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Energy transfer and correlation dynamics in a
three-quasi-spin-pigment system∗

Zhang Yin-Ping(张银苹), Li Hong-Rong(李宏荣)†, Fang Ai-Ping(方爱萍), Chen Hao(陈 浩), and Li Fu-Li(李福利)

Department of Applied Physics, Xi’an Jiaotong University, Xian 710049, China

(Received 28 November 2012; revised manuscript received 5 January 2013)

In this paper, the effects of quantum and classical correlations on the excitation energy transfer in a three-quasi-
spin-pigment system are investigated. We first study the dependence of the energy transfer efficiency on various initial
correlations of the donor pigments, and find that the initial concurrence is crucial to the efficiency no matter whether the
initial states are pure or mixed. We then demonstrate the dynamics of correlations of the system and observe the appearance
of sudden death of quantum correlations in the donor pigments. The relation between the energy transfer efficiency and the
dynamics of correlations in the donor pigments is also discussed.
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1. Introduction

Young’s double-slit interfering experiment, where the
spatial coherence of light was proposed, not only plays a
major role in the general acceptance of the wave theory of
light,[1] but also opens the windows to the applications of wave
optical techniques. In quantum aspects, the coherence has
two types, classical and quantum. The quantum coherence,
which corresponds to the quantum correlation among differ-
ent sites, can be used to induce many nonclassical phenom-
ena. Recent research shows that long-lived quantum coher-
ence can be found in bio-systems, such as the light harvesting
complex,[2–6] the compass system of robins,[7–9] and other bi-
ological systems.[10,11] Moreover, experiments performed on
bacteriochlorophyll antenna complexes at 77 K[12] and even at
room temperature[13,14] show that long-lasting quantum coher-
ence exists in photosynthetic processes under normal condi-
tions, and it influences the efficiency of excitation transfer. In
the process of photosynthesis, the charge separation of multi-
pigments is first stimulated by photons from solar light, and
then the excitation energy is transferred through other pig-
ments until it is accepted by a reaction center.[2] The wave
packet of input photons with the classical or quantum coher-
ence can induce the classical or quantum coherent charge ex-
citation because the wave packet has a similar scale to the
pigments of antenna proteins.[15,16] The initial excited coher-
ence of the antenna pigments, just like the wave coherence
in Young’s experiments, makes the excitation transfer to the
acceptor pigments in suitable sites have highly enhanced effi-
ciency. The initial coherence is quantum if the initial excited
states of the antenna pigments are pure, and the efficiency of

the excitation transfer depending on the initial quantum coher-
ence linearly in this case has already been investigated ana-
lytically and numerically.[17] However, the initial states of the
antenna pigments are generally mixed before being transferred
because of noise pollution or being excited by incoherent so-
lar photons. In this case, we need to distinguish the effects
coming from the classical and the quantum coherences of the
initial states to the efficiency of the excitation transfer in de-
tail. Moreover, it is necessary to investigate the dynamics
of correlation and the entanglement distribution among pig-
ments in the biological conditions because bio-systems are
the natural potential materials for quantum information and
quantum computing.[18,19] Usually, the transfer of excitation
from antenna proteins to the reaction center is a very com-
plicated physical process, since the practical transfer process
takes place on a complicated network of pigments. However,
the basic physical mechanism can be revealed by studying a
trimer core unit in photosynthetic bacteria, which consists of
two donors and one acceptor.

Based on the above consideration, in this article, we study
the quantum dynamics of an ideal model including three quasi
spins, where each spin has its ground and excited levels to
model the charge separation of a protein pigment. We suppose
that the donor system has two spins being excited initially, and
the excitation energy transfers from the two donor spins to the
remaining acceptor spin. We will also calculate the dynamics
of quantum concurrence, quantum discord, and classical cor-
relation of the trimer. We will give our numerical results by
choosing all parameters for biological conditions.[20–25]

The paper is organized as follows. In Section 2, the the-
oretical model of a three-quasi-spin-pigment system is pro-
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posed, and the necessary calculus is presented. In Section 3,
we review the measures of classical correlation and quantum
correlation. The main results and discussion are presented in
Section 4. Conclusions are given in Section 5.

