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Consensus of second-order multi-agent systems
with nonuniform time delays∗
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In this study, the consensus problem for a class of second-order multi-agent systems with nonuniform time delays is
investigated. A linear consensus protocol is used to make all agents reach consensus and move with a constant velocity. By
a frequency-domain analysis, a simplified sufficient condition is given to guarantee the consensus stability of the dynamic
system. Finally, the effectiveness of the obtained theoretical results is illustrated through numerical simulations.
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1. Introduction
Distributed coordination control of multi-agent systems

has attracted a great number of researchers with different back-
grounds, such as physics, biology, control theory, robotics, and
computer science. One of the fundamental problems in this
area is called a consensus control problem, i.e., to design ap-
propriate network protocols such that all agents asymptotically
reach an agreement.

In the past few years, numerous results have been ob-
tained for distributed consensus problems of multi-agent
systems.[1–20] In Ref. [1], Jadbabaie et al. provided a the-
oretical explanation for the observed behavior reported in
Ref. [2] and analyzed the alignment of an undirected network
of agents with switching topologies that are periodically con-
nected. In Refs. [3]– [8], some protocols were presented for
multi-agent systems, which make all agents track a leader or
reach consensus on a static value. Protocols were introduced
in Refs. [9]–[11], which enable agents to reach consensus and
move together with a constant velocity in the absence and
presence of time delay. Bliman et al.[12] and Tian et al.[13,14]

used the frequency-domain analysis approach to investigate
nonuniform delays for first-order multi-agent systems with
fixed topology. Moreover, consensus protocols for first- and
second-order multi-agent systems were formally introduced in
Refs. [15]–[20], in which consensus problems were addressed
with time delays. Furthermore, in Refs. [17]–[20], consensus
protocols were discussed not only with time delays, but also
with dynamically switching topologies.

Motivated by the above review, we study the consensus
problem for second-order multi-agent systems with nonuni-
form time delays in this paper. Firstly, the original system is

changed into an equivalent system by transforming the model.
Then, based on this equivalent system, a frequency-domain
method is employed to give a sufficient condition which can
guarantee the consensus stability of the system. In Ref. [11],
a sufficient and necessary condition is given for the case of all
equal time delays. However, we investigate the nonuniform
time delay case, which is more general and simple.

The rest of this paper is organized as follows. In Sec-
tion 2, some basic notations and some concepts in graph the-
ory are introduced. In Section 3, the second-order model con-
cerned is formulated and a consensus protocol is proposed.
The main results are shown in Section 4. In Section 5, numer-
ical simulations are provided to demonstrate the effectiveness
of the obtained theoretical results. We conclude this paper in
Section 6.

2. Notations and preliminaries
The following notations will be used throughout this pa-

per. The Rm denotes the set of all m-dimensional real column
vectors; Cm denotes the set of all m-dimensional complex col-
umn vectors; Im denotes the m-dimensional unit matrix; 1 rep-
resents [1,1, . . . ,1]T with compatible dimensions (sometimes,
1n is used to denote 1 with dimension n); 0 denotes zero value
or zero matrix with appropriate dimensions; the symbol ∗ de-
notes the symmetric term of a symmetric matrix.

Let G(V ,𝜀,A ) be a weighted undirected graph of order
n, where V = [v1, . . . ,vn] is the set of nodes with node i rep-
resenting the i-th agent, 𝜀⊆ V ×V is the set of edges, and
A =[ai j] ∈ Rn×n is a symmetric weighted adjacency matrix.
The node indexes belong to a finite index set I = [1,2, . . . ,n].
An directed edge of G is denoted by ei j = (vi,v j), where the
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first element vi of the ei j is said to be the tail of the edge and
v j to be the head. The symmetric adjacency matrix is de-
fined as aii = 0 and ai j = a ji ≥ 0. ai j > 0 if and only if there
exists an edge between node vi and node v j. The set of neigh-
bors of node vi is denoted by Ni = {v j ∈ V : (vi,v j) ∈ ε}.
The in-degree and out-degree of node vi are defined respec-

