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Tunneling effect in cavity-resonator-coupled arrays

Ma Hua(% %)%, Qu Shao-Bo(JEZJ%)®), Liang Chang-Hong( £ 41)), Zhang Jie-Qiu(FK /),
Xu Zhuo(f4: ), and Wang Jia-Fu(E &)

a)EIectrom'c Materials Research Laboratory, Key Laboratory of Ministry of Education, Xi’an Jiaotong University, Xi’an 710049, China

b) The College of Science, Air Force University of Engineering, Xi’an 710051, China
) The College of Electronic Engineering, Xidian University, Xi’an 710126, China

(Received 21 April 2012; revised manuscript received 15 November 2012)

The quantum tunneling effect (QTE) in a cavity-resonator-coupled (CRC) array was analytically and numerically
investigated. The underlying mechanism was interpreted by treating electromagnetic waves as photons, and then was
generalized to acoustic waves and matter waves. It is indicated that for the three kinds of waves, the QTE can be excited by
cavity resonance in a CRC array, resulting in sub-wavelength transparency through the narrow splits between cavities. This
opens up opportunities for designing new types of crystals based on CRC arrays, which may find potential applications
such as quantum devices, micro-optic transmission, and acoustic manipulation.
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1. Introduction

The extraordinary optical transmission (EOT) through
metallic films with a periodic array of sub-wavelength holes
has attracted considerable interest in the last decade since the
report by Ebbesen et al.l!l Unlike the prediction of standard
aperture theory in the case of a single tiny hole,”! the EOT
phenomenon is typically associated with the excitation of res-
onances, including Fabry-Perot-like resonance inside narrow
slits’>=1 and the surface plasmon resonance that enhances light
tunneling through sub-wavelength holes.!®! Another mecha-
nism, proposed by Zhou et al.[’! makes electromagnetic (EM)
waves tunnel through the classically-opaque flat slab with neg-
ative permittivity, showing perfect transparency accompanied
by high magnetic fields at interfaces. A similar phenomenon
involving a face-centered-cubic array of close-packed tung-
sten carbide beads in water was explored by Yang et al. %)
in which ultrasonic tunneling in three-dimensional phononic
crystals was demonstrated. In fact, the underlying mechanism
of such phenomena can be classified as the tunneling effect,
which is one of the most interesting subjects in quantum me-
chanics. Due to its potential applications in sub-wavelength
photolithography, near-field microscopy, wavelength tunable
filters, optical modulators and flat-panel displays, the tunnel-
ing effect has been widely investigated and generalized to clas-

[9-16] and acoustic waves.'7-191

sical areas such as EM waves

In this paper, we present a particular investigation
into sub-wavelength transparency through a cavity-resonator-
coupled (CRC) array. Compared in terms of mechanism with
those instances of EOT mentioned above, the sub-wavelength
transparency through a CRC array also results from the

resonance-based tunneling effect. However, such a tunneling
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effect is caused by cavity resonance, so, as we shall demon-
strate, it is in fact a quantum tunneling effect (QTE), which
may result in some special energy-band structures related to
the CRC array, and thus can be used to design new types of
crystals. In the following, the physical mechanism is first
demonstrated in the EM wave case by taking the photon as
the field quantum, and then is generalized to the acoustic wave

and matter wave cases.