2. Theoretical model

The physical system under consideration is a three-quasi-
spin-pigment system, which consists of two donor pigments
and one acceptor pigment. Each pigment has a ground level
|g〉 and an excited level |e〉, and the evolution of the quan-
tum states will be restricted to the zero- and one-excitation
subspaces.[3–6] We have four complete bases, where |0〉 =
|g,g;g〉 denotes that all three pigments are in the ground states,
|1〉 = |e,g;g〉 as well as |2〉 = |g,e;g〉 denotes that one of the
donor pigments is in the excited state, and |3〉 = |g,g;e〉 de-
notes that the acceptor pigment is in the excited state. The
Hamiltonian of the system is composed of two parts, H =

H0 +HI. Here H0 represents the free energy of each pigment

H0 =
3

∑
α=1

εα σ
+
α σ
−
α , (1)

where σ+
α = |eα〉〈gα | and σ−α = |gα〉〈eα | are the raising and

lowering operators for pigment α , respectively, and εα is the
corresponding excitation energy. The HI is the interaction
Hamiltonian

HI =
3

∑
α=1,β>α

gαβ (σ
†
α σ
−
β
+σ

†
β

σ
−
α ), (2)

where gαβ is the coupling strength between α and β . We de-
scribe the dynamics of the system by using a master equation
and solve it by using the quantum trajectory method.[26,27] The
master equation of the system is

dρ

dt
=−i[H,ρ]+

1
2

3

∑
α=1

(2Aα ρA†
α −A†

α Aα ρ−ρA†
α Aα), (3)

where the jump operators are defined as Aα =
√

2γσ−α for the
donor pigments with α = 1,2, which account for the energy
dissipation, and A3 =

√
2κσ

−
3 is associated with the charge

separation of the acceptor pigment.
We now assume that all the pigments are in state ρ0 at

the initial time t0 = 0, where only the two donor pigments
are coherently excited, and ρ0 may be either pure or mixed.
To determine the state of the total system at a later time t,
provided that no jump has occurred during the time from t0
to t, we need to solve the nonunitary Schrodinger equation
dρ̄c/dt = −i[Hc, ρ̄c], where Hc is the non-Hermitian Hamil-
tonian given by

Hc = H− i
2

3

∑
α=1

A†
α Aα , (4)

ρ̄c is the unnormalized conditional density operator which ac-
counts for the past state of the system until a jump happens,

i.e., if no jump has occurred during the time from t0 to t, the
normalized conditional density operator at time t is given by

ρc(t) =
ρ̄c(t)

Trρ̄c(t)
. (5)

The evolution governed by the nonunitary Schrodinger equa-
tion is randomly interrupted by one of the jumps, and the prob-
ability for jump Aα occurring during the interval [t0, t0 +∆t)
is given by 〈A†

α Aα〉∆t. The density operator ρ(t) is obtained
by performing an ensemble average over the different condi-
tioned density operators at time t. If a jump occurs, no matter
whether the excitation of the donor pigments dissipates to the
environment or the charge separation is induced by the accep-
tor pigment, the system will collapse to the ground state |0〉,
therefore the ensemble average of the density matrix at time t
is performed over two possible realizations: ground state |0〉
(jump) and conditional states ρc (no-jump), yielding the statis-
tical mixture

ρ(t) = Pno-jρc +Pj|0〉〈0|, (6)

where Pno-j represents the probability that no jump occurs,
which can be calculated by the nonunitary Schrodinger equa-
tion. Therefore, the probability that a jump occurs in the inter-
val [t, t +∆t) is given by

Pc(t) =
dPj

dt
∆t =

d(〈0|ρ(t)|0〉)
dt

∆t

= 2∆tγ
2

∑
α=1
〈α|ρc|α〉+2∆tκ〈3|ρc|3〉

= w1∆t +w2∆t, (7)

where w2 = 2κ〈3|ρc|3〉 denotes the probability density that the
excitation of the acceptor pigment is leaked to a reaction cen-
ter. We calculate the efficiency of excitation transfer at time t
by integrating all the contribution of w2 dt before time t. It is
given by

η(t) =
∫ t

t0
w2(t ′)dt ′. (8)

If we assume that the system is in a pure state at the ini-
tial time, then the conditioned density operator is written as
ρc = |ψc(t)〉〈ψc(t)|, where the evolution of |ψc(t)〉 satisfies
the Schrodinger equation d|ψc(t)〉/dt =−iHc|ψc(t)〉. By as-
suming |ψc(t)〉=∑

3
α=1 xα(t)|α〉 and solving a set of equations

of xα(t), we will easily obtain the exact form of |ψc(t)〉.

