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Electronic Raman scattering in double
semi-parabolic quantum wells*
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The differential cross-section for electronic Raman scattering in double semi-parabolic quantum wells of typical
GaAs/Al,Ga;_,As is investigated numerically with the effective-mass approximation. The dependence of the differential
cross-section on structural parameters such as the barrier width and the well widths is studied. Our results indicate that the
electronic Raman scattering is affected by the geometrical size and can be negligible in the symmetric double-well case.

Keywords: electronic Raman scattering, double semi-parabolic quantum wells

PACS: 78.30.—j, 78.67.—n, 78.67.Ch, 78.20.Bh

1. Introduction

It is well known that the evolution of molecular-beam epi-
taxy combined with the use of the modulation doping tech-
nique has made it possible to fabricate new nanometric struc-
tures, such as quantum dots, quantum wires, and quantum
wells. Studies on these new structures open a new field in
fundamental physics and chemistry. Some attention has been
focused on their applications in nanophotonic devices.'=! It
is very important to know the electronic and the optical prop-
erties of these structures for the optoelectronic device design.
However, few theoretical analyses of the electronic and optical
properties associated with the intersubband optical transitions
in these structures are presented in scientific literature.[6-°!
Specifically, the nanostructure double quantum well is very
interesting as far as the device industry is concerned, and is
widely used because it offers the possibility to create an arti-
ficial three-level system. Double quantum well (DQW) semi-
conductor heterostructures are suitable candidates for techno-
logical applications such as Raman lasers'%!!] and quantum
cascade lasers,['] as they are suitable candidates for novel ap-
plication of electron devices.!3-13]

The electronic Raman scattering (ERS) is known as a
useful tool to obtain direct information on the energy band
structure and the optical properties in low-dimensional semi-
conductor systems.!'®!”] The electronic structures of nanos-
tructures and other materials can be studied by using the Ra-
man scattering processes considering different polarizations of
incident and emitted radiations.'-2% The differential cross-
section in general shows singularities related to the interband
Recently, the ERS in low-
dimensional semiconductor systems has been the subject of

and the intraband transitions.

many theoretical and experimental investigations.””!=26! In all
previous works, the Schrodinger equation was solved analyt-
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ically to find the energy eigenvalues and the corresponding
wave functions, then the results were used to obtain the optical
properties of nanostructures. However, there is no analytical
solution of the Schrodinger equation for many finite quantum
well systems. Progress in computational physics with high ac-
curacy permits us to investigate new QW and DQW nanostruc-
tures. The double semi-parabolic quantum well (DSPQW) po-
tential was used in a quantum well laser.?”! For the first time,
we investigated the linear and the nonlinear optical absorptions
and the refractive index changes of the DSPQW potential [*%]
In this paper, we study the ERS of the DSPQW potential,
which is shown schematically in Fig. 1, where an electron in
the conduction band of the first well undergoes an intersub-
band transition to a new energy level of the same well, ab-
sorbing a photon of energy A (pump radiation); after that,
the electron emits a photon of energy A (laser radiation)
and undergoes an intersubband transition to the last quantum

129391 The numerical methods are employed to solve the

wel
Schrodinger equation for the DSPQW, which consists of two
different width GaAs wells coupled with a thin Al,Ga;_,As

barrier.
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Fig. 1. Schematic diagram for DSPQW with well widths Ly and Ly,
and barrier width Ly,

The outline of the paper is as follows. In Section 2, we
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review and summarize the formalism of the ERS of the sys-
tem. Section 3 is allocated to the numerical calculation for
the energy eigenvalues and the eigenfunctions of electrons in
the DSQW. We also investigate the behavior of the ERS for
the DSPQW in this section. The conclusions are given in Sec-
tion 4.

2. Theory
2.1. Electronic state

Consider one-dimensional time-independent Schrédinger
equation of an electron in the DSPQW within the framework
of effective mass approximation

[ d?

where m* is the constant effective mass, and V (z) is the one-

+v<z>) V(o) = Ew(a), M

dimensional confinement potential profile of the DSPQW de-
picted in Fig. 1, which is!?®]

1, Lo\ Ly Ly
—m* 2}, R Lg<z< -2,
2m oy (z+ 2) > wl < Z >
L L
V(Z) =4 W, |Z‘ < Tbv > 7b + Ly, z< _7b — Ly,
1, L\ L b
Em (Orz (2—2) s 7 <z< 2 + L.