2. Theoretical analysis

For the sake of simplicity, we consider a one-dimensional
(1D) CRC array in two-dimensional space. As shown sche-
matically in Fig. 1(a), the CRC array is a series system of
N cavity resonators (CRs), and the “sidewall” between two
adjacent CRs has a narrow split (NS). The length and the
width of the NS are extremely small compared with the size
of the cavity, causing the split coupling effect between adja-
cent cavities. From the viewpoint of classical theory, for EM
waves propagating through such a system, the transparency is
very low if the wavelength is far bigger than the size of the
NS. However, in quantum mechanics, this may be changed
since the particles localized in a potential well can traverse
the potential barriers via tunneling effects. Therefore, it is
useful to establish equivalence between matter waves and EM
waves in our discussion by taking the photon as the field quan-
tum. In fact, by comparing the static Schrodinger equation
((W?/2m)V? — (V(r) — E))¢(r) = 0 with the time-harmonic
EM Helmholtz equation (V2 + n2;0?/c?)@(r) = 0, where
o(r) represents the EM field intensity, we find that these two
equations have the same form if we regard the optical index as
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the static potential[>%2!l For the sake of holding the concep-
tual coherence between the optical index and the static poten-
tial V(r), we adopt —n%;@*/c* as the equivalent of the static
potential and thus analogically create the concept of an EM
potential well, where nf, @, and c are the effective refractive
index of the media, the angle frequency of the EM wave, and
the velocity of light in a vacuum, respectively.
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Fig. 1. (a) Sketch of a CRC array and (b) the equivalent circuit for
an NS. The CRC array is a series system composed of N CRs with
their length being e = a — b. Between the two adjacent resonators,
there is an NS (shown in the inset) with the length and the width be-
ing b and d, respectively. By taking the photon as the field quantum,
and introducing 7n§ffco2 /c? as the EM potential, the potential wells
(—n24@?*/c? = —a?) and barriers (—n2;@*/c? = B2) are established
in panel (c) for a CRC array, representing the effective behaviors of the
NSs.

We adopt the transmission line theory to obtain the effec-
tive refractive index of the NS in the 1D case. As shown in
Fig. 1(b), the equivalent circuit of the NS element in the CRC

array is depicted, and the dispersion relation can be written
[22]
as

wb ? ? 2
— | =1-—(1-= -2 1
cos (netf C) 20)3( (1)2)( wz)a ()

where @y = 1//LiCy, 0, = 1/v/LC, and @, = 1/,/L,Cy;
and Lg, C;, L, and G, are the equivalent series inductance,
series capacitance, shunt inductance, and shunt capacitance,
respectively.

In the long wavelength limit, equation (1) can be rewritten

2
2 wiz — i 1— wisz _% )
T2 T Rl w? w?)’

which indicates that the NS has a forward pass-band, stop-

as

band, or backward pass-band depending on the frequency. As
shown in Fig. 1(b), w; and ®, are in fact the series and shunt
resonance frequencies of the equivalent circuit, respectively,
and @ # @, holds true in most cases (we assume @; < a)p) As
aresult, for 0, < 0 < @, ngﬁ is negative, implying that the NS
behaves like an opaque medium when the frequency falls into
this band. According to the quantum mechanics, as shown in
Fig. 1(c), the EM potential —ngffa)2 /c? is higher when ngﬁ <0,
so each element, composed of one cavity and two NSs, forms
a potential well at some specific bands of frequencies where
the cavity acts as the well and the NS as the barrier. On this
basis, we carry out theoretical analysis on the transparency of
the CRC array by solving Maxwell equations.

Suppose that the medium in the cavity regions, and the
equivalent in the NSs, are linear, homogeneous and isotropic.
The 1D wave equation of EM wave in such media is

0?2 0?2
<8x2 _nez:ffcz(%z> ®(x,1) =0, (3)

where ¢@(x,t) represents the scalar potential or field intensity.
In our solution, the case of EM waves with transverse electric
(TE) polarization is considered as an example. Thus, ¢(x,t)
represents specifically the z component E, of electric fields.
With the time dependence d/dt = —j @, the harmonic form of
Eq. (3) can be rewritten as

d? o>
(dx2 +n§ffcz) ¢(x) =0, “

where o is the angle frequency.

