dynamics, in which the

stronger competitor of a pair of interacting agents wins ad-
vancement with a probability of p and the agent of less fitness
wins advancement with a probability of 1 — p.['°) This model
yields a richer phase diagram.

We considering here that there are always many species
of individual agents in animal populations and in human so-
cieties, and the interplay between agents of different species
may play important roles in the dynamic evolution processes.
Later, we proposed an aggregation evolution model of two-
species (A- and B-species) aggregates to study the complex
aggregation evolution phenomena in social and economic sys-
tems, where agents of each species perform self-exchange and
self-birth processes, while the interaction between two aggre-
gates of different species causes a monomer lose—lose scheme,

Ay + By M Ay—1 + B;—1 with the rate kernel H(k,l) =

HkI?°! The results showed that the evolution behaviors are
crucially dominated by the competition between the two self-
birth processes, while the lose—lose scheme plays important
roles in some special cases.

Looking further into the competition-driven dynamic evo-
Iutions in animal populations and in human societies, where
there are many species of individual agents, their cooperation
and competition as a whole drive the dynamic evolutions of the
systems and bring into force richer evolutionary behaviors. In-
spired by the constant situations in game theory, namely, win—
win, lose—lose, and win-lose, we introduce a dynamic evo-
Iutionary model of a system consisting of cooperative agents
and noncooperative agents, and investigate their evolution be-
haviors driven by the microscopic interaction schemes such as
win—-win, lose-lose, and win-lose.

In this model, each cooperative agent A; of species A is
endowed with an integer value k (k > 0) of cooperative spir-
its, and each noncooperative agent By of species B is endowed
with an integer value k (k > 0) of noncooperative spirits. On
our consideration, the cooperative spirit value of a cooperative
agent and the noncooperative spirit value of a noncooperative
agent change due to the following four processes. (i) The win—
win interaction between two cooperative agents: when two co-
operative agents meet they will both profit from their coopera-
tion and encourage their cooperative spirits to increase by one
unit. (ii) The lose—lose interaction between two noncoopera-
tive agents: when two noncooperative agents meet they will
both lose from their noncooperation and make their noncoop-
erative spirits decrease by one unit. When a cooperative agent
meets a noncooperative agent, two different reaction schemes
will occur with some probabilities: (iii) the win—lose interac-
tion with probability p (0 < p < 1), where a cooperative agent
loses from the reaction and his cooperative spirits decrease by
one unit, while the noncooperative agent profits from the reac-
tion and he is encouraged to increase his noncooperative spir-
its by one; (iv) the catalyzed decline of noncooperative spir-
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its with probability ¢ = 1 — p, where the cooperative agent
leads or urges the noncooperative agent to increase his coop-
erative spirits, and thus his noncooperative spirits decrease by
one unit. We believe that our present model may provide a bet-
ter description of a wide variety of the dynamic evolutionary
phenomena of social and economic agent systems and exhibit
effects of these reaction schemes on the aggregation evolution
behaviors.

Our investigation is based on the mean-field theory, where
the fluctuations in densities of the reactant agent aggregates
are assumed to be ignorable and the aggregates are considered
to be homogeneously distributed in the space throughout the
whole aggregation evolution process.

The rest of this paper is organized as follows. In Sec-
tion 2, we introduce the aggregation evolution model of the
cooperative and the noncooperative agents in the competitive
societies. The dynamic evolution behaviors of the agent aggre-
gates of the two species are studied by the generalized Smolu-
chowski’s rate equation approach. In Section 3, we investigate
the dynamic evolution behaviors such as the total cooperative
spirits of all cooperative agents and the total noncooperative
spirits of all noncooperative agents. The effects of the three
main groups of the competitions on the dynamic evolution are
revealed. Finally, a brief summary is given in Section 4.

2. Model of the aggregation evolution of cooper-
ative and noncooperative agents in competi-
tive societies

The interaction schemes in our model can be described by
the following formulas: (i) win—win interaction between two
cooperative agents, Ay +A; M) Ajy1 + Ay with the reac-
tive rate kernel K (k,/); (ii) lose-lose interaction between two
noncooperative agents, By + B, M Bj_1 + B;_; with the re-
active rate kernel L(k,1); (iii) win—lose interaction with prob-
ability p, Ay +B; M Aj_1+ By with reactive rate kernel
I(k,1), which is equivalent to the migration of one unit from an
A-species aggregate to a B-species aggregate; (iv) catalyzed
decline of noncooperative spirits with probability g =1 — p,
By + A M Bj_1 +A; with rate kernel J(k,I), which is
equivalent to the catalyzed-death of species B by species A.
As a reasonable assumption, here we investigate the case of
p=q=1/2.

In general, the rate kernels of those reactions are depen-
dent on the reactant aggregates’ sizes. For the convenience
of solving the rate equations, we focus on the most reasonable
case: the rate kernels of the above four reactions are all propor-
tional to the reactant aggregates’ sizes. Then those rate kernels
are K (k,l) = Kkl, L(k,l) = Lkl, I(k,l) = Ikl, and J (k1) = JkI,
where K, L, I, and J are positive constants.

The investigation on the kinetic behaviors of the system
is focused mainly on total mass (the total number of the co-
operative spirits and the total number of the noncooperative
spirits) of the two species agent aggregates and the evolution
of the concentrations of the reactant aggregates. Here, they
are the cooperative agent aggregates’ size distribution ay(t)
and that of the noncooperative agent aggregates by (t), which
denote the concentrations or the numbers of the cooperative
agent aggregates A; and the noncooperative agent aggregates
By at time ¢, respectively.

In this model, we assume that the system has spatial ho-
mogeneity, so that the fluctuations in the densities of the reac-
tant aggregates (cooperative agents or noncooperative agents)
are ignored and the aggregates of each species are considered
to be homogeneously distributed in the space throughout the
whole evolution process. The theoretical approach to investi-
gate the kinetics of the aggregation process can then be based
on the rate equations in the mean-field frame, which assumes a
reaction proceeds at a rate proportional to the reactant concen-
trations. We generalize the rate equation of the exchange or
migration-driven aggregation process!’-'3! and write the corre-
sponding rate equations for our system as follows:

d . o
ﬂ = K k—l,l aj—1a; — K k7l ara
d
= =1
1 & 1 &
= Y I+ LD ag by — 2 Y Ik, Daghy, (1)
23 213
db (=] (=]
ditk = Y L(k+1,0)bgs1b— Y L(k,1)biby
= =1
1& 1 &
=Y I(Lk—1)bp_1a;— = Y I(l,k)b
+21§(7 )bk—1a 2;(7)1&11
1 & 1 &
— Y Jk+1,1)b — =Y Jk,Dbra;. (2
+21=21 ( + a)k+1al 21221 (a)ka[ ()

In Eq. (1), the first two terms account for the gain in a;(¢)

. . K(k—1,1
due to the win—win processes Ag_| +A4; (—)>

the lose in ay(¢) due to Ay + A, M A1 +A;sq. The third

and fourth terms account for the gain and lose in a; () due to
I(k+1,1),p=4%
_—

Ar+A;4+1 and

the migration processes Ag+1 + By

1(k,1),p=1
Ar+By

Ap+Byy1 and

el N Ajp_1+ B+, respectively.

