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Cross-diffusive effects on the onset of double-diffusive convection
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Double-diffusive stationary and oscillatory instabilities at the marginal state in a saturated porous horizontal fluid
layer heated and salted from above are investigated theoretically under the Darcy’s framework for a porous medium. The
contributions of Soret and Dufour coefficients are taken into account in the analysis. Linear stability analysis shows that
the critical value of the Darcy-Rayleigh number depends on cross-diffusive parameters at marginally stationary convec-
tion, while the marginal state characterized by oscillatory convection does not depend on the cross-diffusion terms even if
the condition and frequency of oscillatory convection depends on the cross-diffusive parameters. The critical value of the
Darcy–Rayleigh number increases with increasing value of the solutal Darcy–Rayleigh number in the absence of cross-
diffusive parameters. The critical Darcy–Rayleigh number decreases with increasing Soret number, resulting in destabiliza-
tion of the system, while its value increases with increasing Dufour number, resulting in stabilization of the system at the
marginal state characterized by stationary convection. The analysis reveals that the Dufour and Soret parameters as well as
the porosity parameter play an important role in deciding the type of instability at the onset. This analysis also indicates
that the stationary convection is followed by the oscillatory convection for certain fluid mixtures. It is interesting to note
that the roles of cross-diffusive parameters on the double-diffusive system heated and salted from above are reciprocal to
the double-diffusive system heated and salted from below.
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1. Introduction
The well-known Rayleigh–Bénard problem is not a sim-

ple low-temperature phenomenon. The problem is of po-
tential importance in many real life applications. The study
of convective motions in the presence of more than one dif-
fusing component with different diffusivities is an interest-
ing phenomenon in the field of convection, known as multi-
convection.[1] In particular, the double-diffusive convection in
the classical Rayleigh–Bénard type problem has been the sub-
ject of extensive theoretical and experimental interest because
of its applications in various fields, such as high-quality crys-
tal production, liquid gas storage, production of pure medi-
cation, solidification of molten alloys, coating of electronic
materials, oceanography and geothermally heated lakes and
magmas.[2] The defects in the formation of crystal depend on
heat and mass transfer rates during solidification. These fluxes
are mainly governed by the convective phenomenon of the liq-
uid phase during processing. The analysis of double-diffusive
convection becomes complicated when the diffusivity of one is
much greater than the other. Furthermore, when two transport
processes take place simultaneously, they interfere with each
other, producing cross-diffusion effects. The cross-diffusion
effects are significant in the stability of the system. The flux
of concentration caused by temperature gradient and the flux
of heat caused by concentration gradient are known as Soret

and Dufour effects, respectively. In binary fluid mixtures this
cross-coupling between thermal and solutal diffusions should
not be eliminated in the case of a steep temperature gradient.

The study of the onset of double-diffusive convection in
a porous medium due to temperature and concentration gra-
dients has become an interesting field of study because of its
numerous fundamental and industrial applications, especially
the study of the behaviour of fluids in Earth’s crust, in geol-
ogy, geophysics, metallurgy, material sciences, and petroleum
engineering. The appearance of convective motion is charac-
terized by the critical value of the Rayleigh number. A great
deal of work in this field is well documented in the book by
Neild and Bejan.[3]

The problem of the onset of convective instability was
first analyzed by Horton, Rogers,[4] and Lapwood[5] in a New-
tonian fluid model heated uniformly from below in a saturated
porous medium under Darcy’s law. For the stationary ther-
mal convection under the principle of exchange of stabilities
they obtained the critical value of the Darcy–Rayleigh number
(4π2). This limit determines the particular point at which the
convective instability may start to occur in a fluid layer. There-
after, many theoretical results were elucidated by Katto and
Masuoka,[6] Combarnous and Bories,[7] and Cheng.[8] Com-
barnous and Bories[7] noted that the thermo-convective motion
in a stationary mode becomes oscillatory with increasing value

†Corresponding author. E-mail: goralayek@yahoo.com
© 2013 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

054702-1

http://dx.doi.org/10.1088/1674-1056/22/5/054702
mailto:goralayek@yahoo.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 22, No. 5 (2013) 054702

of the Darcy–Rayleigh number beyond six or seven times of its
critical value. The occurrence of oscillatory instabilities will
be expected at the threshold of the stationary convection in a
horizontal porous layer.