tively as degin(vi) =
n

∑
j=1

a ji and degout(vi) =
n

∑
j=1

ai j. Then, the

Laplacian matrix corresponding to the weighted undirected
graph is defined as 𝐿 = [li j] ∈ Rn×n, where lii = degout(vi)

and li j = −ai j (i 6= j). Obviously, 𝐿 = 𝐿T for any undi-
rected graph. A path is a sequence of ordered edges of the
form (vi1 ,vi2),(vi2 ,vi3), . . ., where vi j ∈ V . If there exists
a path from every node to every other node, the graph is
said to be connected. The G is called a balanced digraph,
if degin(vi) = degout(vi) (i = 1,2, . . . ,n). The G is called an
undirected graph, if A is a symmetric matrix.

Lemma 1[21] If the graph G is connected, then its Lapla-
cian 𝐿 satisfies: (i) zero is a simple eigenvalue of 𝐿, and 1 is
the corresponding eigenvector, i.e., 𝐿1 = 0 and 1T𝐿 = 0; (ii)
the rest (n−1) eigenvalues are all positive and real numbers.

3. Problem formulation
Suppose that the multi-agent system under considera-

tion consists of n agents. Each agent is regarded as a node
in an undirected graph Gσ(t), where σ(t) : [0,+∞) → P =

{1,2, . . . ,N} (N ∈ Z+ denotes the total number of all possi-
ble graphs) is a switching signal that determines the commu-
nication topology, and the time interval between every two
switching times is larger than a specified constant T . Each
edge (v j,vi) ∈ ε(Gσ(t)) or (vi,v j) ∈ ε(Gσ(t)) corresponds to
an available information channel between agent vi and agent
v j at time t. The set of the neighbors of the i-th agent associ-
ated to the graph Gσ(t) is denoted by Nσ(t),i. The Laplacian of
the graph Gσ(t) is denoted by 𝐿σ(t). Moreover, each agent up-
dates its current state based on the information received from
its neighbors. To simplify the notation, σ(t) will be written as
σ .

Precisely, the i-th second-order agent dynamics at time t
is given as follows:

ẋi(t) = vi(t), v̇i(t) = ui(t), (1)

where xi(t) ∈ R is the position state with the initial condition
xi(s) = xi(0) (s ∈ (−∞,0]), vi(t) ∈ R is the velocity state, and
ui(t) ∈ R is the control input at time t (i = 1,2, . . . ,n).

The control input (or protocol) ui(t) can solve the consen-
sus problem asymptotically, if and only if the states of agents
satisfy

lim
t→+∞

[xi(t)− x j(t)] = 0,

lim
t→+∞

[vi(t)− v j(t)] = 0, (i, j ∈I ).

In this paper, we consider the consensus problem for net-
works of agents with nonuniform time delays. To solve this
problem, we propose the following linear consensus protocol:

ui(t) = −kvi(t)+ ∑
v j∈Nσ ,i

ai j (t)

× (x j (t− τi j (t))− xi (t− τi j (t)))

+
2
k ∑

v j∈Nσ ,i

ai j (t)(v j (t− τi j (t))− vi (t− τi j (t))) , (2)

where k > 0 denotes the feedback gains, τi j(t) = τ ji(t) is the
time-varying delay for the i-th agent to gain the state infor-
mation of the j-th agent. Suppose that the system has M
different time delays, denoted by τm(t) ∈ {τi j(t), i, j ∈ I }
(m = 1,2, . . . ,M).

Let

v̄i (t) =
2
k

vi (t)+ xi (t) ,

𝜑(t) = [x1 (t) , v̄1 (t) , . . . ,xn (t) , v̄n (t)]
T ,

𝐴=

[
− k

2
k
2

k
2 −

k
2

]
, 𝐵 =

[
0 0

0 2
k

]
.