We assume that there exist only monomer aggregates of
cooperative agents or noncooperative agents at initial time
t = 0 (more precisely, at t = 07). Consequently, the monodis-
perse initial conditions for the two species agent aggregates
can be written as

ar(0) = Ao,  bi(0) = By, 3)

where Ay and By are the concentrations (or the total numbers)
of the initial monomer cooperative agent aggregates and initial
monomer cooperative agent aggregates, respectively.
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The v-th moments of the aggregate size distribution ay ()
of species A and by(r) of species B can be expressed as

My(1) =

s

Ka(r), MB() =Y Kb(r). (&)
=1

k=1

In particular, the first two moments Mj'(t) = ¥ a(t) and
k=1
M (1) =

A- spemes aggregates respectively. They are similar for B-

Z kay (1) are the total number and the total mass of

species aggregates.

With the aid of the expressions of the moments of the ag-
gregate size distributions, the above rate given by Eqgs. (1) and
(2) can be rewritten in the following form:

% = K[(k—1)a_; — kayJM;
%I[(k+ Va1 — kal MY, ®)
% = L{(k+ )b — kb M
$ 31k 1)bg 1~ KbM
+ %J[(kJr )by y1 — kb M7 ©)

Equations (5) and (6) include a large number of corre-
lated nonlinear equations. Several methods have been devel-
oped to solve the rate equations in different aggregation pro-
=A(0)a(n)]!

to find some special solutions, whose applicability was thor-

cesses. One is to make a special ansatz a;(t)

oughly discussed in our former work.I'!) Here we find current
rate equations of this model can be solved with the help of the
ansatz

be(t) =BOB@OI. @

By applying ansatz (7), we write the first two moments of
the aggregate size distribution ay(z) of species A as

[WA = 3 a = A
0 (t) k;l k(t) (] _a)a

M2 (1) = 3 kap(r) = —2 , 8
1 (1) k; k(1) (I—ay ®)

with their relation M§* = M2 (1 —a). Those for species B are

8

Y bi(t) = (lfb)’

k=1

MP(1) =) kbi(1) =
k=1
and their relation is M§ = MP(1—b).
Substituting ansatz (7) into Egs. (5) and (6), they can be
transformed into the following differential equations:

1 da 1
— = KM® — —IMB 10
1—a dr R (10)

M (1)

8

€))

I
—
—

— b2’

1 dA Al

—— = —KM} — =IM; (1 -2 11

Adr 173 i ( a), (11
1Lodb 1 [

T-pdr — 2[M {2JM +LM; | b, (12)

1dB 1,0 [l

—— =—=IM] My 4+ LM | (1 —2b). 1

Bdr 2 {2J + }( b (13

Correspondingly, the monodisperse initial conditions (3) at
t = 0 are transformed as follows:

a(0)=0, A(0)=Ag, b(0)=0, B(0)=By. (14)

From these equations, we can derive the equations for the
first two moments of the aggregate size distributions of species
A and B as follows:

dinMg 1 da 1dA
dt  l—adr Adr
1 1. M2
= —EIMF(l—a):—ZIMBM?v (15)
dinMp 2 da 1dA PN
— 1 = — 4+ —— =KM}—-IM 16
dr I—adt " Adr 27 (16)
dinMg 1 db 1dB 1. B
= —— = | ZIMM+LMB| (1 -
dr 1—bdr B dt [2 v LMy (1-b)
FJM +LMB} My (17)
= 1
2 MP’
dlnMB 2 db 1dB 1 A B
= - — = _—(I—-))MP—LMB. (18
dr 1—bdr  Bdr 2( M o (19)

The corresponding initial conditions at # = 0 are given by

Mg (0) = M{(0) = Ao, ME(0) =MP(0) =By. (19)

Those equations can be rewritten as

a(1/my) 1 MB
(/M) _ 1, MF 0
a2 MA
d(1 /MA) 1 ME
_— —I— 21
dt K+ 2 My 1)
d(1/mB) 1 mp
— =L+ -J—= 22
dr i) MB’ @2)
d(1/MB) 1 Mp
——=L—-(I—-J)—. 23
By introducing four new functions
1 1 1 1
nA:F@, mA:Mi{v nB:M—g, mB:VF, (24)
the above equations can be transformed into
dnA 1 ma
—=—1— 25
dr 2 mp ’ (25)
dmA 1 ma
— =—K+-I— 26
dt + 2 mB’ (26)
dnB 1 mp
— =L+ -J—, 27
dr + 2 ma @7
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dmp 1 mp
—=L—=-(I—-J)— 28
dr 2( )I’)’lA7 ( )

with initial conditions

1 1

A ng(0) =mp(0)=—. (29)

nA(O) :mA(O) = Bo

In the next section, we study the kinetics of the system in
various cases to reveal the competition among the above reac-
tion mechanisms.

3. Dynamic aggregation evolution of cooperative
and noncooperative agents in competitive so-
cieties

At first, we can derive the relation between na and ma
from Eqgs. (25) and (26) as
nA—mA:Kt, (30)
and that between ng and mp from Eqgs. (27) and (28) as
1
(I—J)nB+JmB:B—(1+LBOz). (31)
0

From Eqs. (26) and (28), we derive an equation of ma and
mg as

dma  —K+1Ima/2mp
de _L—mB(I—J)/ZmA'

(32)

Introducing a new function u(t) = ma (t)/mg(t), equation (32)
can be transformed into

du 1 au* —bu

dmg L u—c

mp , (33)
where the constants a = 1/2—L, b =K — (I —J)/2, and
c=({-J)/2L.

In the next subsections, we study the kinetic evolution
behaviors of the system in various cases with different proba-
bility p and constants a, b, and ¢, and further reveal the com-
petition among different mechanisms.

3.1. Caseof I=J
First we study the simplest case. In this case, we have

¢=(I—J)/2L =0 and can solve mg () directly from Eq. (28)

de

Under the initial conditions (29), the solution is

1
mp = — (1+ LBot). (35)
By

Inserting it into Eq. (26), we obtain the equation of ma (7)

dms 1B
% — 70(1 +LBot) 'ma = K. (36)

This equation can be solved in two cases.
(i) Case of a =1/2 —L > 0. In this case, equation (36)
yields
1
(I/2—L)AoBo

n [(i —L)Bo —KAO} (14 LBot)!/?! } (37

ma(t) = (H—LBof){KAo

From this solution, we can derive nx () directly from Eq. (30)
as

I’lA(t) = m(l +LB()[)

(I/2—L)By — KAg
(I/2—L)AoB,

(1+LBot)"*t +Kt. (38)

Equation (27) becomes

d J/2)(I/2—L)A
dma _, (/2)(1/2= L)Ag o)
dr KAo+[(I/2—L)By — KAg|(1+ LByt )!/2L~1
According to the initial conditions (29), n(¢) can be obtained
as
1
ng(t) = — (1 + LBot)
By

v (/2)(1/2=D)Ag
0 KAo+[(I/2—L)By— KAo](1 + LBgt)!/2L~1

dr.(40)

Now we can discuss the kinetic evolution behaviors of the
two species in the following several cases.