2
The origin of the growth direction z is taken to be the
center of the structure. This structure consists of two GaAs
well layers with widths Ly and L., respectively, separated
by an undoped Al,Ga;_,As barrier layer with width Ly, and
the frequencies of the semi-parabolic confinement potentials
of the left and the right wells are @, and y, respectively. Here
Vo = OQ.AE;, where Q. is the band offset ratio, and AE, is
the band-edge discontinuity between GaAs and Al,Ga;_,As.
The Schrédinger equation with this potential profile cannot be
solved analytically, so the numerical calculation is needed.
Therefore, we use the fourth-order Runge—Kutta method to
calculate the direct numerical solutions to obtain the energy
levels and the corresponding wave functions for electrons in
the conduction band of DSPQW. Notice that the solutions of
the envelope function approximation must satisfy the bound-
ary conditions, i.e., both y(z) and the current dy(z)/dzm*
must be continuous. Note that the wave functions obtained
from this numerical solution are not normalized, but the nor-
malization can be easily achieved with the following transfor-
mation:

v(z)

S 2 3)
Ioovi (@v(2)

v(z) —

Results of the above formalism can be used to calculate the
electronic Raman scattering introduced in the following sec-
tion.

2.2. Electronic Raman scattering

The differential cross-section (DCS) per unit solid an-
gle for electronic Raman scattering in volume V for incom-
ing light of frequency @y and scattered light of frequency @ is

given byl3!l

2o Violn(wy)
dosdQ  8m3ctn(m)

W(w8765)7 (4)

where n() is the refractive index as a function of the radiation
frequency, es (e) is the unit polarization vector for the emit-
ted secondary (incoming) radiation, c is the speed of light in a
vacuum, and W (@, es) is the transition rate for the emission
of the secondary radiation (with frequency @s and polarization
e,) introduced according to Fermi’s golden rule

2
W (o, e5) = §Z|Mf|5(5f_E,~). )
f

Here R R
1y 1) @l
My =Y 2 ~
(Ei—E,+1I})
is the scattering amplitude probability of the Raman process,
and 8(Ey — E;) = I;/[n(Es — E;)* +Ffz]. States |i), |a), and
|f) represent the initial, the intermediate, and the final states

a

of the system with their corresponding energies E;, E,, and
Ep, while I, and I are the lifetime broadenings in the inter-
mediate and the final states, respectively. The Hamiltonian
corresponding to frequency @, of the radiation field is given
by

~ le| [2mh R
H=—1\/—(é-" 6
Vv (er- D), (6)
where p = —iiV and r = [(s) describe the interaction between

the electron and the incident (secondary) radiation field in the
dipole approximation.[>>=3>! The effect of the reduced dimen-
sionality on the free carrier absorption has been calculated,
the selection rules for intraband and intersubband are shown
in Ref. [36]. Therefore equation (6) is rewritten as
le| [2mh d

ﬁr:—ih(er'es)% maz

(N
Hence, for the incident and the secondary radiations, transi-
tions due to emission or absorption of light occur only if the
polarization vectors of radiations coincide to the e, transition.

In the initial state, we have an electron in the conduction
band and an incident photon. The initial state energy is given
by E; = E,; + ha,. In the final state, we have a secondary ra-
diation photon and an electron. The final state energy can be
written as Ey = E,r + hws. As the electron absorbs the in-
cident photon or the electron emits the secondary photon of
energy 7@, the energy conservation law results in

Ei—E, = nf_Ena +hw57 (8)
Ei—E; = hoy —hos+ Ep — Eyy. )
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In order to calculate the differential cross-section from
Eq. (4), we should calculate the matrix elements in Eq. (5).
For the case of the radiation field, by using Eq. (7), the matrix
elements of the intraband transitions of the intermediate state

in the conduction band can be written as!>’]
2 . e| [2nh d
(VielBelwn) = (vl — in(er- )] Va, 9z ¥
- le| [2mh_ .
= —ifi(e;- eZ)m* @T‘“"(’)’ (10)
where

9 9
7o) = e (B VS| 2 V8 + B 1) )

with
my 1 1 1
ﬁl(z) = 0 s T T
My (2) my mj  n;
and
I 1
d =d;

i
By substituting Egs. (8) and (10) into Eq. (4), the differen-
tial cross-section for a three-level system (E; = Ey, Ey = E3,
E, = E») is calculated for a DSPQW and expressed in the form

2 2
o] = 2w 2 ,
dQdows |; o] [hay — ho + Ey —EZ}Z—H}Z
(11)
where
Moi) = Bo—22 051 0)
0 s+ Es— Es+ il
4e4n(ws)h1"f 5
op= ———~ 2 J . . ,
0 7Tm82C4n(a)1)Eg |(e1-€;)(es e
and
Ey= i
0T mia2

Eventually, we calculate the scattering efficiency for the emis-
sion spectrum of the electronic Raman laser scattering pro-
cess, in which two singularities can be observed when 7@ —
hws = E3 — Ep and iw — SL = himy + E1 — E; (SL: step-like)
corresponding to the resonant and the non-resonant peaks, re-
spectively. We should note that the resonant peak does not de-
pend on the incoming radiation while the non-resonant peak
depends on it.