The double-diffusive convection was observed first by
Stern,[9] and the mechanism of instability at the onset of ther-
mohaline convection in a porous medium have been described
by Nield.[10] Thermohaline convection and its pattern of in-
stabilities are important in many situations, and have wider
applications in chemical and industrial flows, geological and
environmental flows, and many others. The linear stability
analysis was used to investigate the onset of convection in a
double-diffusive fluid flow.[11,12] However, Motsa[13] investi-
gated the effects of both the Soret and Dufour parameters on
the onset of double-diffusive convection heated from below.

Recently, Kuznetsov and Nield[14] studied the onset of
double-diffusive convection in a horizontal Newtonian fluid
layer of a saturated porous medium uniformly heated from
below using Brinkman model with combined effects of hor-
izontal and vertical heterogeneity. Kuznetsov and Nield[15]

also studied the onset of double-diffusive nanofluid convec-
tion in layer of a saturated porous medium using the Darcy
model. Nield and Kuznetsov[16] studied the effects of cross-
diffusion terms, as well as the effects of Brownian motion and
thermophoresis on the onset of double-diffusive convection
in a horizontal layer of nanofluid. Kuznetsov and Nield[17]

studied these effects on the double-diffusive natural convec-
tive boundary-layer flow of nanofluid past a vertical plate.
Straughan[18] studied the onset of thermohaline convection in a
saturated porous medium using the Cattaneo–Christov model,
where instead of the classical Fourier law, the Cattaneo–
Christov heat flux law with energy balance is considered.

As mentioned above, there are several studies on the on-
set of double-diffusive convection with and without cross-
diffusion effects in a horizontal fluid layer for a saturated
porous medium heated and salted uniformly from below.
However, there are quite a few studies on the onset of double-
diffusive convection with cross-diffusion effects in a horizon-
tal fluid layer for a saturated porous medium heated and salted
uniformly from above. In this work, we studied the double-
diffusive convection based on linear stability analysis taking
into account the Soret and Dufour effects in a horizontal sat-
urated porous fluid layer, heated and salted uniformly from
above under the framework of Darcy. Linear stability analysis
is made to find the critical value of the Darcy–Rayleigh num-
ber for the onset of the stationary mode of convection. The
onset of oscillatory instabilities at the threshold of convection
in this system is also investigated. This mechanism can be of
interest in the transport of contaminants in ground water. Since
the ground water flow is relatively slow, the Darcy model con-
sidered in this analysis is quite appropriate.

2. Basic equations of the problem
We consider an infinite horizontal saturated porous fluid

layer of vertical depth h, confined between two stress-free

boundaries at constant temperature and salinity. The hot salty
water is above the cold fresh water so that the upper boundary
is kept at a temperature (T0 +∆T ) and salinity (C0 +∆C) with
T0 being the lower temperature boundary and C0 the lower
concentration boundary. It is assumed that the thermal dif-
fusivity κT is much greater (100 times) than solutal diffusivity
κS. Physically, the instabilities develop as follows. The rising
water blob absorbs heat much more quickly than salt. Hence,
it becomes lighter than the surrounding fluids, and continues to
rise. If a fluid blob drops by ∆z, the faster heat loss can make
it heavier than its surrounding fluids, and sinking continues.
Thus, the fluid system can be unstable. This yields an insta-
bility known as fingering instability at marginally stationary
state.

The porous medium with specific permeability K under
the assumptions of homogeneous and isotropic medium, and
the validity of Darcy’s law for the fluid flow is assumed. The
momentum equation may be written under the framework of
Darcy model for simple flow as

ui =−
K
µ

(
∂ p
∂xi
−ρgδi3

)
, (1)

where ui is the Darcy velocity, K is the permeability of the
porous media, µ is the viscosity of fluid, p is the pressure, g is
the acceleration due to gravity, δi j = 1 for i = j and δi j = 0 for
i 6= j, and ρ is the fluid density. The fluid density decreases
with the increase in temperature, but slightly increases with
the increase in concentration of the salt so that the thermal ex-
pansion coefficient α > 0 and the solutal expansion coefficient
β > 0. The equation of state is then given by

ρ = ρ0[1−α(T −T0)+β (C−C0)], (2)

where the subscript 0 represent variable at the bottom layer.
The appropriate governing equations, using the Boussinesq
approximation, are expressed as follows:

∂ui

∂xi
= 0, (3)

ui =−
K
µ

[
∂ p
∂xi
−ρ0{1−α(T −T0)+β (C−C0)}gδi3

]
, (4)

σ
∂T
∂ t

+ui
∂T
∂xi

= κT∇2T +βT∇2C, (5)

φ
∂C
∂ t

+ui
∂C
∂xi

= κS∇2C+βS∇2T, (6)

where i = 1, 2, 3, C is the solute concentration, T the temper-
ature, σ the ratio of specific heat capacities of solid and fluid,
φ the porosity of the porous media, βT the Dufour coefficient,
and βS Soret coefficient.