Firstly, in the case of (I/2 — L)By — KAg > 0, we derive
the function a(¢) and A(r) from the expressions (8) of the first
two moments of A-species aggregates as follows:

M4 ma ma
alt) mp A ma +Kt’ @D
and
(M§)?  ma
Alr) = =2, 42
®) M{ ni (42)

In the long-time limit (# > 1), a(¢) is approximated as

(1/2—L)KAoBo

—1/2L,—(1/2L—1)
(1/2 — L)B() — KAg (LBO) t ) (43)

a(t) ~

and A(t) is approximated as

(I/2—L)AoBy

(]/Z_L)BO_KAO (LBO)_[/th_[/ZL. (44)

A(t) ~

In the end, the aggregate size distribution of A-species

aggregates in the long-time limit is obtained using the ansatz
a(1) = A1) [a(0)]* " as
(1/2— L)A¢By

I/2—L)By— KAy
1/2—L)KAoB k=l
(1/2—L)KAoBy (LBy)~ 1/

(I/2—L)By— KAy
s ¢~ 1/2L = 1/2L=1)(k=1) (45)

ar(t) ~ ( (LBo)~'/?t
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It does not exhibit any scaling form.
In the long-time limit (¢ > 1), equation (40) can be inte-

grated
1
L1 —(1/2L-1) ~ 1 1
t[1+Ct 1, O<2L <l1),
1
np(t) ~ < Li[14 CyInt], ——1=1, (46)
2L
1
Lt+(1/By+C ——1>1
+(1/Bo+G3), (ZL > >,
where

o (7/2)(1/2~ L)Ao
' (2L—1/2)[(1/2— L)By — KAo|(LBy)!/2L~1
U22-DA
[(1/2 — L)Bo — KAO]L2B0 ’
(J/2)(1/2 —L)Ao

O = WAL= 2)[{1/2—L)Bo — KAgLBy ~ °

>0,

G =

In the same way, we derive the expressions of b(z) and
B(t) in the long-time limit from Eq. (9) as

I
Cyr—/2L-1) 0<-——1<1
1 ) <2L < )
mp Int 1
bit)=1-—"L ~{! c;— ——1=1 47
M=1-"2x0 6 (ZL ) @7
G I
ey ——1>1
L <2L >>’
m _
B(t)=— ~ (L)~ (48)
ng

In the end, the aggregate size distribution of noncooperative
agent aggregates of species B in the long-time limit is obtained
using the ansatz by (t) = B(¢)[b(¢)]*~! as

1
L) - Lohk—1—1/2L—1)(k=1) 1<
(Le)~'C{ 't ; O<2L <1/

1R

by(t)

k—1
(Lr)~! (%) k=), <21L —1> 1).

It also does not exhibit any scaling form.
Secondly, in the case of (I/2— L)By— KAy =0, ma () in
Eq. (37) can be simplified into

1
ma(r) = 3 (1+LBot), (50)

and np (1) is obtained as

na (1) :mA(t)+Kt:A1 [1+ (KAo+LBy)t]. (1)

0
We then derive the functions a(z) and A(z) in the same
way as that in the above case as follows:

KAot
a(r) 1+ (KAo+LBo)t’ (52)

k—1
(Lt)—lc’g—l(h;t) , <2IL—1=1)7 (49)

_ma  Ao(1+LBy)
Alt) = nk  [14(KAo+LBo)t]* (53)

In the long-time limit, a(¢) becomes

= gl et

2

KA+ LBy KAo+LBy)t
KAo 1
=0 ep| | (54
KAog+LBy P [ (KAo +LBO)J >4)

In the end, the aggregate size distribution of A-species
aggregates in the long-time limit and for larger aggregates is
obtained using ansatz (7)

ay(t) = 0 Ko )"\
T (KA +LBo)? \ KAy + LB,

k
X exp |:— M:l . (55)

It approaches the modified scaling form in the scaling region

of k>> 1 and ¢ > 11131
ap(t) ~ M d[k/S(1)],  S(t) o<, (56)

with the scaling function ®(x) = exp(—x). The characteristic
size of the cooperative agent aggregates is

SA(Z‘) = (KAQ —|—LBo)l. (57)

It is well known that usual scaling forms, such as the con-
ventional scaling form

ap(t) ~t7"Plk/S(t)], S(t) o<t (58)

have only one scale S(r). Meanwhile, the modified scaling
form comprises two scales, the growing scale S(r) and the

time-independent scale
. 2
S= tlgg;k ak(t)/zk:kak(t) —1/(1-2).

For the noncooperative agent aggregates of species B,
equation (40) can be integrated into
1 J
ng(t)=— |1+ zAo+LBy |t|. 59)
By 2

In the same way, we derive the expressions of b(r) and
B(t) from Eq. (9) as

mp 14 LByt
br)=1-"8_1_ 60
®) . I+ WA 2+ LBy 0
Bo(1+LB
By =" — __Boll+LBoD) 1)

n]23 [1+(JA0/2+LB())I]2.
In the long-time limit, b(¢) is approximated as

—1,-1
_m[l—(JAo/2+LBo) 1. (62
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Therefore, in the kinetic evolution, the noncooperative
agent aggregates approach the same modified scaling form as
species A in the scaling region of k > 1 and ¢ > 111

bi(t) =~ LB /240 \*
T A2+ LBy)2 \ JAg /2 + LBy
k
e [‘ <JA/2+LB>] ’ 3

with the scaling function @ (x) = exp(—x). The characteristic
size of the noncooperative agent aggregates is

SB (l) = (JAO/2+LBo)t. (64)

Thirdly, in the case of (I/2 — L)By — KAg < 0, ma(t) of
Eq. (37) can be rewritten as

1

ma(t) = m(l + LByt)
[in- - (4-2)a)
x (1 +LBOz)’/2L‘}. (65)

It reveals that ma decreases with time, and then the to-
tal mass M{* = m;l of aggregates of species A increases
with time. Here, it must be noticed that ms will decrease

monotonously to zero at a finite time 7,

L/(1/2-L)
—15. 66
)Bo] } (00)

This shows that equation (65) is valid only in the time re-

e L KA
¢ LBy | |KAo—(I/2—L

gion t < t.. When ¢ increases to f, Mf increases to an infinite
value, and a gelation transition of cooperative agent aggregates
of species A takes place.