3. Review of measures of classical correlation
and quantum correlation
In order to show our main results, we will review quan-

tum concurrence, quantum discord, Von Neumann entropy,
and quantum mutual information in this section. The effects
of classical correlation and quantum correlation in the three-
quasi-spin-pigment system will be investigated in the next sec-
tion.
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3.1. Entanglement of formation

Quantum systems are correlated in ways different from
the classical objects, entangled states are nonclassical because
they cannot be prepared only with the help of local operations
and classical communications.[28] The entanglement of forma-
tion is proposed to quantify the resources required to create an
entangled state.[29,30] Suppose that two parties A and B share
a quantum state ρAB, we can always get an ensemble of pure
states {|ψi〉} with probabilities pi

ρ = ∑
i

pi|ψi〉〈ψi|. (9)

The entanglement of each pure state |ψi〉 is defined in the fol-
lowing form:

E(ψi) =−Tr(ρAi log2ρAi) =−Tr(ρBi log2ρBi), (10)

where ρAi and ρBi are the reduced density matrices of |ψi〉〈ψi|
over subsystems B and A, respectively. The complete ensem-
ble of pure states usually has many groups. In all these ensem-
bles, there exists one kind of decomposition whose average of
entanglement is the smallest compared to those of the others.
The entanglement of formation of state ρ can be defined as

E(ρ) = min∑
i

piE(ψi). (11)

The above entanglement of formation can be expressed as a
direct function of ρ in a pair of qubits system.[28] For a gen-
eral state ρ of the two qubits (pure or mixed state), we can get
the spin-flipped state through the spin-flip transformation

ρ̃ = (σy⊗σy)ρ
∗(σy⊗σy), (12)

where ρ∗ is the complex conjugate of ρ , and σy is the stan-
dard time reversal operator. For the system of spin- 1

2 particles,
it associates to the matrix

σy =

(
0 −i
i 0

)
.

The entanglement of formation is rewritten as

E(ψi) = E(C(ψi)), (13)

where C(ψi) = |〈ψi|ψ̃i〉|, which is the concurrence. Here the
function E(C) is given by

E(C) = h
(1+

√
1−C2

2

)
, (14)

and h(x) = −xlog2x − (1 − x)log2(1 − x). The E(C) has
the same monotonicity with the concurrence from 0 to 1.
So it is convenient to take the concurrence as a measure of
entanglement[28]

C(ρ) = max{0,λ1−λ2−λ3−λ4}, (15)

λi’s are the eigenvalues of the Hermitian matrix R =√√
ρρ̃
√

ρ , and they are non-negative real numbers. We will
use the concurrence to measure the entanglement of the system
considered in this work.

3.2. Quantum discord

The quantum discord is another measure of quantum cor-
relation, which is different from the entanglement of formation
and can capture all the correlations in a quantum state.[31] We
first review the measure of mutual information before giving
the measure of quantum discord. In the classical information
theory,[32] the classical correlation between any two variables
can be measured by the mutual information

Jc(A : B) = H(A)−H(A|B), (16)

where H(X) = −∑
i

pilog2 pi is the Shannon entropy used to

quantify the information in a sequential variable X = {xi}with
associated probability distribution {pi}. The conditional en-
tropy is defined as

H(A|B) =−∑
a,b

pablog2 pa|b = H(AB)−H(B), (17)

which represents a weighted average of the entropies of A
given value B. Here pa|b = pab/pb. Based on the above no-
tation, an equivalent expression is proposed to be

Ic(A : B) = H(A)+H(B)−H(AB), (18)

which is called the classical mutual information. The Ic can be
promoted to the quantum mutual information. In the bipartite
system, the quantum mutual information is defined as

Iq(ρA:B) = S(ρA)+S(ρB)−S(ρAB), (19)

where S(X) = −Tr(X log2X) is the Von Neumann entropy of
system X (X = ρA, ρB, ρAB). It can be used to measure the
total correlation of bipartite. The above equation is directly
modeled on the form of the classical mutual information Ic.
Here S(ρA) (S(ρB)) describes the uncertainty of independent
subsystem A (B), while S(ρAB) denotes the uncertainty of the
combined system AB. Note that the measures have to be op-
erated in the Hilbert space HA⊗HB, which is different from
the classical theory. The definition of conditional entropy (17)
is measuring dependence. Now we introduce projectors {ΠB

j }
performed locally on B. We can get the states of system A
through the operations of B