The boundary conditions are specified as

T = T0, C =C0(z = 0),

T = T0 +∆T, C =C0 +∆C(z = h), (7)

where h is the dimensional depth of the fluid layer. A physical
sketch of the problem is depicted in Fig. 1.
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Fig. 1. Physical sketch of the problem representing an infinite horizontal saturated porous fluid layer with linear distribution of temperature
and solute.

3. Linear stability analysis
The basic state of the system is perturbed and linear per-

turbation quantities are taken into consideration for the sta-
bility analysis of the system. The perturbation quantities are
considered as follows:

ui = 0+u′i(x, t),

p = pb(z)+ p′(x, t),

T = Tb(z)+T ′(x, t),

C =Cb(z)+C′(x, t), (8)

where the z axis is taken vertically upwards, the superscript ′

represents perturbation variable, and the subscript b represents
basic state variable.

The basic state satisfies the following equations:
∂ pb

∂ z
= ρ0

[
1−α(Tb−T0)+β (Cb−C0)

]
g, (9)

κT
d2Tb

dz2 +βT
d2Cb

dz2 = 0, (10)

κS
d2Cb

dz2 +βS
d2Tb

dz2 = 0. (11)

From Eqs. (10) and (11), we have

Tb = T0 +
∆T
h

z = T0 +Γ1z, Cb =C0 +
∆C
h

z =C0 +Γ2z, (12)

where Γ1 =
dTb

dz
> 0, and Γ2 =

dCb

dz
> 0.

Using the perturbation quantities (8) in Eqs. (3)–(6), con-
sidering only the linear perturbation terms and using Eqs. (9)–
(12) the perturbation equations are

∂u′i
∂xi

= 0, (13)

u′i =−
K
µ

[
∂ p′

∂xi
+ρ0g(αT ′−βC′)δi3

]
, (14)

σ
∂T ′

∂ t
+Γ1w′ = κT∇2T ′+βT∇2C′, (15)

φ
∂C′

∂ t
+Γ2w′ = κS∇2C′+βS∇2T ′. (16)

Expressing the perturbation equations in terms of w′, T ′, and
C′ by eliminating the unknown pressure term, using certain
mathematical manipulations, we obtain

∇2w′ =−K
µ
(ρ0gα∇2

HT ′−ρ0gβ∇2
HC′), (17)

σ
∂T ′

∂ t
+Γ1w′ = κT∇2T ′+βT∇2C′, (18)

φ
∂C′

∂ t
+Γ2w′ = κS∇2C′+βS∇2T ′, (19)

where

∇2
H ≡

∂ 2

∂x2 +
∂ 2

∂y2

is the planar Laplacian.
The boundary conditions on the free surfaces z = h and

z = 0 are expressed as

w′ = T ′ =C′ = µ

(
∂u′

∂ z
+

∂w′

∂x

)
= µ

(
∂v′

∂ z
+

∂w′

∂y

)
= 0.

The last two conditions result from zero stress. As w′ = 0 for
all (x, y) on the boundaries, then (∂u′/∂ z) = (∂v′/∂ z) = 0 at
the boundaries. Differentiating the following equation of con-
tinuity with respect to z:

∂u′

∂x
+

∂v′

∂y
+

∂w′

∂ z
= 0,

and using the condition

∂u′/∂ z = ∂v′/∂ z = 0,

we have (∂ 2w′/∂ z2) = 0 at the free surfaces.
Finally, the boundary conditions are given by

w′ = T ′ =C′ =
∂ 2w′

∂ z2 = 0, (20)

at z = 0 and z = h.
Using the transformations (x,y,z)→ (x∗h,y∗h,z∗h), t →

(h2σ/κT)τ , w′ → (κT/h)w∗, T ′ → ∆T θ ∗, C′ → ∆CC∗, and
dropping superscript ‘*’ (dimensionless variable) to the coor-
dinates (x,y,z) for brevity, equations (17)–(19) become

∇2w∗ =−Kgα∆T h
νκT

∇2
Hθ
∗+

Kgβ∆Ch
νκT

∇2
HC∗, (21)

