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Dynamics of optical rogue waves in
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We propose a unified theory to construct exact rogue wave solutions of the (2+1)-dimensional nonlinear Schrödinger
equation with varying coefficients. And then the dynamics of the first- and the second-order optical rogues are investigated.
Finally, the controllability of the optical rogue propagating in inhomogeneous nonlinear waveguides is discussed. By
properly choosing the distributed coefficients, we demonstrate analytically that rogue waves can be restrained or even be
annihilated, or emerge periodically and sustain forever. We also figure out the center-of-mass motion of the rogue waves.
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1. Introduction
Rogue waves, also known as freak waves, monster waves,

killer waves, giant waves, and extreme waves, are first ob-
served in the sea and are a fascinating destructive phenomenon
appearing in nature.[1] Rogue waves are a concept intro-
duced by Draper.[2] Peregrine first presented the basic solu-
tion (known as the Peregrine soliton)[3] to describe the rogue
wave phenomenon. But rogue waves have not been fully
explained so far and were considered as a myth for a long
time.[4–6] Recently, the idea of rogue waves has been extended
far beyond oceanic expanses. The concept has been applied
to pulses emerging in the nonlinear oceanography,[1,7,8] the
nonlinear optics,[9–16] the propagation of acoustic waves in
superfluids,[17,18] the mean-field theory of the Bose–Einstein
condensates,[19–22] optical cavities,[23] ion-acoustic and Alfvén
wave propagations in plasmas,[24] the propagation of acoustic-
gravity waves in the atmosphere,[25] and even in finance.[26]

One possible mathematical model for rogue waves uses
the rational solutions of the nonlinear Schrödinger equation
(NLSE). In China, relevant studies are still scarce, for exam-
ple, Yan investigated the financial one- and two-rogon,[26–29]

and He et al. investigated the rogue wave solutions of the new
nonautonomous NLSE and the derivative NLSE.[30–32]

Optical rogue waves, discovered by Solli et al.,[9] consti-
tute a fascinating topic in modern nonlinear optics.[12,13] At
present, most of the knowledge on the optical rogue waves
is from studies of the supercontinuum generation in optical
fibers under a variety of operating conditions in the propaga-
tion regimes ranging from continuum wave (CW) to femtosec-

ond pulses, and has been shown to share a great similarity with
the waves’ hydrodynamical counterparts.[4] As far as we know,
most of the experimental and theoretical studies are focused
on optical pulses propagating in the nonlinear optical mate-
rial governed by the (1+1)-dimensional nonlinear Schrödinger
equation,[33–41] the higher-dimensional cases have been less
investigated.[42–45] The goal of this paper is to construct the
exact rogue wave solutions of the (2+1)-dimensional NLSE
with varying coefficients and investigate the dynamics of the
optical rogue waves propagating in inhomogeneous nonlinear
waveguides.

2. Rogue wave solutions of (2+1)-dimensional
NLSE with varying coefficients

We model the generation of these rogue waves using the
following (2+1)-dimensional NLSE in inhomogeneous non-
linear waveguides with distributed coefficients:[34,39,40,42]

i
∂u
∂ z

+
β (z)

2
∆⊥u+χ(z)|u|2u = ig(z)u, (1)

where u(z,x,y) is the complex envelope of the electrical field
in the moving frame, z is the normalized distance of propaga-
tion, x and y are the normalized coordinates in the transverse
plane, and ∆⊥ is the Laplacian (diffraction operator) acting on
transverse coordinates (x,y). The function β (z) describes the
management of diffraction, g(z) denotes the gain (g > 0) or
loss (g < 0), and χ(x) represents the focusing (χ > 0) or de-
focusing (χ < 0) cubic nonlinearity.
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In order to investigate the dynamic properties of the opti-
cal rogue wave solution for Eq. (1), we employ the similarity
transformation

u = ρ(z)U(Z(z),X(z,x,y))exp[iϕ(z,x,y)], (2)

where functions ρ(z) and ϕ(z,x,y) represent the amplitude
and the phase, respectively, the real function X is the simi-
larity variable, and Z is a real function of z, which denotes the
effective propagation distance. The complex function U(Z,X)

satisfies the following NLSE with constant coefficients:

iUZ +
1
2

UXX + |U |2U = 0, (3)

which is obtained by substituting Eq. (2) into Eq. (1) with the
following set of differential equations being satisfied:

ρz−
1
2

βρ(ϕxx +ϕyy)+gρ = 0, (4)

Xz +β (Xxϕx +Xyϕy) = 0, (5)

ϕz +
1
2

β (ϕ2
x +ϕ

2
y ) = 0, (6)

β (X2
x +X2

y )−Zz = 0, χρ
2−Zz = 0, (7)

Xxx +Xyy = 0. (8)

Following Eq. (8), we define the similarity variable as

X = k(z)x+ l(z)y+ p(z), (9)

where k, l, and p are three real functions of propagation dis-
tance z, which are to be determined. Substituting Eq. (9) into
Eq. (5), we obtain

ϕ =− 1
2β

(
kz

k
x2 +

lz
l

y2
)
+

pzβ

2

(x
k
+

y
l

)
+ϕ0(z), (10)

where ϕ0(z), k(z), l(z), and p(z) can be determined by insert-
ing Eq. (10) in Eq. (6). After some algebra, we can express the
above four real functions as

k = k0

(
c0− c1

∫ z

0
β (s)ds

)−1

, (11)

l = l0

(
c0− c1

∫ z

0
β (s)ds

)−1

, (12)

p = c2 +
∫ z

0
β (s)

(
c0− c1

∫ z

0
β (s)ds

)−2

ds, (13)

ϕ0 =−
k2

0 + l2
0

8k2
0l2

0

∫ z

0
β (s)

(
c0− c1

∫ z

0
β (s)ds

)−2

ds, (14)

where k0, l0, c0, c1, and c2 are real constants. We should note
that c1 is related to the initial chirp parameter of the input
pulse, c0− c1

∫ z
0 β (s)ds is a positive function of z which de-

scribes the change of the pulse’s width, and
∫ z

0 β (s)ds stands
for the accumulated dispersion.

Further, we can get the amplitude and the effective prop-
agation distance as

ρ = ρ0
√

kl exp
[∫ z

0
g(s)ds

]
, (15)

Z =
∫ z

0
β (s)(k2 + l2)ds+Z0. (16)

We should note that the reduction of Eq. (1) into Eq. (3) re-
quires the following controllability condition:

χ =
β (k2 + l2)

ρ2
0 l2k2 exp(2

∫ z
0 g(s)ds)

. (17)

This integrability condition was firstly found in Ref. [44], and
also was obtained in the latter researches.[35,36,40]

As we all know, equation (3) has been extensively inves-
tigated, and many kinds of analytic solutions have been ob-
tained, such as dark soliton, bright soliton, soliton pair, and
rational-oscillatory solutions. In this paper, we are interested
in the rational-oscillatory solution, which was firstly derived
by Peregrine in 1983.[3] Here applying the Galilean transfor-
mation to the rogue wave solution,[3,4] then we have

U =

[
1− 4+8i(Z−Zc)

1+4[X− v(Z−Zc)]2 +4(Z−Zc)2

]
× exp

[
i
(

1− v2

2

)
(Z−Zc)+ ivX

]
, (18)

where Zc and v are two arbitrary constants, Xc = v(Z−Zc) is
the center of the rogue wave, and Z = Zc is the position where
the rogue wave emerges and disappears. Therefore, the opti-
cal rogue wave solution of Eq. (1) can be easily constructed by
substituting Eq. (18) into the similarity transformation (2).

3. Propagation of optical rogue waves in inho-
mogeneous nonlinear waveguides
Next, we will investigate how to control the optical rogue

waves that propagate in inhomogeneous nonlinear waveg-
uides. As far as we know, there are some studies to control
the dynamic of rational solitons,[35] such as the latest work
of Tian et al. who used the relation between the transformed
propagation distance Z and the original propagation distance
z in the context of the lens-type transformation to control the
rational soliton. Inspired by the idea reported in Refs. [35]
and [37], we investigate the controllability of the optical rogue
waves propagating in inhomogeneous nonlinear waveguides
through the relation between the effective propagation distance
Z (Eq. (16)) and the normalized propagation distance z. Here,
we consider the periodical distributed system with the coeffi-
cient

β = β0cos(ωz). (19)

According to Eq. (17), the cubic nonlinear coefficient should
be expressed as

χ =
β0(k2

0 + l2
0)

k2
0l2

0
cos(ωz)exp

[
−2
∫ z

0
g(s)ds

]
.
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For simplicity, we take the parameters c2 = 0 and Z0 = 0. From
Eqs. (9) and (16), the similarity variable and the effective prop-
agation distance are respectively given by