In an N-element CRC array, the transmitted EM wave
is of the Bloch form, thus the field variable ¢(x) can be ex-
pressed as @(x) = exp(jkx)u(x), where k and u(x) are the
Bloch wave vector and the Bloch function, respectively. The
differential expression of ¢(x) is

d o d .
d—‘i’ — e Tt jkel )
Then, equation (4) can be rewritten as
d? . d ?
Tl 2kt <n§ffc2 —k2>u:0. ©6)

As shown in Fig. 1(c), in the CR region 0 < x < e, ngff is equal
to 1. Introducing a®> = ®?/c? into Eq. (6) yields
d? .. d 2 0

Accordingly, the general solution of Eq. (7) is

u(x) = Ay ed(a=k)x _’_Boe—j(OH-k)x. 8)
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However, in the NS region —b < x < 0, nZ; is governed by
Eq. (2), and is negative for @5 < @ < @y. Let

2

2 2 2
2_ 2 07 0" (W w;
Fr=nira = pag <a)2_1) (1‘@2)- ®

Substituting Eq. (9) into Eq. (6) yields

d? d
——u+2jk—

17 dxu—(ﬁ2+k2)u=0. (10)

The general solution of Eq. (10) is consequently
u(x) = CoeP=IKx 4 pye~(BFikx, (11)

In Egs. (8) and (11), Ag, By, Cp, and Dy are constants deter-
mined by the spatial period of the CRC array, the continuous
conditions of u(x), and the differential coefficient du(x)/dx.
Applying all these physical constraints at positions —b, e, and
a, respectively, we finally obtain the dispersion relation of
Bloch waves in the CRC array

2_ 42
ﬁZaI;x sinh(Bb)sin(ae)
+ cosh(Bb)cos(ae) = cos(ka). (12)

Equation (12) is actually the Kronig-Penney equation,!>’!

which was established in the 1930s and has been successfully
used to explain the energy band structure of electronic crystals
by virtue of the single electron assumption. Here, we obtain
the same result for the 1D CRC array for EM waves, imply-
ing that there is a special energy band structure related to the
CRC array and that the waves with frequencies in the pass-
bands can be perfectly transmitted. As ngff of NSs in frequency
regime @5 < @ < @, is negative, an NS is thus equivalent to
an opaque medium, or to the potential barrier of quantum me-
chanics. Consequently, the existence of pass-bands for a CRC
array or, in other words, the propagation of the light in a CRC
array, must be induced by the excitation of tunneling effects.

3. Numerical simulation

To confirm the above prediction, equation (12) is solved
via a numerical method. Let
ﬁz _ az

sinh(Bb) sin(oe) 4 cosh(Bb) cos(ae), (13)

and draw the curve of ¢(®) versus . We also plot the lines
¢(w) = £1, which intersect with the ¢ (@) ~ @ curve ruled
by Eq. (13). As shown in Fig. 2(a), it can be found that ¢ (®)
oscillates with the frequency, indicating that the pass-bands
and the stop-bands appear alternately. Namely, in the range of
|cos(ka)| < 1, k is real, representing the pass-bands; whereas
in the range of |cos(ka)| > 1, k is imaginary, representing the
stop-bands. Such a result means that the tunneling effect must
be excited in the CRC array when the frequency falls into the
pass-bands.

In fact, the CRC array, as a whole, can be regarded as a
photonic crystal (PC).[>*?>] Therefore, the corresponding en-
ergy band characteristics can also be observed from the ¢ (®)-
o curve. Since the boundaries of the pass-bands occur at
ka = +m, £27, +3m,... and the curve of ¢(®)-w is a di-
vergent oscillation, the bandwidth decreases with frequency.
Note, as shown in Fig. 2(b), that such a bandwidth variation
with frequency is not found in regular PCs. This is because
n2; of an NS, in this consideration, is frequency dependent
in accord with Eq. (2), whereas it is generally assumed to be
constant for regular PCs.
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Fig. 2. (color online) In panel (a), the curve of ¢(w)-® ruled by
Eq. (13) is plotted, which is intersected by lines ¢ (@) = +1, indicating
the pass-bands (|¢ (®)| < 1) and the stop-bands (|¢ (®)| > 1). Accord-
ing to the ¢ (w)-w curve, the energy band structure of the CRC array is
sketched in panel (b), showing a decreasing tendency of the bandwidth
with frequency.