(ii) Case of a =1/2 — L = 0. In this case, equation (36)
yields

. KAp+ LBy

mA(t)— LAoBo (l—l-LBot)
KAo
122 ha+LBy)|. 67
X[ Kag LB, "I T 0)} ©7

Here, the total mass M f = m;l of aggregates of species A also
increases with time and reaches an infinite value at time

1 KAg+ LBy
fo= — 2A0TEP0 ) . 68
*~ LB, {CXP( KAo ) ) (68)

Thus, equation (67) is valid only in the time region t < 7. At

t =t.— At (At — 07), M{* can be written as

_ LBy 1
Mf\(tC—At):mAl(zc—m)N<1+KAO>N. (69)

Thus, at a finite time 7 = 1., a gelation transition of cooperative
agent aggregates of species A takes place.

(iii) Case of a =1/2 — L < 0. In this case, equation (36)
yields
1
(L—1/2)AoBy

{](2-3) o ka0

—KAp(1 +LBot)1’/2L}. (70)

ma(r) = (14 LBot)!/*

Here, the total mass M’ f\ = mgl of aggregates of species A also
increases with time and reaches an infinite value at time

1 [[(L=1/2)By+ KA | )
LBy KA '

A gelation transition of cooperative agent aggregates of

fe

species A also takes place at this finite time 7.

It further reveals that in this case the win—win processes
of cooperative agent aggregate of species A dominate the ki-
netic evolution of the system.

3.2. Caseofa=0and b#0

In this case, a =1/2 — L =0, and then we have I = 2L and
b=K—(2L—J)/2. Because the case of c = (I —J)/2L =0
has been discussed in the above subsection, we only consider
¢=(2L—J)/2L # 0 case. In this case, equation (33) becomes

du b u
=—— . 72
B dmg Lu—c (72)

It is apparent that the constant solution u = u(0) is not the so-
lution of this equation. Thus, equation (72) can be transformed

into
d L
mB:—(l—c>du. (73)
mp b u
Under the initial conditions (29), this equation gives the solu-
tion
C
mp(t) = — /b e~ Lu/b, (74)
By

with constant
Cy= [u(o)]ch/h eLu(O)/h — (BO/AO)ch/h eLBO/hAO >0.

Substituting this solution into Eq. (28), we derive the
equation for u(z) as follows:

% _ _BCLfMLC/b oLuf/b. (75)
It reveals that the growth or decrease of u(t) is determined by
b <0 or b >0. Then we discuss the evolution behaviors in
subcases of b > 0 and b < 0, respectively.

(i) Case of b=K — (I —J)/2 = K — Lc > 0. In this case,
equation (75) determines that du/dr < 0, so u(t) decreases
monotonously with time and we have u < 1 in the long-time
limit. Equation (75) is transformed into

Bob
ule/be—Lulb gy — —CLdz. (76)
4
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Since Le/b+1 = K/(K — Lc) > 0, this equation can be inte-
grated in the case of u < 1

61 (1) — 60 [1(0)] = . an

where

01(u) = uk/b g —Lu/b [l + u+ ¢ (M)} ) (78)

K+b

and ¢; (u) denotes the integration

L\* b
L K/ oLu/b /MK/bH o—Lu/b 4y,
b) K+b .

= 0(u?), (79)
mwmhwww”%LWW{H— wm+mwm@

K/b
(B o-iaoson
Ao

LBy
X {”(K+b)A0+¢1 [u(O)]}. (80)

1 (u)

K+b

Apparently, we have 0;[u(0)] > 0.

In the long-time limit, considering u < 1, we can obtain
a zeroth-order approximate solution for u(z) from Eq. (77) as
follows:

1)

Then, we further obtain mp(¢) from Eq. (74) as

guLc/be—Lu/b ~ g 91(”)
By " By u

Le/K
_ C“{el [u(O)}KBOt} , (82)

ng(t) = {

mB(t) =

—(1+LByt) —JmB(t)}

1 [2L
= 57— [30(1 +LByt) —JmB(t)} . (83)

For the cooperative agent species, we obtain

ma(t) = u(tymy (1) = %91 ()
Cy KBy

= Bo{el [u(0)] — C4t}, (84)

na(t) = ma(f) + Kt ~ 1%91 (o)), (85)

which reveals that in the zeroth-order approximation na ap-
proaches a constant.
If we take second-order approximation, we have

(.
7uLc/be Lu/b

mg(t) = Bo
C4 6, (u) L \'!
~ — 1
Bo u \ Tkxp") (86)

12
—N
>
=
~—
=
=
\

ma(t)

1
=Jie
—N
S
S
|
=
0|8
——
I =
|
=
+
S
<
N———

= S Lo KB
= ooy
Gl KB, )tk
- W){el [u(0)] - C4t} - (@7

We finally obtain the second-order approximate solution for
na as follows:

na(t) = ma(t) + Kt ~ %91 [u(0)]
0

—Ujﬁa%{ammn—

which is no longer a constant.

KBy /K
— 88
C } , (88)

From Eq. (84), we find that the total mass of cooperative

! increases with time and reaches

agent aggregates M = m),
an infinite value at a finite time 7.

- K%el u(0)]. (89)
Thus, equation (84) is valid only in the time region ¢ < f., and
at time ¢ = 1., a gelation transition of cooperative agent aggre-
gates of species A takes place.

For the noncooperative agent aggregates of species B,
the kinetic evolution behavior of the total mass of aggre-
gates MP = mg' is dominated by the value of ¢ = (I —J) /2L,
which is consistent with Eq. (28). This reflects the compe-
tition between the two different reaction schemes between a
cooperative agent aggregate and a noncooperative agent ag-
gregate. One is the one unit of spirit migrating from a coop-

erative agent aggregate to a noncooperative agent aggregate

Ar+ By M Ajp_1 + Bj11, which causes the increase in the
total mass Mf’ of B-species aggregates, and the other is the
cooperative agent catalyzed decrease in the spirit of a non-
cooperative agent By + A; M Bi_1 +A;, which causes the
decrease in the total mass M? of B-species aggregates. When
¢=(I—J)/2L > 0, the effect of a spirit migrating from a co-
operative agent aggregate to a noncooperative agent aggregate
Ar+ B M Aj—1 + By is stronger than that of the coopera-
tive agent catalyzed-decrease of the spirit of a noncooperative

J(k,l . .
agent By +A; (—)> By_1+A;, and the net effect is the increase

in the total mass M{3 of B-species aggregates. In this situation,
as for the species A, a gelation transition of B-species aggre-
gates will occur at the same time 7. = (C4/KBy)0;[u(0)]. On
the contrary, if ¢ = (I —J)/2L < 0, the effect of the coopera-

tive agent catalyzed-decrease of the spirit of a noncooperative

J(k,l . .
agent By +A; M Bi_1 + A, is stronger, and the net effect is

the decrease in the total mass of B-species aggregates.
(ii) Case of b=K—(I—J)/2=K—Lc < 0. In this
case, it is apparent that we have ¢ = (I —J)/2L > 0. Here,
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equation (75) determines that du/dt > 0, so u() increases
monotonously with time and we have u > 1 in the long-time
limit# > 1. Equation (76) can be integrated in case of

