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New exact solutions of a (3+1)-dimensional Jimbo-Miwa system”
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By using the (G’ /G)-expansion method and the variable separation method, a new family of exact solutions of the
(3+1)-dimensional Jimbo-Miwa system is obtained. Based on the derived solitary wave solutions, we obtain some special
localized excitations and study the interactions between two solitary waves of the system.
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1. Introduction

In the past few decades, the construction of exact solu-
tions to nonlinear partial differential equations (NLPDESs) has
made a tremendous amount of progress in mathematics and
physics.I=#1 According to the previous studies, a vast vari-
ety of methods have been developed to obtain the exact so-
lutions to a given NLPDE, such as the Lie group method
of infinitesimal transformations, the Clarkson and Kruskal
(CK) direct method,>®! the conditional similarity reduc-
tion method,[’! the improved mapping approach,['%-10! the
Hirota method,'’! and the (G’/G)-expansion method.['8-23]
The (G'/G)-expansion method is often used in finding
the exact traveling wave solutions of nonlinear evolution

s.18-221 In this paper, the (G’ /G)-expansion method is

equation
used to obtain the exact non-traveling wave solutions of (3+1)-
dimensional Jimbo—Miwa system.

The following (3+1)-dimensional Jimbo—-Miwa (JM) sys-

tem:
Upxxy + Sttty + 3ttty + 21y — 31y, = 0, (D)

has been studied by means of the extended mapping
approach.?*-81 It has been shown that the (3+1)-dimensional
JM Eq. (1) introduced by Jimbo and Miwal>®! does not have
the Painlevé propertyl®®! defined by Weiss et all*'l Equa-
tion (1) has also been discussed via an extended homogeneous
balance method by Bai et al.3?!

The organization of this paper is as follows. In Sec-
tion 2, the (G'/G)-expansion method which simplifies the
(3+1)-dimensional JM equation is introduced. In Section 3,
we will study special soliton-structure excitations (one of the
new exact solutions) by selecting appropriately arbitrary func-
tions in the solutions. The conclusions will be given in Section

4.
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2. The (G'/G)-expansion method and new exact
solutions

Before using the (G'/G)-expansion method, we will give
a simple description of the method. For doing so, we consider
a four-variable general form of nonlinear PDE

F(u, Upy Ux, Uy, Uz, Upt s Uxy s Uyt s Upzy Uy, Uxxy Uy, Uzzy * )=0.(2)

The fundamental idea of the (G’ /G)-expansion method is
that the solution of Eq. (2) can be expressed by a polynomial
of (G'/G) as follows:!!%-23-23]

m Gl i
a2 v 0
where G = G(&), & = ax+ By + yz+ ot is the traveling wave
transformation, and o, 8,7, @,a; (i=1,2,...,m) are constants
to be determined later. The G satisfies the second-order linear
ordinary differential equation (LODE)

G'+AG +uG=0. 4)

In order to construct exact solutions with arbitrary func-
tion & (x,y,z,t) for the (3+1)-dimensional JM system (1), we
suppose that its solutions can be express as

m G/ i
u=Yy al =1, 5)
Lol5)

where a; (i=0,1,2,...,m) are functions of x, y, z, to be deter-
mined later, & = £ (x,y,z,t) is an arbitrary function of x,y,z,1,
and G(&) satisfies the second-order LODE (4).

Applying the homogenous balance principle, we obtain
m = 1. Thus, equation (5) can be converted into

u:ao+a1<f;). (6)
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For simplifying the computation, we seek for the variable sep-
aration solutions of the JM system (1) by taking & (x,y,z,t) =
fx+ez)+g(y) +h(r).

Substituting Eq. (6) into system (1) yields a set of algebra
for ag,ai, f, g, and h. These systems are

G\’
(G) tar+2f =0, 0
G\*
(G) ZZOAalf)?g/+5ala1xfxgl+a%fxxg/72a1yf)63
—10Aa} f1g' — 6ay f2g' —6ai fifug'
+3alalyfx2 207 (8)

: 6ag,a) f; —3ai,g — 12Aay, f}

—6car fif. +4a1g'h + 307Lza1fx3g/
—30udl fig' +60uarfig — 36Aai f2g
—6(A* —p)at fig' +20(A% — par fg’
+ 15)La]a]yfx2 +6ag,a1 frg — 182261% ng'
+27hara1.frg +6a1yfe —9arsary fr — 3a1a1.u8’
+2a1 frxg —3a1a1yyfi+6a1y fr fre — 3aray fix
+6a1 38 + 641 frxg' —36Aar frfuxs'
+6ai,fig =0,

: _6a0ya1xfx - 3a0xyalfx - 3a1xyfxx - 3a1xxyfx

—2a1yh’ +9Aagai fig' +3ai fx —2a1,8'