The excitation of QTE in a CRC array can be attributed
to cavity resonances. To demonstrate this, we analyze the
field distributions of the EM wave in a CRC array, and ver-
ify the theoretical prediction through numerical simulations.
We know that EM waves propagating through a periodic struc-
ture must be of the Bloch form, which, as a final form, can
be expressed as the product of field amplitude and the mod-
ulating function yy(x,t). Adopting the assumptions of b < a
and d/dt = —jw, the spatial modulating function yj(x) can
be factored into two parts: one of them is the resonance
term sin(m7x’ /a) (where 0 < x' < a) in each cavity region
for the m-order TE wave, and the other is the Bloch term
cos(2hmx/Na). As a result, the spatial modulating function
at the first-order resonance is written as

sin (Zx) cos (Mx>, (14)

Na
where a is the length of the CR, N the total number of the CRs,
andh=1,2,3,...,N is the order of the Bloch wave vectors. In
the simulations, we considered a CRC array composed of 18
CRs (N = 18). We plotted the curves of yj,(x)—x for h =1, 2,

yh(X) =
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3, 4 and simulated the field distributions for EM waves propa-
gating through the CRC array at the first-order resonance. As
shown in Fig. 3, the curves of y;,(x)-x are in excellent agree-
ment with the simulated field distributions, indicating that EM
waves just at the eigenfrequency of the cavity can exist in the
CRC array as the standing modes, and that the number of the
Bloch waves at the same eigenfrequency is NV, which is in good
accord with the general case of crystals. Other simulations
were also performed, which indicate that if the frequency is
away from the eigenfrequency, there will be no EM waves in
the CRC array. This additionally gives evidence of the key role
of cavity resonances in exciting the QTE.
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Fig. 3. (color online) A CRC array composed of 18 CRs (N = 18) is
considered in the simulations. In panel (a), the modulating function
yn(x) versus x ruled by Eq. (13) is plotted, where h =1, 2, 3, 4. In
panel (b), the field distributions for TE polarization at the first-order
resonance are displayed, where h = 1,2, 3, ..., 18.
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The above discussion is focused on the EM wave case.
However, the conclusion can be generalized to acoustic waves,
matter waves, and the like. In principle, such a generaliza-
tion is based on the same quantum mechanism and on the
same wave equation form of these waves. For instance, the
1D acoustic wave equation in ideal liquids has the same form
as Eq. (3), and the continuous condition for acoustic waves is
similar to that of EM waves. By opening NSs in the walls of
some acoustic CRs, and connecting those CRs through split
coupling, an acoustic CRC array can be built. We apply the
method of dealing with the 1D EM equation to solve the acous-
tic wave case, and finally arrive at the dispersion relation of
acoustic Bloch waves in such an array, which is just Eq. (12).
Similarly, if the method described above is adopted to solve
the time-independent Schrodinger equation in a 1D quantum
CRC array, the same result for matter waves can also be ob-
tained. All these indicate that, for EM waves, acoustic waves
and matter waves, respectively, the QTE can be excited by cav-
ity resonance, causing sub-wavelength transparency through
the related NS, and that the dispersion relations for these three

kinds of waves in the related CRC array can be described by
the same expression, namely Eq. (12).

4. Conclusion

In conclusion, we have made specific investigations of
QTE in the three cases of EM waves, acoustic waves, and mat-
ter waves. For EM waves, we obtain the effective refractive in-
dex of an NS by using the transmission line theory, and regard
such an NS as a frequency-dependent opaque medium. Our
research shows that in a CRC array, the QTE can be excited
by cavity resonances, causing sub-wavelength transparency
through the NS, and that such a phenomenon, as a quantum
effect, can be generalized to acoustic waves and matter waves.
The most important theoretical result is Eq. (12), which was
established by Kronig and Penney,?’!
energy band structures of electronic crystals, while in this pa-
per, it is generalized to a CRC array to explain the QTE for

initially to explain the

EM waves, acoustic waves, and matter waves. The theoreti-
cal analyses are in good agreement with the numerical simula-
tions. Our research thus opens up opportunities for designing
new types of crystals based on CRC arrays, which may find
potential applications in quantum devices, micro-optic trans-
mission, acoustic manipulation, and the like.
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