X =
ω(k0x+ l0y)

c0ω− c1β0 sin(ωz)
+

ω

c1[ω− c1β0 sin(ωz)]
, (20)

Z =
(k2

0 + l2
0)ω

c1[ω− c1β0 sin(ωz)]
. (21)

Specifically, for c1 = 0, they satisfy

X = (k0x+ l0y)+
β0 sin(ωz)

ω
, (22)

Z =
(k2

0 + l2
0)β0 sin(ωz)

ω
. (23)

Next we analyze the case of chirp-free optical rogue
wave. From Eqs. (2), (18), and (22), we find the position
of the chirp-free optical pulse’s center Xc = β0[v(k2

0 + l2
0)−

1]sin(ωz)/ω−vZc, where we have taken c0 = 1, which means
that the center of the optical pulse will oscillate periodically
when v(k2

0 + l2
0) 6= 1. Moreover, from Eq. (23), we note

that the effective propagation distance Z is a periodic func-
tion of the normalized propagation distance z. The continu-
ous real distance z can be set from 0 to infinity, while from
Eq. (23), the value of Z is confined as −(k2

0 + l2
0)β0/ω ≤ Z ≤

(k2
0 + l2

0)β0/ω . We know that the evolution of the initial pulse
u(0,x,y) in Eq. (1) is equivalent to the evolution of the ini-
tial pulse U(0,X) in Eq. (3) under the similarity transforma-
tion (2).[35,37] Therefore, if we let Z < Zc, then the rogue wave
will not be fully excited (can be restrained), since the rogue
wave reaches its maximum amplitude at Z = Zc in the frame-
work of Eq. (3). While if the maximum value of Z (Eq. (22))
is larger than Zc, the optical rogue wave will emerge repeat-
edly along the propagation distance, as shown in Fig. 2. We
should note that the word ‘repeatedly’ here does not mean
propagating periodically as shown in Fig. 1(b). Specially,
when (k2

0 + l2
0)β0/ω = Zc, the rogue wave could be excited

periodically along the propagation distance with period 2π/ω

(Fig. 2(a)). Finally, if Z(z→ ∞) = Zc, the completely excited
optical rogue wave will sustain itself for a long time.

From Figs. 1 and 2, we note that the position where the
chirp-free optical rogue waves emerge can be predicted with
the similarity transformation employed in this paper. Specifi-
cally, the optical rogue wave emerges at z = arcsin[Zcω/(k2

0 +

l2
0)]/ω+2nπ/ω , where n= 0,1,2 . . . is a non-negative integral

number. In Fig. 3. the rogue wave is effectively restrained.
And we know that the rogue wave can be restrained to the
desire extent according to the similarity transformation. The
insets of Figs. 1(a), 2(a), and 3(a) depict the effective propaga-
tion distance Z varying with the normalized distance z. From
the insets, we can find the principle for controlling the opti-
cal rogue wave to emerge repeatedly, periodically, or be re-
strained.
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Fig. 1. (color online) (a) Repeated emergence of the optical rogue wave
with parameters g(z) = 0, k0 = 1, l0 = 2, Zc = 10, v = 0.1, ω = 0.2,
and the other parameters are specified in the text. In the inset, the solid
blue curve depicts the effective propagation distance Z varying with the
normalized distance z, and the dashed red lines stand for Z = ±Zc. (b)
The corresponding contour plot. The red solid line denotes the center
of the optical pulse.
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Fig. 2. (color online) (a) Periodic emergence of an optical rogue wave
with ω = 0.5, and the other parameters are the same as those in Fig. 1.
In the inset, the solid blue curve depicts the effective propagation dis-
tance Z varying with the normalized distance z, and the dashed red lines
stand for Z = ±Zc. (b) The corresponding contour plot. The red solid
line denotes the center of the optical pulse.
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Fig. 3. (color online) (a) Evolution of the restrained optical rogue wave
with ω = 0.8, and the other parameters are the same as those in Fig. 1.
In the inset, the solid blue curve depicts the effective propagation dis-
tance Z varying with the normalized distance z, and the dashed red lines
stand for Z = ±Zc. (b) The corresponding contour plot. The red solid
line denotes the center of the optical pulse.