LBy

62 ) — 0u(0)] = 2. 90)

where
0 (u) = u"/P e L0 (1 cu™" + g (u)), 1)

and ¢, (u) denotes the integration

c<1 _ f)uLc/beLu/b/u@fzeLu/hdu

-[(]

02[u(0)] = [u(0)]"/Pe OV {1+ c[u(0)] " + 42[u(0)]}

B Bo Le/b
-~ \4y

x ¢~ LBo/bAo { 1+ C;—O + ¢2[u(0)] } ©3)
0

¢a(u)

In the long-time limit, considering u >> 1, we can simplify
Eq. (90) into

b
u:—ilnt—i—clnu. 94)

Considering u > Inu in the situation of # > 1, we obtain
a zeroth-order approximate solution for u(z) from Eq. (94) as
follows:

b
U~ -7 Int. 95)

Substituting this zeroth-order approximate solution of u(r)
into the right hand of Eq. (94), we then further obtain the first-
order approximate solution for u(¢) as follows:

b b
u:—LlnH—cln(—Llnt). (96)

From Eq. (74), we further obtain mg(¢) as

gMLc/befLu/b _ 9 6> (u)
Bo Bo 1+cu='+ ¢ (u)
9 6, [u(O)] +LBot/C4

- By 1+cu=l+¢(u) oD

mB(t) =

In the long-time limit, considering u > 1, we obtain a zeroth-
order approximate solution for mp(?),

mp(t) ~ Lt. (98)

From Eq. (31), we can further obtain ng(¢) as

1 1
= ——|—(1+LBot)—Jmp(t)| ~ Lt 9
I—J BO( + 0) mB() ) (9)

ng (l)

which is approximately equal to mp (7).

For the cooperative agent species A, we obtain

ma (1) = u(t)mp(t) ~ —bt Int, (100)

na(t) = ma(t) + Kt ~ —btInt + Kt. (101)

We can then derive the functions a(¢) and A(f) to investi-
gate the kinetic evolution behavior of the aggregate size distri-
bution a(¢) in the long-time limit

MA na
H=1--Y=1--—"2
al) = 1= Tr =178
—bt Int K ,
"k < pUM0 T, (0D
MA 2
Ay = BT _ma
M; A
—btInt 1 _1
~ —————— — ~——t (Int)"". 103
(—btnt + Kr)? b (In?) (103)
In the long-time limit, a,(¢) is approximated to be
k-1
1 K
ag(t) ~ ~3 (— b) fl(lnt)*k7 (104)

which does not exhibit any scaling form.

To investigate the kinetic evolution behavior of the ag-
gregate size distribution by (¢) in the long-time limit, we can
further take the first-order approximation for mg (7),

Cy 6, [M(O)] +LB()Z‘/C4
m(t) = 3 Teu !

0 cu™! + o (u)
1+ C46,[u(0)]t~" /LBy

1—Le/b(Ing)~!

~ Lt[l + l[f(lnt)l},

(105)

and the first-order approximation for mg () can then be ob-

tained as
1 1
ng(t) = =7 {Bo(lJrLBot)JmB(t)}
~ Lt [1 - Z‘Ib(lnt)l}. (106)

Now we can derive the functions b(¢) and B(¢) to investi-
gate the aggregate size distribution by (r) in the long-time limit

M(])s - mp
b(t) 11‘7}3 =12
Lt[1+ (Le/b)(Int) !
 Li[1—(J/2b)(Inr)~1]
o LI gy, (107)
B\2
B(t) = (Mo)” _ms Lty (108)

MB ng — (Lt)?
In the long-time limit (# > 1), the aggregate size distribution
by (¢) is approximated to be

_ Le+J/2

which does not exhibit any scaling form.

k—1
) ()~ *=D (109)
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3.3. Caseofa#0and b=0
In this case, b =K — (I —J)/2 = 0, and then we have
I—-J=2Kandc= (I—-J)/2L=K/L > 0. Equation (33) be-

comes

du 1 au?®
= - . 110
B dmg Lu—c (110)

It can be directly solved to obtain mp () under the initial con-
ditions (29)

Cs
— 7uL/a eK/uu7

B (111)

mg(t)

with constant
JagKfa0) _ (A0} kao/
C — O —L/a ,—K/au — v —KoaBO 0
s = (o)) He (5] oo
Substituting this solution into Eq. (28), we derive the equation
of u(t) as follows:

dmp LG5 rjat kjau( | _ K1) du
dt aBy Lu) dt

:L(I—K1>.
Lu

It indicates that there is a constant solution for u# = u(0) un-
der the condition u = u(0) = By/Ap = K /L. Otherwise, equa-
tion (112) can be reduced to

(112)

du _ Boa _(1/a—1) —K/au
2o , 113
dt Cs " ¢ ( )
which can be solved in cases of a > 0 and a < 0.

(i) Constant solution u = u(0) under a special condition
KA = LBy. Under the condition KAy = LBy, equation (112)

has a constant solution u = u(0) = By/A¢. We then obtain mp

and mp as
1
mp =mg(0) = —, (114)
By
1
ma = mA(O) = -, (115)
Ag

which reveal that both the total masses M- f* = mgl and M{g =

1

myg - are conserved.

From mg and ma, we can further obtain na and ng as

1
na = ma-+Ki = (14 KAo), (116)
0
L I
"B = 1T (B of) e
L N ST (117)
~ By 2K B 2700 )

It can be found that in this case the total numbers M{} = ngl

and M(])3 =ng ! of the aggregates of both species decrease with
time, which signifies that the aggregates of both species grow
with time.

Using those solutions, we can obtain the functions a(t),
A(t), b(t), and B(r) to further investigate the kinetic evolution
behaviors of the aggregate size distributions ai(¢) and by (¢).

KAot
a(t)=1-"4 = 2200
na 14+ KApt
ma Ao
A = — = ————, 118
®) ni (1+KA0t)2 (118)
TApt /2
br)—1- "B _ _TA0i/2
ng  14+1Apt/2
mp B()
Bt)=—=——"""——. 119
®) ng  (1+1Ag1/2)? (119)
In the long-time limit, they become
at) ~1—(KAot)™", A(t) ~K2A;"t?, (120)

I\ AN
b(t):l—(ont) : B(t):(2> Ag?Bot 2. (121)

In the scaling region of k > 1 and 7 >> 1, the aggregate size
distributions a (¢) and by (r) become

ar(t) = KAy ' exp[—k/Sa (1)),

Sa(t) = KAot, (122)
I -2

bi(t) ~ <2> Ag2Bot 2 exp|—k/Sa (1)),

SB(Z‘) = éAot. (123)

They both satisfy the following conventional scaling form:

ap(t) =t Pk/S(t)], S(t) <, (124)

with the same scaling function ®(x) = exp(—x), and the same
scaling exponents w =2 and z = 1. Here, Sz (¢) and Sp(¢) are
the characteristic aggregate sizes of the aggregates of species
A and B, respectively. In this cooperative agent and nonco-
operative agent system, they are the characteristic numbers of
the cooperative spirit units of the cooperative agents and the
noncooperative spirit units of the noncooperative agents, re-
spectively. From the scaling forms of a(r) and by (t), we find
that the cooperative agent aggregates of species A play a more
important role in the evolution of the whole system. The evo-
lution behavior of species A is dominated by the win—win in-

i K(k, .
teraction scheme Aj + A; L> Aj+1+A;+1. The evolution
behavior of species B is dominated by the scheme of a spirit

migrating from a cooperative agent aggregate to a noncooper-

. 1(k
ative agent aggregate Ay + By L) Ag—1+ By, whose effect

not only depends on the rate kernel I(k,1), but also relies on
the initial number of the cooperative agent monomers Ay.