ρ
A
j = TrB({ΠB

j ρABΠ
B
j })/q j, (20)

where q j = TrAB({ΠB
j ρABΠB

j }). The conditional entropy of
S{ΠB

i }
(ρA|B) is a weighted average of S(ρA

j )

S{ΠB
i }
(ρA|B) = ∑

j
q jS(ρA

j ), (21)

where q j is the distribution of probability. The mutual infor-
mation Jc can be extended to the quantum realm, that is

Jq(ρA:B) = S(ρA)−S{ΠB
i }
(ρA|B), (22)

where Jq depends on the choice of {ΠB
j }, thus the minimum

difference between Iq and Jq is defined as the quantum discord

D(ρA:B) = min
{ΠB

i }
[Iq(ρA:B)− Jq(ρA:B)], (23)
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or equivalently

D(ρA:B) = Iq(ρA:B)−max
{ΠB

i }
[Jq(ρA:B)]. (24)

The second term is defined as the classical correlation. Let
Ic(ρAB) replace max

{ΠB
i }
[Jq(ρA:B)], we have

Ic(ρAB) = Iq(ρA:B)−D(ρA:B). (25)

In a quantum state, there are quantum information and classi-
cal information. The conditional entropy S{ΠB

i }
(ρA|B) contains

the measurement of B, the quantum discord is unequal usually
under the interchange between A and B. In this case, we need
to adopt the two side measurements for these correlations.

4. Discussion
In this section, we will discuss the dependence of the ef-

ficiency of excitation energy transfer on the initial correlated
condition of the donor pigments, and investigate the dynamics
of bipartite correlations of the trimer. Two cases will be con-
sidered, in which the initial states of the donor pigments are
pure and mixed, respectively.

In the first case, we assume that the initial trimer is pre-
pared in the pure state |ψ0〉 = x10|1〉+ x20|2〉, where |x10|2 +
|x20|2 = 1. By using the definition in the above section,
we can get the explicit form of the initial concurrence of
the two donor pigments, i.e., C(|ψ0〉12) = 2|x10||x20|, and
other correlation measures, i.e., Iq(|ψ0〉12) = 2Ic(|ψ0〉12) =

2QD(|ψ0〉12) = −2∑
2
i=1 |xi0|2 log2 |xi0|2. Through solving the

Schrodinger equation of the pure initial states and assuming
g12 = g21 and g13 = g23, we obtain the evolving parameters of
|ψc(t)〉, i.e.,

xi(t)= e−(ig12+γ)t
[
xi0− ig13(x10+x20)

∫ t

0
f (t ′)e−(ig12+γ)t ′ dt ′

]
for i = 1,2, and x3(t) = f (t)(x10 + x20), where

f (t) =−2ig13 e−(ig12+γ+κ)t/2 sin(Ω t/2)/Ω ,

Ω =
√

8g2
13− (γ−κ + ig12)2.

Based on these results, the explicit form of the efficiency of
energy transfer is given by

η =
16κg2

13(κ+γ)(1+2|x10||x20|)
|Ω |2

×
[ 1
(Ω ∗−Ω)2+4(κ+γ)2−

1
(Ω ∗+Ω)2+4(κ + γ)2

]
(26)

when time approaches to infinity. From the above results, we
can easily find that η increases linearly with C(|ψ0〉12), i.e.,
the efficiency of energy transfer directly depends on the con-
currence of the initial pure states of the donor pigments. We
also need to emphasize that the rate γ of energy dissipation
may be helpful for η , which implies that the effects coming
from the environment may enhance the energy transfer. We
can also obtain the dynamic form of the bipartite correlations

of the system. The concurrence of various bi-partitions of

the system is C(ρi j(t)) = 2
√
|xi(t)|2|x j(t)|2, where ρi j(t) =

Trk{ρ(t)} is the reduced density matrix with i, j, k = 1, 2, 3
and i, j 6= k. The quantum discord, the classical correlation,
and the total correlation of the system are given by

QD(ρi j(t)) =
(
|xi(t)|2 + |x j(t)|2

)
log2(|xi(t)|2 + |x j(t)|2)

−
[
|xi(t)|2log2(|xi(t)|2)+ |x j(t)|2log2(|x j(t)|2)

]
,

Ic(ρi j(t)) =−
[
|xi(t)|2log2(|xi(t)|2)+ |x j(t)|2log2(|x j(t)|2)

]
,

Iq(ρi j(t)) = (|xi(t)|2 + |x j(t)|2)log2(|xi(t)|2 + |x j(t)|2)
−2
[
|xi(t)|2log2(|xi(t)|2)+ |x j(t)|2log2(|x j(t)|2)

]
.