Using consensus protocol (2), we summarize the network dy-
namics as

𝜑̇(t) = (𝐼n⊗𝐴)𝜑(t)

−
M

∑
m=1

(𝐿σm⊗𝐵)𝜑(t− τm(t)) , (3)

with the initial condition 𝜑(s) = 𝜑(0), s ∈ (−∞,0], where
(𝐿σm ⊗𝐵) is the coefficient matrix of the variable 𝜑(t −

τm(t)) (m = 1,2, . . . ,M). Clearly, 𝐿σ =
M

∑
m=1

𝐿σm.

If all time delays are equal to zero, then system (3) can be
rewritten as

𝜑̇(t) = (𝐼n⊗𝐴−𝐿σ ⊗𝐵)𝜑(t) . (4)

4. Analysis and results
In this section, we will provide the convergence analysis

of the consensus problem for second-order multi-agent sys-
tems with nonuniform time delays.

Lemma 2 Suppose that the communication graph is fixed
and connected. The matrix (𝐼n⊗𝐴−𝐿σ ⊗𝐵) has a simple
zero eigenvalue, and all other eigenvalues have negative real
parts.

Proof From Lemma 1, 𝐿σ = 𝐿T
σ , so there is an orthog-

onal matrix 𝑊 , such that 𝑊 T𝐿σ𝑊 = diag{0,λ2, . . . ,λn},
where 0 and λ j > 0 ( j = 2,3, . . . ,n) are the eigenvalues of 𝐿σ .
It follows that

(𝑊 ⊗𝐼2)
T (𝐼n⊗𝐴−𝐿σ ⊗𝐵)(𝑊 ⊗𝐼2)

= diag{𝐴,𝐴−λ2𝐵, . . . ,𝐴−λn𝐵} . (5)
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Through simple calculations, we can see that the eigenvalues
of 𝐴 are 0, and the eigenvalues of (𝐴−λ j𝐵) have negative
real parts. Hence, the matrix (𝐼n⊗𝐴−𝐿σ ⊗𝐵) has a sim-
ple zero eigenvalue, and all its other eigenvalues have negative
real parts.

Theorem 1 Consider the network of multi-agents with
nonuniform time delays. Suppose that the communication
graph is fixed and connected. If 0 ≤ τm < kπ/(2λmax), the
protocol (2) can solve the consensus problem of the system
(3).

Proof Consider the system (3) in the frequency domain.
Let 𝜑(s) = 𝐺−1

τ (s)φ(0), where 𝐺τ(s) = s𝐼2n − 𝐼n ⊗𝐴+
M

∑
m=1

(𝐿σm⊗𝐵) e−τms. Suppose that s = jw 6= 0 is an imag-

inary root of 𝐺τ(s), and 𝑢 = 𝑢1⊗ [1,0]T +𝑢2⊗ [0,1]T is a
corresponding eigenvector, where ‖𝑢‖= 1, and 𝑢1,𝑢2 ∈ Cn.

To study the stability of the system (3), we only need
to consider the values of time delays to guarantee 𝐺τ(s) has
nonzero roots on imaginary axis. Then, we have[

jw𝐼2n−𝐼n⊗𝐴+
M

∑
m=1

(𝐿σm⊗𝐵) e−τm jw

]
𝑢= 0, (6)

where u is the eigenvector associated with the eigenvalue jw.
Let αm

.
= 𝑢∗Lσm𝑢/(𝑢

∗𝑢), then it follows that

w𝑢∗1𝑢1 +w𝑢∗2𝑢2

+
2
k

M

∑
m=1

αm𝑢
∗
2𝑢2 (−sinwτm) = 0, (7)

k
2
(𝑢∗1𝑢1 +𝑢∗2𝑢2)−

k
2
(𝑢∗1𝑢2 +𝑢∗2𝑢1)

+
2
k

M

∑
m=1

αm𝑢
∗
2𝑢2 coswτm = 0.