(ii) Case of a =1/2— L > 0. Substituting function u(t)
into a new function v(¢), we can transform Eq. (113) into a
differential equation of v(t)
Boa

———dzt.
Cs

yLla=leKv/ag, — (125)
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From Egq. (113), we find that in the case of a =1/2—L > 0,
we have du/dt > 0. Hence, in the whole evolution process,
u increases monotonously with time ¢. In the long-time limit,
we have u > 1, and thus v <« 1.

When a # L, equation (125) can be integrated in the case
of v <1
LBy

= t 126
o (126)

03(v) — 63[v(0)]

where

03(v) = v L/ ekv/a {1 — KLv+ ¢3(V):| , (127)

and ¢3(v) denotes the integration

2
K vL/aefKV/a/va/tH'l eKV/adV. (128)
ala—1L)

$3(v) =

In the long-time limit, we have ¢3(v) = O(V?).
Transforming the function v(¢) back to the function u(t),
the solution of u(¢) in this case can be obtained and satisfy

63 (1) — 65[u(0)] = —~1, (129)

where

05 (u) = /@ K/ [l—ul —|—¢§(u)}, (130)

a—L
and ¢;(u) denotes the integration

K2
“ala—L)

¢2/(u> _ qu/aefK/au /ML/a73eK/audu. (131)
In the long-time limit, we have ¢} (u) = O(1/u?).

When a = L, equation (125) can also be integrated in the
case of v < 1

Boa LB()
- === 132
64(v) — 64[v(0)] Cs ! Cs t, (132)
with
K
94(v):vleK"/L[l—Lvlnv—H]M(v)}, (133)
and ¢4(v) denotes the integration
K\ 2
0s(v) = (L) ve*KV/L/mveKV/Ldv. (134)

In the long-time limit, we have ¢4(v) < 1.

According to the solutions (129) and (132), considering
u > 1 or v < 1 in the long-time limit, we can obtain the solu-
tion for u(t) in either a # L or a = L case as follows:

u~ 9L, (135)
We can further obtain mgp(¢) and ma (¢) in the long-time limit

C
mg(t) = B yllagKlan oy

By (136)

ma = u(t)mg(t) ~ L' /L, (137)

We find that both the total masses M{* = mgl and M? =mg !
decrease with time.

From the solutions of ma () and mg(t), we can further
obtain na(f) and ng (¢) as

na = mp + Kt 2Ll‘l+u/L—‘th,

11 I
= — | = (1+LBot) — Jmp| ~ —— +Lt. (139
=7 | By TLBo) —Jms | = g Lt (139)

(138)
ng
It can be found that in this case the total numbers M} = n,'
and M(]f =ng I of the aggregates of both species decrease with
time.
Now we derive the functions a(¢) and A(r) to investigate
the kinetic evolution behavior of the aggregate size distribu-
tion ax(t) in the long-time limit

L1+a/L
a(t) = 1- AL P
na Lel+a/l 4 Ky
K K
L B 140
. ( ). (140)
Lt1+a/L

A =20~ B a4

nd (Ll 1 Kp)?2

In the long-time limit (¢ > 1), large aggregates ay(t) is approx-
imated to be

k
a(t) ~ K (f) 11 L exp [—k/(it“ﬂﬂ, (142)

which does not exhibit any scaling form.
In the same way, we investigate the kinetic evolution be-
havior of the aggregate size distribution by (¢) in the long-time

limit
mp Lt
) =1-"B gL
Q np 1/(2KBo) + Lt
I I
~ - 14
2KLBot ( 2KLBOt>’ (149)
Lt
Bit)= "B _~p i (144)

nk ~ (I/(2KBo)+Lt)? —

In the long-time limit, large aggregates by () is approximated

to be
2K I \* 2KL
Dy (t) ~ Bo( ) fkexp (—k/IBot) (145)
0

which also does not exhibit any scaling form.
(iii) Case of a =1/2—L < 0. From Eq. (113), we find
du/dr < 0 in this case. Thus, in the whole evolution process,

u decreases monotonously with time ¢. In the long-time limit,
we have u < 1, and thus v > 1.

Considering v > 1 in the long-time limit, equation (125)
can be integrated to be

65(v) — B5[v(0)] = — 20,

. (146)
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where

O5(v) = v L/alekv/a {1 + L—;gav—l + q)s(v)} . (147)

and ¢5(v) denotes the integration

¢5(V) _ L;a (L +2) vL/aJrl eva/a/va/a73 eKv/adv. (148)
a

In the long-time limit, we have ¢5(v) = O(v=2).

Considering v >> 1 and a large time ¢, we have 65(v) > 0.
It is apparent that 6s[v(0)] > 0. For large v, we have v > Inv,
and thus we obtain the zero-order approximate solution for v
at large time from Eq. (146) as

a
v:E]n(tC—t), (149)
with finite 7, = (C5/KBy)05[v(0)]. The asymptotic solution for
u can then be obtained

u= 1 ~ E_1 . (150)
v aln(t.—1)
It is apparent that the solutions (149) and (150) are valid only
in the time region #. — 1 <t < t.. When the evolution pro-
gresses and the time ¢ increases to approach the finite time #,
u decreases.
We can then obtain mp(¢) and ma (¢) in the time region
te—1<t<t as

(1) = Z—ZuL/"eK/“” ~ (1)2— L)t — 1) In(te —1), (151)

ma =u(t)mp(t) ~ K(t. —1). (152)
We find that both the total masses of the cooperative agent ag-
gregates M{* = m;l and the noncooperative agent aggregates
MlB = mgl increase to infinite values when time approaches
the finite time 7., and gelation transitions of both species take
place at time t =t,.

From the solutions of ma(#) and mp(t), we can further
obtain na (f) and ng(t) as

na = ma + Kt ~ Kt., (153)
1 1
= —— | —(1+LBgt)—J
ng I—J[Bo( + LBot) I’HB:|

12

1 1
3K [ILI +J<L 2) (te —1)In(te — t)] . (154)

3.4. General case of a#0and b#0

We now consider the general case, a = 1/2 — L # 0,
b=K—(I—-J)/2+#0,and ¢ = (I —J)/2L # 0. Equation (33)
becomes

du gu(u—b/a).

dms L (155)

mp
u—c

(i) Constant solution u = u(0) = b/a > 0. It is apparent
that there is a constant solution u = b/a under a special condi-
tion. The constant value solution is

K-—(1-J)/2
=u(0)=By/Ag=b/a= ———"=>0
w=ul0) = Bo/y = bja= "= >0,

which is based on the special condition [K — (I —J)/2]Ag =

(I/2—-L)By.