In the second case, the initial system is in a mixed state

ρ0 = x0|1〉〈1|+(1− x0)|2〉〈2|+ y0|1〉〈2|+ y∗0|2〉〈1|, (27)

where the non-negative definition of a physical density matrix
requires that x0 ∈ [0,1] and 1−4x0(1− x0)+4|y0|2� 0.
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Fig. 1. (color online) (a) Efficiency η(t) versus time t, (b) effi-
ciency η at a certain large time versus initial parameter y0.

In the following numerical results, we set ε1 = ε2 =

1.2911× 104 cm−1, ε3 = 1.2748× 104 cm−1, γ = 1 ns−1,
κ = 4 ps−1, g13 = 1 mev, g12 = 5.91×102 cm−1. In Fig. 1(a),
we plot the efficiency η(t) versus time t with different initial
parameter y0. We find from Fig. 1(a) that the efficiency in-
creases with time and approaches to the saturation when the
time becomes larger. The saturate values depend on the initial
parameters. Figure 1(b) shows that the saturate efficiency is in
proportion to y0 but has no connection with population param-
eter x0. The y0 6= 0 means that the two donor pigments are cor-
related, thus it is concluded that the energy transfer efficiency
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depends on the initial correlation of the donor pigments even
though the initial states are mixed. In Fig. 2, the saturate values
of efficiency versus concurrence, quantum discord, classical
correlation, and total correlation of the initial donor pigments
are shown. We find that η(t → ∞) not only increases linearly
with the initial concurrence of the donor pigments, which is
similar to the case of pure initial states, but also increases
with the quantum discord of the donor pigments. However,
η(t → ∞) is independent of the initial classical correlation of
the donor pigments, which is different from the case of pure
initial states.
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Fig. 2. (color online) Efficiency η(t → ∞) versus the initial con-
currence, quantum discord, and classical correlation of the donor
pigments, with (a) x0 = 0.1 and (b) x0 = 0.5.

In the following, we will show the dynamics of four
different kinds of correlations between two donor pigments.
In Fig. 3, concurrence, quantum discord, classical corre-
lation, and total correlation of two donor pigments versus
time t with different initial conditions are plotted. We set
y0 = 0.0, y0 = 0.2, y0 = 0.45, and y0 = 0.5 in Figs. 3(a)–
3(d), respectively. In Fig. 3(a), corresponding to the max-
imum mixed state of the initial donor pigments, we find
that the concurrence and the quantum discord start from
zero and increase with time, and on the contrary, the clas-
sical correlation decreases with time. All correlations ap-
proach to saturation finally. In Figs. 3(b) and 3(c), the
initial concurrence and the initial quantum discord of the
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Fig. 3. (color online) Concurrence, quantum discord, classical cor-
relation, and total correlation between the two donor pigments ver-
sus time t, with (a) y0 = 0.0, (b) y0 = 0.2, (c) y0 = 0.45, and (d)
y0 = 0.5. (e) The sudden death time of concurrence and quantum
discord versus initial value y0.
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donor pigments are not zero, and the two correlations decrease
with time first and then increase after a sudden death.[33] In
Fig. 3(d), corresponding to the pure initial state of the donor
pigments, we find that all correlations decrease to zero with
time. The time at which the sudden death occurs increases
with y0 as shown in Fig. 3(e). The sudden death time quickly
becomes very large when y0 approaches to 0.5, which is also
shown in Fig. 3(d). From the above figures, we find that the
dynamics of correlations in the case of pure initial state are
very different from those in the cases of mixed initial states.
The reason is that the present system is only a dissipation one,
no dephasing effects have been considered for the system.
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Fig. 4. (color online) Concurrence, quantum discord, classical cor-
relation, and total correlation between one donor pigment and one
acceptor pigment versus time t, where (a) y0 = 0, (b) y0 = 0.5.