Note for Z in the constant coefficient NLSE (3), a rogue
wave appears from nowhere and disappears without a trace,
while for the continuous real distance z, the rogue wave ex-
hibits a periodic behavior due to the periodic function of the
normalized propagation distance z in Eq. (23). That is, when
the rogue wave finishes the first excitation (Fig. 2) or restraint
(Fig. 3), the next excitation or restraint appears again due to
the periodic function of the continuous real distance z, thus
the characteristic, i.e., appearing from nowhere and disappear-
ing without a trace, of the autonomous rogue wave is changed,
and the periodic excitation or restraint for the nonautonomous
rogue wave is exhibited. This kind of behavior for the nonau-
tonomous rogue wave is the breather of a rogue wave on the
background of the continuous wave. This new property results
from the nonautonomous characteristic of the rogue wave, i.e.,
the amplitude, the width, the phase, and the effective propa-
gation distance of the solution are influenced by the function
β (z).

Similarly, we can also investigate the case of chirped op-
tical rogue wave by applying Eqs. (20) and (21) to the solution
(Eq. (18)).

It is worth noting that there also exist higher-order ratio-
nal solutions in Eq. (3),[46,47] thus the dynamics of the higher-
order optical rogue wave solutions of Eq. (1) can be investi-
gated. As an example, we construct the second-order optical

rogue wave solution of Eq. (1) and discuss the dynamics of the
second-order rogue wave. We present the second-order Pere-
grine soliton solution of Eq. (3) as

U =

(
1− G+ iH

D

)
exp(iZ), (24)

where

G = − 3
16

+
3
2

X2 +X4 +
9
2

Z2 +6X2Z2 +5Z4,

H =

(
−15

8
−3X2 +2X4 +Z2 +4X2Z2 +2Z4

)
Z,

D =
3

64
+

9
16

X2 +
X4

4
+

X6

3
+

33
16

Z2− 3
2

X2Z2

+X4Z2 +
9
4

Z4 +X2Z4 +
1
3

Z6.

Similarly, by applying the Galilean transformation to the
second-order Peregrine soliton solution (Eq. (24)), we obtain
the second-order optical rogue wave solution of Eq. (1)

u = ρ(z)U [X− v(Z−Zc),Z−Zc]

× exp[iϕ(z,x,y)+ i
(

1− v2

2

)
(Z−Zc)+ ivX ], (25)

where ρ , ϕ , Z, and X are given in Eqs. (9)–(16). To inves-
tigate the controllable behaviors and the interaction of the
second-order optical rogue waves, we use a diffraction coef-
ficient (Eq. (19)) the same as that discussed in the first-order
optical rogue wave. Figures 4(a) and 4(b) present the com-
parison of the second-order optical rogue waves propagating
in bulk optical media with parameters ω = 0.33 and ω = 0.4,
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Fig. 4. (color online) (a) Periodical emergence of completed excited
second-order optical rogue wave on the continuous-wave background
with ω = 0.33. (b) Evolution plot of the restrained rogue wave with
ω = 0.4.
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respectively. In Fig. 4(a), we can see that the completely ex-
cited second-order rogue wave emerges periodically along the
propagation distance z. While in Fig. 4(b) we find that the
second-order optical rogue wave propagating along the nor-
malized distance z is restricted. The reason for the above
phenomena can be clearly explained by the theory discussed
in the first-order optical rogue wave. To be specific, when
ω < [(k2

0 + l2
0)− β0c1Zc]/Zc, the rogue will emerge repeat-

edly along the distance z; when ω = [(k2
0 + l2

0)−β0c1Zc]/Zc,
the rogue will emerge periodically along the distance z; while
when ω > [(k2

0+ l2
0)−β0c1Zc]/Zc, the rogue will be restrained.

4. Conclusion
In summary, we have constructed the exact optical rogue

wave solutions of the (2+1)-dimension NLSE with distributed
coefficients via a similarity transformation. Moreover, we in-
vestigate the dynamics of the first- and the second-order opti-
cal rogue waves propagating in a periodical distributed sys-
tem. As a result, we present the condition for controlling
the dynamics of the first- and the second-order optical rogue
waves. We believe that the method of controlling the rogue
wave shown in this paper would be useful not only in non-
linear optics but also in many other fields of science, such as
nonlinear oceanography and Bose–Einstein condensates.
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