∂θ ∗

∂τ
+w∗ =∇2

θ
∗+

βT∆C
κT∆T

∇2C∗, (22)

φ

σ

∂C∗

∂τ
+w∗ =

κS

κT
∇2C∗+

βS∆T
κT∆C

∇2
θ
∗. (23)

The boundary conditions are

w∗ =C∗ = θ
∗ =

∂ 2w′

∂ z2 = 0, (24)

at z = 0 and z = h.
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4. Normal mode analysis
Under the normal mode analysis the time-dependent peri-

odic disturbances in a horizontal plane may take the following
form:

(w∗,θ ∗,C∗) = (W (z),θ(z),C(z))e i(axx+ayy)+sτ , (25)

where ax and ay are dimensionless wave numbers in the x–y
plane, and τ is the dimensionless time. The temporal rate of
change of disturbance s can be expressed as s = sr + iω . If
sr is positive for any value of the wave number, the system is
unstable. While the system with sr < 0 is always stable. When
s = 0 and thus sr = ω = 0, then the system is marginally stable
under the principle of exchange of stabilities. With sr = 0 and
ω 6= 0, the overstability of periodic motion is possible at the
marginal state and oscillatory motion appears with the dimen-
sionless frequency ω .

The dimensionless numbers are defined as follows: the
Darcy–Rayleigh number RaD = (Kgαh∆T )/(νκT), the so-
lutal Darcy–Rayleigh number RaD,S = (Kgβh∆C)/(νκS),
the Lewis number Le = κT/κS, the Soret number Sr =

(βS∆T )/(κT∆C), the Dufour number Df = (βT∆C)/(κT∆T ).
Then, based on Eq. (25), equations (21)–(23) are transformed
to

(D2−a2)W = a2RaDθ − 1
Le

a2RaD,SC, (26)

W = (D2−a2− s)θ +Df(D2−a2)C, (27)

W =
[ 1

Le
(D2−a2)− φ

σ
s
]
C+Sr(D2−a2)θ . (28)

The boundary conditions (24) become

W = θ =C = 0, D2W = 0, at z = 0 and z = h, (29)

where D(≡ d/dz) denotes the differential operator. Equa-
tions (26)–(28) are combined to get a single equation, char-
acterizing the instability of the system as follows:[

a2RaD− (D2−a2)(D2−a2− s)
]

×
[
(1−LeDf)(D2−a2)−Le

φ

σ
s
]
θ

=
[
a2 1

Le
RaD,S +Df(D2−a2)2

]
×
[
Le(1−Sr)(D2−a2)−Les

]
θ . (30)

If Sr→ 0 and Df→ 0, then the foregoing problem approaches
the classical Darcy–Rayleigh problem with Newtonian fluid
in a saturated porous fluid layer as studied by Horton, Rogers,
and Lapwood. The boundary conditions become

θ = D2
θ = 0, at z = 0 and z = h. (31)

Both boundaries are isothermal and viscous stress-free in
Darcy’s law. The solution of the governing equation (30) with
boundary conditions (31) can be regarded as the usual eigen-
value problem involving eigen parameters RaD, Le, N, Sr, Df,
a, and s as the governing parameters. In order to solve the
present differential Eq. (30) with boundary conditions (31),
the required solution is assumed as θ = θ0 sin(nπz), where θ0

denotes the integration constant subject to the boundary con-
ditions, and n is an integer.

Substituting this form of solution into Eq. (30) results in
the following characteristic equation:[

a2RaD− (n2
π

2 +a2)(n2
π

2 +a2 + s)
]

×
[
(1−LeDf)(n2

π
2 +a2)+Le

φ

σ
s
]

=
[
a2 1

Le
RaD,S +Df(n2

π
2 +a2)2

]
×
[
Le(1−Sr)(n2

π
2 +a2)+Les

]
. (32)

This algebraic equation can be rearranged into the form of
second degree polynomials of s, with the consideration of
(n2π2 +a2) = J, as

s2 +
1

JΦ

[
(1+Φ)J2−a2(LeRaD−RaD,S)

]
s

+
1
Φ

{
(1−LeDfSr)J2

− a2[(1−LeDf)RaD− (1−Sr)RaD,S
]}

= 0, (33)

where a (=
√

a2
x +a2

y) is the horizontal wave number and

Φ = Le(φ/σ). This is a quadratic equation of s, where the
coefficients involving the governing parameters are all real. It
has two roots, so if complex roots exist they must be in pair
otherwise they are a pair of real roots. We are interested in the
marginal stability analysis and in that case sr = 0, where sr is
the real part of the complex roots (s = sr± iω). It is apparent
that the marginal state (sr = 0) occurs for two cases of ω = 0
and ω 6= 0, where ω is the imaginary part of the complex roots.