In this special case, the aggregates of species A and B
have the same evolution kinetic behaviors as those in the case
of a # 0 and b = 0 under the special condition KAy = LBy.

(i) Case of b/a = %ﬂ” <.
u # b/a, and equation (155) becomes

In a general case,

dmg L u—c d
= - u
mp au(u—>bja)

Liacl ac 1
= a[bu+<1_b)ub/a]du' (156)

Integrating this equation, we obtain mg = mp(u) as

mg :CGMK/b_l|M7b/a|(bL_aK)/ab+l, (157)
with constant
b —(bL—aK)/ab—1
Cs = Bo~ ' [u(0)] 7 K/P+u(0) — = > 0.
a

To derive the solution u(¢) by substituting Eq. (157) into

K—(1-J)/2
(S <o

In this case, we derive the equation of u(r) by substituting
Eq. (157) into Eq. (28) in the form of

(bL—aK)/ab
uK/b1<u—b) (l—czfl)%

Eq. (28), we consider simpler cases with b/a =

a dt

= C%,(l —cu™).

When there is a special relation By/Ag = (I—J)/2L
among the initial monomer aggregate numbers Ag and By of

(158)

species A and B, there is a constant solution u = u(0) =
Bo/Ao = ¢ = (I—J)/2L for Eq. (158). In this special case,
the aggregates of species A and B also have the same evolu-
tion kinetic behaviors as those in the case of a # 0 and b =0
under the special condition KAy = LBy.

When this special relation By/Ag = (I —J) /2L is not sat-
isfied, equation (158) can be reduced to

(aK—bL)/ab
du A Kb (u_b) .

= 159
dr Ce a ( )

It is apparent that the increase or decrease in u(¢) depends on
whether a > 0 or a < 0. Equation (159) can be transformed

—(aK—bL)/ab
uk/b=1 (u—b) du= idt.
a C6

into
(160)

Then, we discuss the evolution behaviors for a > 0 or a < 0,
respectively.
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Firstly, we investigate the cases of a =1/2 —L > 0 and
b=K-(I-J)/2<0. In this case, du/dr > 0. Thus, the
function u(r) will increase monotonously, and in the long-time
limit (# > 1), we have u > 1. In this limiting case, the left side
of Eq. (160) can be further rewritten as

b —(aK—bL)/ab
uK/bl(u—> du

a

—(aK—bL)/ab
uK/bl(aKbL)/ab(l_b1> (ek=bL) /e du
au
_ uL/a—l 1 b(,lK bLl
a ab u

+ Lk ow) |

[ML/al + ak _2 bLuL/a72 4 /a1
a

— (—(aK—bL)/ab)! h1\"
X,,Z:zn!((lleL)/abn)!(_au) ]du- (161)

Equation (160) can then be integrated in the region of
u>1tobe

= £t, (162)

O (u) — Ce

B6[u(0)]

with function

1+ ESER ] -

05 (1) = L/a[H“K—bL L1 (163)
a2 L—au
o) )
where
B Lja—1 —(aK —bL)/ab)!
Po(u) _/ Z —(aK —bL)/ab—n)!
(—M) du. (164)
au

In the region of u > 1, we obtain a zeroth-order approxi-
mate solution for u(¢) from Eq. (162) as

N Lt a/L
u= C6 .

We then further obtain mg and mp as

(165)

b ) (bL—aK)/ab+1

mg(t) = CGMK/b71 <u— 2

CGMK/hflu(thuK)/ah+l — C6ML/a th’ (166)

L a/L
u(t)mB(t)2L<C> (/L

6

~

ma(t) (167)

We find that both the total mass M‘lA = mgl and MB = mB1
decrease with time.

From the solution of ma (¢), we can further obtain na (¢)
as
L a/L
na(t) =ma(t)+Kt ~L (C) (M L Ke o (168)
6
We can then derive the functions a(¢) and A(f) to investi-

gate the kinetic evolution behavior of the aggregate size distri-
bution a(¢) in the long-time limit

ma K (LN
N=1-—"~2(= e/t 169
a=1-"2 =T (E) e e
ma 1 L>_a/L —a/L-1
A ="A L (2 t (170)
Q nx L(C6
In the long-time limit, a,(¢) is approximated to be
K/ L —a/Lqk
ak(t)NK_l{ < ) ]t_lt_“k/L, (171)
Cs

which does not exhibit any scaling form.
For the noncooperative agent species B, we obtain

1
1—J

ng(t) {Bo (1+LByt) — ng}

~ Li+ (172)

(I=J)By

We can obtain the functions () and B(¢) to investigate
the kinetic evolution behavior of the aggregate size distribu-
tion by (¢) in the long-time limit

by =1-" T (173)
B(t) = ’:—12‘: ~ Lit (174)
In the long-time limit, b, (¢) is approximated to be
7 k-1
b(t) ~ L [(I_J)LBO] 1 (175)

which also does not exhibit any scaling form.

Secondly, we investigate the case of a =1/2— L < 0 and
b=K—(I—J)/2>0. In this case, du/dt < 0. The function
u(r) will decrease monotonously, and in the long-time limit we
have u < 1. In this limiting case, the left side of Eq. (160) can
be further rewritten as

b (bL—aK)/ab
uK/b_l<u—) du

a

(bL—aK)/ab (bL—aK)/ab
= (—b) uK/b1<1—Zu) du

a

bL—aK)/ab
_ (_ b>( g {uk/bl _bL—aK g
b2

a — bbLL aﬁ?/ﬁf’) — (_ b)] du. (176)

1y K/ 12
n=2
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Equation (160) can then be integrated in the u# < 1 region

07(u) — 6;[u(0)] = —Crt, 177)

with function

K(bL— aK)

&) :”K/b[l_ (K +b)

u—l—%(u)], (178)

and the constant C; = —(aK /bCg)(—b/a)~PL—aK)/ab ~ ¢,
where

07(u) = gu—K/b/uK/b—l

= ((bL—aK)/ab)! <
n=2 n‘((bL_aK)/(lb—n)'

_ Zu) du. (179)

In the region of u < 1, we obtain a zeroth-order approxi-
mate solution for u(r) from Eq. (177) as

e oK (1 —1)b/K, (180)

where the time z. = 6;[u(0)]/C7.

It is apparent that Eq. (177) is valid only in the time re-
gion ¢t < t.. From Eq. (180), we found that u decreases with
time and # < 1 when ¢ approaches f..