3. Numerical results and discussion

In this section, the DCS is calculated numerically for the
typical semiconductor Al,Ga;_,As/GaAs DSPQW. For this
purpose, the energy eigenvalues and the corresponding wave
functions are numerically calculated. The wave functions of
the DSPQW are plotted in Fig. 2 for (a) the symmetric case
with Ly = Ly = 10 nm and Ly, = 6 nm, and (b) the asymmet-
ric case with Ly = 10 nm, Ly, = 8 nm, and L, = 6 nm.
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Fig. 2. Schematic diagram of the DSPQW and wave functions for (a)
symmetrical case with Ly = Ly, = 10 nm and L, = 6 nm, and (b) asym-
metrical case with Ly = 10 nm, Ly, = 8 nm, and L, = 6 nm.

The other physical parameters used in this paper are as
follows: mg,ps = 0.067me, M’y Gaas = (0.067+0.083x)me (me
is the rest mass of electron), AE, = 1.247x (x is the mole
fractional of Al), incident radiation energy fiay = 0.23 eV,
and the lifetimes of the final and intermediate states Iy =
I, = 3 meV. Figure 3 displays the Raman spectra as a func-
tion of secondary radiation photon energy /i, with different
widths of the barrier (L, = 2,4,6 nm). In Fig. 3(a), a symmet-
ric Al,Ga;_,As/GaAs DSPQW with well widths Ly = Ly, =
10 nm is used; in Fig. 3(b), an asymmetric Al,Ga;_,As/GaAs
DSPQW with well widths Ly = 10 nm and Ly, = 8 nm is
used. From Figs. 3(a) and 3(b), we can observe that with the
increasing thickness of the barrier, the resonant and the non-
resonant peaks decrease and shift to higher energies. The com-
parison between Figs. 3(a) and 3(b) shows that two peaks in
the asymmetrical case of DSPQW are bigger than those in the
symmetrical case. However, the peaks of resonant and non-
resonant in the symmetric case have a more distinct blue shift
than that in the asymmetric case.

Figure 4 shows the Raman laser cross-section versus the
secondary radiation photon energy %; for three different val-
ues of the first well width (Ly,; = 6,8,10 nm).

The barrier thickness and the second well width are kept
at Ly, = 6 nm and Ly,; = 8 nm, respectively. It can be seen that
the two peaks of resonant and non-resonant are reduced with
the increasing first well width and their displacements have
receded from each other. The emission spectra for three dif-
ferent values of the second well width (L, = 6,8, 10 nm) with
fixed first well width Ly = 8 nm and barrier width Ly, = 6 nm
are calculated as a function of the secondary radiation photon
energy /1. The obtained results are similar to those in Fig. 4
and show that when the two wells are symmetric, the emission
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spectrum disappears.
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Fig. 3. Raman laser cross-sections for DSPQWs with different widths
of the barrier: (a) symmetrical case with Ly = Ly, = 10 nm, (b) asym-
metrical case with Ly; = 10 nm, Ly, = 8 nm.
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Fig. 4. Emission spectra versus the secondary radiation photon energy
for three different values of the first well width.

4. Conclusion

In conclusion, we have investigated the electronic Ra-
man scattering of the DSPQW. The results are presented as
functions of the secondary photon energy. The electronic Ra-
man scattering of quantum wells, which depends on the en-
ergy eigenstates and the corresponding eigenfunctions, is cal-
culated numerically by solving the Schrodinger equation. It
has been shown that the electronic Raman scattering of the
DSPQW is strongly affected by the geometrical size and any
change in the structure leads to changes in the electronic Ra-
man scattering and the frequency of the secondary radiation.
Besides, numerical results show that the peaks of the elec-
tronic Raman scattering for the asymmetric structure of the

DSPQW are more eminent. By increasing the thickness of
the barrier and the well widths, the electron Raman scattering
is reduced, and the position of the non-resonant peak shifts
to higher energies. These numerical investigations are espe-
cially useful for understanding the optical properties of the
low-dimensional semiconductor systems.
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