When the marginal state (sr = 0) is characterized by a
stationary pattern of convection for which ω = 0, so we have
s = 0. Then, one of the roots of the quadratic equation (33) is
zero and the condition for that is

Ra(steady)
D =

(1−LeDfSr)

(1−LeDf)

J2

a2 +
(1−Sr)

(1−LeDf)
RaD,S. (34)

Thus, the marginal state with cellular convection (ω = 0 and
so s = 0), i.e., the stationary convection is governed by the re-
lation (34). The critical value of Darcy–Rayleigh number for
the stationary convection or monotonic instability is obtained
using this equation.

It is apparent that a marginally oscillatory mode (ω 6= 0)
occurs only when there exist a pair of purely imaginary roots
of the quadratic equation (33) and then at the onset the insta-
bility sets in as oscillations of growing amplitude, known as
“overstability”. In the case of oscillatory instability s = iω ,
where ω is a non-zero real number, the Rayleigh number is
obtained from Eq. (33), according to Chandrasekhar,[19] as

a2[(1−LeDf)
2J2 +Φ

2
ω

2]RaD

= (1−LeDf)
[
(1−LeDfSr)J2 +a2(1−Sr)RaD,S

]
J2

+
[
(Φ +LeDf)+a2RaD,S

]
Φω

2

+ i
{[
(1−LeDf)−Φ(1−Sr)LeDf

]
J2

+a2[(1−LeDf)−Φ(1−Sr)
]
RaD,S +Φ

2
ω

2}Jω. (35)

From physical considerations, the Darcy–Rayleigh number
(RaD) is always a real number. Then, from the relation (35),
the imaginary part must be zero, which gives the square of the
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frequency of the periodic convection as

Φ
2 ω2

a2 =
[
Φ(1−Sr)LeDf− (1−LeDf)

]J2

a2

+
[
Φ(1−Sr)− (1−LeDf)

]
RaD,S, (36)

and the Darcy–Rayleigh number for oscillatory convection is
given by

Ra(osc)
D

=
(1−LeDf)

2J2

(1−LeDf)2J2 +Φ2ω2

×
[ (1−LeDfSr)

(1−LeDf)

J2

a2 +
(1−Sr)

(1−LeDf)
RaD,S

]
+

1
Φ

Φ2ω2

(1−LeDf)2J2 +Φ2ω2

×
[
(Φ +LeDf)

J2

a2 +RaD,S

]
. (37)

By means of the relation (37) and Eq. (36), the Darcy–
Rayleigh number for the oscillatory convection can be ex-
pressed as

ΦRa(osc)
D

= (Φ +1)
J2

a2 +RaD,S. (38)

Thus, the marginal state with oscillatory convection, i.e., over-
stability (ω 6= 0) is governed by the relation (38) and the criti-
cal value of Darcy–Rayleigh number for oscillatory instability
is obtained from this relation. Given that ω is always real,
the condition for oscillatory convection is obtained from the
relation (36) as

RaD,S >
(1−LeDf)−Φ(1−Sr)LeDf

Φ(1−Sr)− (1−LeDf)

J2

a2 . (39)

Equation (39) leads to an important result for a porous fluid
layer heated and salted from above in double-diffusive con-
vection that the oscillatory type of instability is possible for
certain fluid mixtures. It reveals that in a double-diffusive sys-
tem, steady convection strongly depends on the cross-diffusive
terms, while the oscillatory convection remains independent
of the cross-diffusive parameters, but depends on the porosity
parameter Φ .

5. Results and discussion
We are mainly interested in the instability at marginally

steady and oscillatory modes. The characteristic equation (33)
may be represented as

s2 +A1s+A2 = 0, (40)

where

A1=
1

JΦ

[
(1+Φ)J2−a2(LeRaD−RaD,S)

]
,

A2=
1
Φ

{
(1−LeDfSr)J2−a2[(1−LeDf)RaD−(1−Sr)RaD,S

]}
.