In Fig. 4, we plot the dynamics of various correlations of
one of the donor pigments and the acceptor pigment. We set
y0 = 0 and y0 = 0.5 in Figs. 4(a) and 4(b), respectively. In
both cases, we find that all the correlation measures start from
zero and approach to the saturation finally, the concurrence is
always larger than the other three measures, and the classical
correlation nearly disappears. In our model, as we have men-
tioned above, the evolution of the quantum states is restricted
to the zero- and one-excitation subspaces. It means that once
the excitation is transferred from the donor pigments to the
acceptor pigment, the correlation between one donor pigment
and the acceptor pigment, mainly in the quantum form, is pro-
duced and evolves.[34] Because of the reversibility of quantum
evolution, this effect can also be fed back to the quantum cor-
relations between the two donor pigments. This is why the

quantum correlations between two donor pigments are more
active than the classical correlation, as shown in Figs. 3(a)–
3(d).
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Fig. 5. (color online) Efficiency η(t) versus the dynamics of var-
ious correlations of two donor pigments, where (a) y0 = 0, (b)
y0 = 0.2, and (c) y0 = 0.5.

Finally, we plot the efficiency of excitation transfer η(t)
versus the dynamics of various correlations of two donor pig-
ments in Fig. 5. We find very different relations of η with
quantum correlation and classical correlation. In all cases with
different y0, the classical correlation is always decreasing with
increasing η ; does this mean that the excitation transfer needs
to consume the classical correlation of the donor pigments?
However, there are no fixed relations between η and quantum
correlations, they change with the same trend when the initial
donor system is in the maximum mixed state (Fig. 5(a)), but
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have a contrary trend when the initial donor system is in the
pure state (Fig. 5(c)).

5. Conclusions

In summary, we have studied theoretically the excitation
energy transfer and the correlation dynamics of a three-quasi-
spin-pigment system. In our model, we have emphasized the
excitation dissipation of the environment but ignored the ef-
fects of dephasing. We have investigated the efficiency of ex-
citation transfer depending on two kinds of correlations, ini-
tial correlation and dynamics correlation of the donor system
that includes two pigments. We found that the efficiency de-
pends on the initial concurrence and the quantum discord of
the donor pigments, but is independent of the initial classical
correlation. We also found that the dynamics of efficiency and
the classical correlation of the donor pigments have contrary
change tendencies, and the concurrence, quantum discord, and
total correlation of the donor pigments have similar properties
to the classical correlation for the efficiency only when the ini-
tial donor pigments are in a pure state. We have also studied
the dynamics of the four kinds of bipartite correlations among
the trimer pigments. We found that the phenomena of sudden
death of concurrence and quantum discord of the donor pig-
ments occur if the initial quantum correlation is neither zero
or maximum.

Appendix A

In this appendix, we give the explicit forms of various
correlations of state (27). The concurrence is

C(ρ0) = 2
√
|y0|2,

the classical correlation is

Ic(ρ0)

= max
{[

λ1log2
λ1

q1
+λ2log2

λ2

q1
+β1log2

β1

q2
+β2log2

β2

q2

]
− [(1− x0)log2(1− x0)+ x0log2x0]

}
,

and the total correlation is given by

Iq(ρ0) = −2[(1− x0)log2(1− x0)+ x0log2x0]

+
1+
√

1−4[x0(1− x0)−|y0|2]
2

× log2

1+
√

1−4[x0(1− x0)−|y0|2]
2

+
1−
√

1−4[x0(1− x0)−|y0|2]
2

× log2

1−
√

1−4[x0(1− x0)−|y0|2]
2

,

the quantum discord is obtained by

QD(ρ0) = Iq(ρ0)− Ic(ρ0),

where we set

λ1

q1
=

1
2
+

√
(x0− sin2

θ)
2
+ |y0|2sin22θ

2(x0cos2θ +(1− x0)sin2
θ)

,

λ2

q1
=

1
2
−

√
(x0− sin2

θ)
2
+ |y0|2sin22θ

2(x0cos2θ +(1− x0)sin2
θ)

,

β1

q2
=

1
2
+

√
(x0− cos2θ)2 + |y0|2sin22θ

2(x0sin2
θ +(1− x0)cos2θ)

,

β2

q2
=

1
2
−

√
(x0− cos2θ)2 + |y0|2sin22θ

2(x0sin2
θ +(1− x0)cos2θ)

,

λ1,2 =
[
x0cos2

θ +(1− x0)sin2
θ
] /

2

±
√

(x0− sin2
θ)

2
+ |y0|2sin22θ

/
2,

β1,2 =
[
x0sin2

θ +(1− x0)cos2
θ
] /

2

±
√

(x0− cos2θ)2 + |y0|2sin22θ
/

2.
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