From Eq. (180), we then obtain mp(¢) in the form of

a

(bL—aK) /ab+1 (bL—aK) /ab+1
= C(,(—b) uK/hl<1—Zu)
a

b\ (bL—aK)/ab+1
I
a

b (bL—aK)/ab+1
mp = C6uK/b_1 <u >

~ CiK (1, —t)I~)/?K, (181)
For the cooperative agent species A, we obtain

ma(t) = u(t)ymg(t) ~ C2/* 'K (1. — 1), (182)

na(t) = ma(t) + Kt ~ C* VK (1o —1) + Kt (183)

From Egs. (181) and (182) we derive the total masses of
the aggregates of the cooperative agent species A and the non-
cooperative agent species B as

_ —b/K—1 ,,— _
M) =my ~ G R (1),

MB(6) = mg" ~ C K (1 — 1)U/

(184)
(185)

From those solutions, we find that there is a gelation transition
at time 7. for the cooperative agent species A. For the nonco-
operative agent species B, when I > J, a gelation transition
takes place at time #.. When I < J and time approaches z., we
have MlB — 0, which means the noncooperative agent species
B will finally disappear.

4. Summary

In summary, we have proposed an evolution model of co-
operative agent and noncooperative agent aggregates to inves-
tigate the competitions among the microscopic mechanisms.
In this model, between two cooperative agent aggregates, a
win—win interaction Ay +A; M Ajy1 +A;4 occurs, which
gives rise to the increase in the cooperative spirits of both
agents or the sizes of both agent aggregates. A lose—lose re-
action By + By M Bi_1 + B;_1 occurs between two nonco-
operative agents, which causes the decrease in the noncooper-
ative spirits of either agent. Between two agent aggregates of
different species, a win—lose reaction (similar to the migration
reaction: migration of sprits from cooperative agents to nonco-

. I(k,1),
operative agents) Ay + B; u) Ayx_1+ B4 and a catalyzed-

decline reaction B, +A; M Bi_1+A; occur with the same
probability p = g = 1/2. The former of the last two reac-
tions gives rise to the decrease in the cooperative agent’s size
of spirits and the increase in the noncooperative agent’s size
of spirits. The last reaction gives rise to the decrease in the
noncooperative agent’s size of spirits.

Based on the mean-field rate equations, we analyzed the
kinetic evolution behaviors of two species? aggregates. It
is found that there are several groups of competitions which
dominate the evolution behaviors of the system. The first im-
portant or dominating competition is between the lose—lose

. L(k,l .
reaction By + B (—)> B;_1 + B;_; and the win-lose reac-

tion A, + By M Aj_1+ Bj11, where the former and last
reactions give rise to the decrease and increase in the non-
cooperative agent spirits, respectively. This competition ap-
pears in the form a =1/2—L >0, a=1/2—L =0, and
a=1/2—L < 0. The second is the competition between the

. . . K(k,l .
win—-win reaction Ay + A; Q Aps1 +Aj41 and the win—

lose reaction Ay + B M Aj_1+ Bj11, where the former
and last reactions give rise to the increase and decrease in
the cooperative agent spirits, respectively. It appears in the
fomof b=K—-(I—-J)/2>0,b=K—(I—J)/2=0, and

b=K—(I—J)/2 < 0. The third is the competition between

1(k,0),
the win-lose reaction A + B M Ag—1+ Bjy+1 and the

catalyzed-decline reaction By + A; M By_1 +A;, where
the former and last reactions give rise to the increase and de-
crease in the noncooperative agent spirits, respectively. It ap-
pears in the form of c = (I —J)/2L > 0,c=(I—J)/2L =0,
andc=(I—J)/2L < 0.

(i)Caseof a=1/2—L>0. Whenb=K—(I—-J)/2<0
and ¢ = (I —J)/2L # 0, both the total mass M{* and MP de-
crease with time. This result indicates that in this case because
the win—win reaction which leads to the increase in the co-
operative agent spirits is weak (the strength is represented by
the proportional constant K of the win—win reaction rate ker-
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nel), and the effect of the win—lose reaction which gives rise to
the decrease in the cooperative agent spirits is strong (whose
strength is described by the proportional constant / of the win—
lose reaction rate kernel), the win—win reaction dominates the
dynamic evolution and net effects of the win—win reaction and
the win—lose reaction is the decrease in total spirits of the co-
operative agents and further gives rise to the the decrease in
total spirits of the noncooperative agents.

(ii) Caseof a=1/2—L=0. Whenb=K—(I-J)/2>0
and ¢ = (I—J)/2L # 0, the total mass M{* increases with time
and approaches infinite at a finite time, which reflects that the
effects of the win—win reaction which gives rise to the increase
in the cooperative spirits dominates the evolution of the co-
operative agent aggregates. Meanwhile, the evolution behav-
ior of the total mass M]B is dominated by the the competition
between the migration reaction and the catalyzed-decline re-
action. When ¢ = (I —J)/2L > 0, the effect of the migra-
tion reaction is stronger than that of the catalyzed-decline re-
action, and the total mass M} increases with time. When
c=(I—-J)/2L <0, the effect of the catalyzed-decline reac-
tion is stronger than that of the migration reaction, and the to-
tal mass MP decreases with time. Whenb=K —(I—J)/2 <0
and ¢ = (I —J)/2L # 0, both the total mass M{* and MP de-
crease with time.

(iii) Caseof a=1/2—L < 0. Whenb=K—(I-J)/2>0
and ¢ = (I —J)/2L # 0, the evolution behaviors of the two
species are the same as those in the above case of a =1/2 —
L=0,b=K—(I—J)/2>0,and ¢ = (I—J)/2L # 0. When
b=K-(I—-J)/2=0and c= (I —J)/2L # 0, both the total
mass M1 and MP increase with time, and approach to infinite
at a finite time.

(iv) Case of ¢ = (I —J)/2L = 0. In the case of a =
I/2 — L > 0, the evolution behaviors of the two species are
dominated by the competition between the win-win reac-
tion, the migration reaction, and the catalyzed-decline reac-
tion, and the initial numbers of agent monomers also influ-

ence the evolution. When (1/2 — L)By — KA > 0, the total
mass M‘l'* decreases with time, and the aggregate size distribu-
tion a,(t) approaches a modified scaling form in the case of
(I/2—L)By— KAy =0. When (I/2—L)By — KAp < 0, the
total mass M{* increases with time and approaches infinite at a
finite time.

(v) Special cases with constant total masses M{* and M.
In the general case of a=1/2—L#0,b=K—(I—-J)/2 #0,
and ¢ = (I —J)/2L # 0 under the special condition [K — (I —
J)/2)Ao = (I/2 — L)Ap, and in the case of a =1/2—L # 0,
b=K—(I-J)/2=0,and ¢ = (I—J)/2L # 0 under the special
condition KAy = LB, the total masses M{* and MP converge
to Ag and By, respectively. Both the aggregate size distribu-
tions ay(¢) and by (7) approach the conventional scaling form.

Indeed, the competitions give rise to surprisingly rich dy-
namic evolution behaviors.
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