For linear stability of the system, the necessary and sufficient
conditions, according to Routh–Hurwitz criteria, are A1 > 0
and A2 > 0. If any one of the inequalities is not true then
the instability sets in. Thus, the double-diffusive system with
cross-diffusive effects, the stability or instability of the system
depends upon the coefficients of the quadratic equation (40)
that is Eq. (33), containing a large number of dimensionless

parameters. The task of discussing stability of the system or
the instabilities can be simplified by fixing some of the param-
eters. Accordingly, some of the parameters are fixed, and it is
observed that for certain values of the governing parameters,
the instability occurs in the above system. We are interested in
finding the critical value of the Darcy–Rayleigh number at the
onset of instability with cross-diffusive effects and the type of
the instability at the onset.

When both the Soret and Dufour effects are present in
the double-diffusive system, the marginal state characterized
by the stationary pattern of convection is given by the rela-
tion (34). It is observed from the relation (34) that the station-
ary or monotonic instability strongly depends on the cross-
diffusion terms, namely the Soret and Dufour coefficients.
Minimizing firstly over n that is at the threshold of convection
(n = 1), and then over the square of wave number (a2), we
obtain the critical value of the Darcy–Rayleigh number at the
onset of stationary convection. Thus, the boundary for mono-
tonic or stationary instability is obtained from relation (34) as

Ra(steady)
Dcr

=
(1−LeDfSr)

(1−LeDf)
4π

2 +
(1−Sr)

(1−LeDf)
RaD,S. (41)

When Sr and Df tend to be zero, the relation (41) becomes
Ra(steady)

Dcr
= 4π2+RaD,S. In the absence of solute (RaD,S = 0),

the critical Darcy–Rayleigh number is given by Ra(steady)
Dcr

=

4π2, which is the critical value of the Darcy–Rayleigh number
for the onset of thermal convection in porous medium, previ-
ously reported by Nield.[20] The critical value of the Darcy–
Rayleigh number for steady convection obtained in the rela-
tion (41) is identical but with an opposite sign to the result
obtained by Motsa[13] for the double-diffusive convection in
a porous fluid layer heated and salted from below. This re-
sult is also identical with the result obtained by Kuznetsov and
Nield[15] considering the regular fluid instead of nanofluid. It
is interesting to note that when Sr = 1, the critical value of
the Darcy–Rayleigh number for steady double-diffusive con-
vection becomes Ra(steady)

Dcr
= 4π2, and is independent of the

Dufour number and solutal Darcy–Rayleigh number, which is
also the critical value of the Darcy–Rayleigh number for ther-
mal convection in porous media.

Considering the minimum value of J2/a2 = 4π2, the con-
dition for the oscillatory instability in this double-diffusive
system obtained from relation (39), satisfying the Solutal
Darcy–Rayleigh number is

RaD,S >
(1−LeDf)−Φ(1−Sr)LeDf

Φ(1−Sr)− (1−LeDf)
4π

2. (42)

If the condition (42) is satisfied, the marginal state is charac-
terized by the oscillatory pattern of convection (ω 6= 0), which
is given by the relation (38), and then the critical value of the
Darcy–Rayleigh number for the oscillatory instability at the
threshold of convection is given by

ΦRa(osc)
Dcr

= (Φ +1)4π
2 +RaD,S. (43)

In the absence of cross-diffusive effects, namely the Soret and
Dufour parameters, the critical value of the Darcy–Rayleigh
number for steady convection becomes Ra(steady)

Dcr
= 4π2 +

RaD,S. Thus, in the absence of cross-diffusion parameters,
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the critical value of the Darcy–Rayleigh number increases
with increasing solutal Darcy–Rayleigh number, so the solu-
tal Darcy–Rayleigh number tends to stabilize the system. The
critical value of Darcy–Rayleigh number for oscillatory con-
vection, from the relation (43), is ΦRa(osc)

Dcr
= (Φ + 1)4π2 +

RaD,S. For all practical values of the parameters, the porosity
parameter must be Φ = (φ/σ)Le > 1,[18] and in that case the
boundary lines for stationary and oscillatory convections can
never be parallel. In this case, the points of intersection of the
boundary lines for stationary and oscillatory convections are
given by

RaD =
Φ

Φ−1
4π

2, RaD,S =
1

Φ−1
4π

2. (44)

The oscillatory convection is not possible for Φ ≤ 1 due to the
relation (36) with the consideration that ω is always real. In
those cases, stationary convection prevails beyond the thresh-
old of convection. When (RaD −RaD,S) exceeds 4π2, long
thin salt fingers are observed. If the salinity gradient is large,
then experiments as well as calculations show that a deep layer
salt fingers become unstable and break down into a series of
convecting layers with fingers confined to the interfaces. It
is observed that as Φ increases to exceed 1, the oscillatory
convection prevails earlier but is always preceded by the sta-
tionary convection for all values of Φ greater than 1, and for
correspondingly small values of the solutal Darcy–Rayleigh
number in the absence of cross-diffusion terms (e.g., Φ = 100,
RaD,S = 0.3984).[21]