Thus,

M

∑
m=1

αm𝑢
∗
2𝑢2 sinwτm =

k
2

w, (8)

M

∑
m=1

αm𝑢
∗
2𝑢2 coswτm

=

(
k
2

)2

(𝑢∗1𝑢2 +𝑢∗2𝑢1−𝑢∗1𝑢1−𝑢∗2𝑢2)≤ 0.

It is easy to see that

|w| ≤ 2
k

M

∑
m=1

αm =
2
k
𝑢∗𝐿σ𝑢

𝑢∗𝑢
≤ 2

k
λmax,

where λmax is the largest eigenvalue of Lσ .
By adjusting τm to satisfy wτm ≤ π/2 (for m =

1,2, . . . ,M), we have

0≤
M

∑
m=1

αm𝑢
∗
2𝑢2 coswτm ≤ 0.

Then, it is easy to see that wτm = π/2, namely τm = π/(2w),
and

|w|= 2
k

M

∑
m=1

αm𝑢
∗
2𝑢2 =

1
k
𝑢∗Lσ𝑢

𝑢∗𝑢
≤ 1

k
λmax.

Therefore, if 0 < τm < kπ/(2λmax), there is no nonzero imag-
inary eigenvalue in the system.

From Lemma 2, when τm = 0 for all m = 1,2, . . . ,M, the
system (3) has a simple zero eigenvalue and all other eigenval-
ues have negative real parts. From the continuity of function,
the real part of each eigenvalue of the system does not change
the sign when τm varies in the interval [0,kπ/(2λmax)). More-
over, it is easily obtained that the eigenvector associated with
zero eigenvalue are 12n from system (6) with w = 0. Thus,
the system (3) finally converges to the space spanned by the
vectors 12n. Namely, lim

t→+∞
[φi(t)−φ j(t)] = 0. Thus,

lim
t→+∞

[xi(t)− x j(t)] = 0, lim
t→+∞

[vi(t)− v j(t)] = 0,

for all i and j from the definition of 𝜑(t). We complete the
proof of the theorem.

In the protocol (2), the local feedback velocity gain and
distributed velocity feedback gain have the same form of k,
which makes the protocol not have a general form. The fu-
ture work will consider the general form of the protocol (2)
to eliminate such a constraint. On the other hand, the proto-
col (2) contains the velocity feedback damping part that makes
all agents’ velocity finally vanish. The next work will be di-
rected to the case where the velocity feedback damping part
is removed in the protocol (2), which is more complicated to
deal with following the line of the proof of Theorem 1.

5. Simulations
In this section, numerical simulations are given to demon-

strate the effectiveness of the theoretical results obtained. The
undirected graph with 4 nodes is shown in Fig. 1. The graph
is connected and the weight of each edge is 1. The parameter
k is set as 1.

1 2

3 4

Fig. 1. The undirected graph with 4 nodes.

From Theorem 1, it can be derived that when τmax ≤
0.7854, the system (3) reaches the consensus. Figures 2 and
3 show the corresponding simulation results with τ12 = τ21 =

τ13 = τ31 = 0.1 and τ24 = τ42 = τ34 = τ43 = 0.2. It is clear
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that all agents finally reach consensus, which is consistent with
Theorem 1.
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Fig. 2. (color online) Position trajectories of all agents. From top to
bottom: agent 1, agent 2, agent 3, and agent 4.

Time/s

0 2 4 6 8 10 12
-1

0

1

2

3

V
e
lo

c
it
y
 t

ra
je

c
to

ri
e
s 

o
f 
a
ll
 a

g
e
n
ts

Fig. 3. (color online) Velocity trajectories of all agents.

6. Conclusion
In this paper, we present a linear consensus protocol with

nonuniform time delays about the consensus problem of a

class of second-order multi-agent systems, which makes all
agents reach consensus and move with a constant velocity.
Transforming the original system into an equivalent system,
then basing on this equivalent system, we employ a frequency-
domain approach to give a sufficient condition simplified to
guarantee the consensus stability of the system. Finally, the
effectiveness of the obtained theoretical results is illustrated
through numerical simulations.
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