For a special type of porous medium when Φ = 1, the
value of the critical Darcy–Rayleigh number (RaD) for os-
cillatory convection at the marginal state becomes Raosc

D =

8π2 +RaD,S. In that case, the boundary lines for the mono-
tonic instability and the oscillatory instability are parallel in
the plane (RaD, RaD,S), so steady convection is always fol-
lowed by oscillatory convection. When Φ 6= 1, the boundary
lines for monotonic and oscillatory instability are intersecting.
The points of intersection are given by

RaD =
Φ(1−Sr)− (1−LeDf)Sr

Φ(1−Sr)− (1−LeDf)
4π

2,

RaD,S =
(1−LeDf)−Φ(1−Sr)LeDf

Φ(1−Sr)− (1−LeDf)
4π

2. (45)

It is worth noting that the Dufour effects are prominent in
gases. In liquids, its value is negligible, smaller than the Soret
term by one order. Now we shall study the influences of the
Soret effect on the double-diffusive convection in the absence
of Dufour effects or with its constant value. In both cases,
we observe the same result. The critical value of the Darcy–
Rayleigh number for stationary convection and the condition
for oscillatory convection with the frequency of the periodic
convection depend on the Soret coefficient when the Dufour
parameter is held constant, while the value of critical Darcy–
Rayleigh number for oscillatory convection does not depend
on the Soret or Dufour coefficient. Now in the presence of so-
lute (RaD,S 6= 0), the critical value of the Darcy–Rayleigh num-
ber for stationary convection decreases when the Soret number
increases, but less than 1, which is observed in Fig. 2. Hence,
the Soret effect serves to advance the onset of convection, i.e.,

it destabilizes the flow. For the Soret number greater than or
equal to 1, the oscillatory convection is not observed, as fol-
lows from the relation (36) in which ω is always real. Also for
the Soret number greater than or equal to 1, the stationary con-
vection does not prevail. As the Soret number increases, the
region of stability decreases in the RaD–RaD,S plane, which is
justified in Fig. 3. Thus, the Soret effect destabilizes the flow,
so that the convection sets in earlier.

Sr=0.008

Sr=0.08

Sr=0.8

0 5 10 15 20 25

50

48

46

44

42

40

38

a
2

R
a
D

Fig. 2. Variations of Darcy–Rayleigh number with the square of the
wave number for different values of the Soret number in stationary
convection with Le = 100, RaD,S = 1.0, Df = 0.0005, and Φ = 10.
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Fig. 3. Effects of the Soret number on the boundary of monotonic
or stationary instability in the RaD–RaD,S plane with Le = 100, and
Df = 0.0005.

Next, we shall study the influences of Dufour effects on
the double-diffusive convection. In this case, we also observe
the same result in the absence of Soret parameter or with its
fixed value. It is observed in Fig. 4 that the critical value of
the Darcy–Rayleigh number for stationary convection will in-
crease when the Dufour number increases, provided that the
value of Dufour number Df < (1/Le) depends on the Lewis
number, so that the Dufour effect serves to delay the onset of
convection, i.e., it stabilizes the flow. As the Dufour number
increases, the region of stability increases in RaD–RaD,S plane,
which is justified in Fig. 5. Hence, the Dufour effect tends to
stabilize the double-diffusive system, resulting in the delay of
convection.

The critical value of the Darcy–Rayleigh number for the
oscillatory convection at the marginal state depends on the
porosity parameter Φ , as shown by the relation (43). Fig-
ure 6 exhibits that the oscillatory convection prevails earlier
with higher value of Φ . Hence, the increasing porosity param-
eter has tendency to destabilize the fluid flow. It is also to be
noted that the frequency of oscillation decreases for increasing
Soret number, while increases with increasing Dufour number,
as depicted in Figs. 7 and 8, respectively.
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Fig. 4. Variations of the Darcy–Rayleigh number with the square
of the wave number for different values of the Dufour number in
stationary convection with Le = 100, RaD,S = 1.0, Sr = 0.6, and
Φ = 10.0.
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Fig. 5. Effects of the Dufour number on the boundary of monotonic
or stationary instability in the RaD–RaD,S plane with Le = 100, and
Sr = 0.6.
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Fig. 6. Variations of the Darcy–Rayleigh number with the square
of the wave number for different values of the porosity parameter
Φ in oscillatory convection with Le = 100, and RaD,S = 1.0.
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Fig. 7. Variations of the square of frequency of the periodic con-
vection with the square of the wave number for different values of
the Soret number with Le = 100, RaD,S = 1.0, Df = 0.0005, and
Φ = 10.0.
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Fig. 8. Variations of the square of the frequency of the periodic
convection with the square of the wave number for different values
of the Dufour number with Le = 100, RaD,S = 1.0, Sr = 0.6, and
Φ = 10.0.

Φ=10
Φ=20
Φ=30

R
a
D

8

41.5

41.1

40.7
10 12
a


0 5 10

steady

15 20

a


R
a
D

50

48

46

44

42

40

38

Fig. 9. Variations of the Rayleigh number with the square of the
wave number for steady and oscillatory convections with Le = 100,
RaD,S = 1.0, Sr = 0.0, and Df = 0.0001.

Φ=10
Φ=20
Φ=30

steady

0 5

8 10

41.4

41.0

40.6
12

10 15 20

a


a


R
a
D

R
a
D

50

46

42

38

Fig. 10. Variations of Rayleigh number with the square of the
wave number for steady and oscillatory convections with Le = 100,
RaD,S = 1.0, Sr = 0.08, and Df = 0.0001.

It is not possible to conclude analytically the type of in-
stability at the onset when both the cross-diffusion terms are
present in the relations (34) and (38). We investigate the nature
of instability at the onset numerically with the help of graphs.
It is observed from Fig. 9 that the entire curve representing the
oscillatory convection lies below the curve representing the
steady convection for Sr = 0.0, Df = 0.0001, Φ = 30, and thus
Ra(osc)

Dcr
< Ra(steady)

Dcr
. Hence, for these values of the Soret, Du-

four and porosity parameters, the onset of instability is man-
ifested by oscillatory convection. However, in Fig. 10, with
Sr = 0.08, Df = 0.0001, and Φ = 10, 20, 30, it is observed
that the entire curve representing the steady convection lies
below the curves representing the oscillatory convection, so
the steady convection prevails at the onset. It is observed in
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Fig. 11 that with Sr = 0.08, Df = 0.0005, and Φ = 20, 30, the
onset is manifested by the oscillatory convection. It is shown
in Fig. 12 that for Sr = 0.6, Df = 0.0005, and Φ = 10, 20, 30,
the steady convection prevails at the onset. Thus, analyzing the
graphs in Figs. 9–12, we find that the increasing Dufour num-
ber with higher value of the porosity parameter provokes os-
cillatory instability at the onset, whereas the increasing Soret
number instigates stationary instability at the onset. Hence,
the type of instability at the onset is influenced by the Soret
and Dufour effects along with the porosity parameter.
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Fig. 11. Variations of the Rayleigh number with the square of the
wave number for steady and oscillatory convection with Le = 100,
RaD,S = 1.0, Sr = 0.08, and Df = 0.0005.
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Fig. 12. Variations of the Rayleigh number with the square of the
wave number for steady and oscillatory convections with Le = 100,
RaD,S = 1.0, Sr = 0.6, and Df = 0.0005.

6. Conclusions
Linear stability analysis for the onset of convection is

employed to investigate the effects of cross-diffusion terms
on the double-diffusive convection in a horizontal viscous
porous fluid layer heated and salted from above with stress-
free boundaries. The principal aim of this work is to find

the critical value of the Darcy–Rayleigh number at the onset
of double-diffusive convection taking into account Soret and
Dufour effects and their roles on the onset of instabilities. It
was found that in the case of stationary instability, the critical
values of the Darcy–Rayleigh number will decrease when the
Soret number increases, so the Soret parameter has a destabi-
lizing effect. On the other hand, it will increase as the Dufour
number increases, so the Dufour parameter has a stabilizing
effect in this double-diffusive system. The critical value of
Darcy–Rayleigh number at the onset of the oscillatory con-
vection does not depend on the cross-diffusion coefficients, but
depends on the porosity parameter. The porosity parameter has
a destabilizing effect on the oscillatory convection. The effects
of cross-diffusion parameters on the frequency of the oscilla-
tory convection are also obtained. The analysis also reveals
that the type of instability at the onset of double-diffusive con-
vection is influenced by the cross-diffusion terms and porosity
parameter.
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