=32 %aiy fi —4(A% — wary f7 + 15para f}
—92%a1 f2¢ —12(A* —way, f2¢ + 312a1a1yfx
—36uar g + 97Laoya1fx2 +3(A% - ,u)alalyfx2
—50Au—Aa f¢ — 9Aayaryfx —9chai fi f;
+80Apal f2g' + 10A (A2 — w)ay f2¢ +6Aar g
+92%a1a1.fig —6A(A* — w)ai fig +42Auai ¢
+3car,fo +3(A* — warar,fog —3ao.ar,fx
+27uarar frg — 3ao,arg — 12pary f; —3aigany
—3agyai fex + 9414 fr — 3a0,a18" — a1y frxx
+3cay fro — 30108’ + 301,015 — 9A2a1 fofucd!
—36Ma fxfug +3Aa1 frong +9Aaiyfrfrx
+9Aa1 o fug +61a] frng + 12(A% — ) ay frfcs'
—3Aaa1,y fr —3Aaraing + 3070 frg

_3lalalyfxx+9zfa1fxxgl =0, (10)

: —2Aay,h' +9uagyar f; — 10Apay , f:

+30ua1 £ g — 6Aagyaifi — 3Aao.ai, f
—3ao,arsg’ —61(2A° — p)ai f7g'

+3Aay fi+3cAay,f, — 3ual g

+(2Ap = A)ay, f2 = 3c(A* — wai fof. + 21y,
+6uarg b+ (u? —3ur* + A4 ¢

+5(A%u —p)ar f£18' +3(A% — waoyar fr

+302uA —A)ai Sl

—9cpar fof. — 18Pat fig' + 100(A% — p)ar g
—30Apafig +10A%pai f2g' + 21 A paran o feg!
—|—3(7LZ — Wagyay frg —|—9)L,ua1a1yfx2

+9paoar frg —3a1x; + a1 ey

—3parary fue+3(A% — p)a, fifu

—3Aaoaig +3aoxary — 3Uaary f

+9uar, fug + (A* — w)ai frd

—3aoya1 fo — 30Apar fifrxg'

—3uaiaig +6Auai fug +3Q2A1 — A%)ay fefurg'
+99ua1 frg —3Aaogar fi+3(A% — w)aiwfrg
+3par frag' +3(A7 — W)ar fud'

+uany frfox — Aary froox — 3A a1y fr

+3%a1fo +3(A7 —Wary f7

—3Aa1g frr = A1 1u€ + O f

+3a0,a1 5y +3a0,ya1x + 3a0,a1 5

+2(A% = p)ai g —22a1, —paiarg =0, (11)

D 3uay fy +3cpal fr — .ualxxxg/ - .ualyfxxx

+3ag,a0,y + 10Apar f2g' —3uay, f;
+3ularary 7 + (W = A2pan, f; —3aox
3P = A warfig — Ap*u—A%)aiflg
—6pagyaify — 3Uaoaly f — 3Mao.ar g’
—6Ap’adfrg' +9ulaay, frg +3Anag.ar fog
+2uraig’h' —3cura fof, + 3u7moya1fxz
+3a0 0y + 3A U1y f7 — 1A gy [+ 200,
—ularfig +3(1 —Ap)a fifug'

+Aa) fraxg + Aoy — M1 fifin
+3Apany fefor+3A a1 fr8

+3Apar fug + 3070 fug' — 3uaoman f
—3uaoyar fo —3paonarg’ —2uar

—2,ua1tg/—3,ua1xyfxx+3cua]xfz =0. (12)
Solving Egs. (7)-(12) yields
00:ay+F(x7Z7t)7 ai :zfxa (13)

where F(x,z,t) is an arbitrary function of x,z, and 7, and a is
an arbitrary constant.

Substituting Eq. (13) and the general solutions of Eq. (4)
into Eq. (5), we can obtain new exact solutions for the (3+1)-
dimensional JM system (1).

Case 1 When A2 —4u > 0, by using the general solutions
of Eq. (4), we can derive
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G A CicoshA(f+g+h)+Cosinh A (f+g+h) (14)
G~ 2 " T'CysinhA(f+g+h)+Cacosh A (f+g+h)
Thus, the hyperbolic solutions of system (1) are expressed as
CicoshA((f+g+h)+Cysinh A (f+g+h)
uy =ay+F(x,z,t) — Afx + 2 A . , 15
: Y ( ) fxt 2, lClslnhAl(f+g+h)+CgcoshA1(f+g+h) (15
where A = /A2 —4u /2, fy exists, and a, Cy, and C, are arbitrary constants.
Case 2 When A% —4p < 0, by using the general solutions of Eq. (4), we can derive
g——&—l—A —CysinAy(f+g+h)+CacosAp(f+g+h) (16)
G 2 P CicosM(ftrgth) +Cosind(f+g+h)
So the trigonometric solutions of system (1) are expressed as
—CisinAy(f+g+h)+CrcosA(f+g+h
o = v+ F(1,2,0) — A+ 2fidy o S8R Cocosdalf 4 g 10 )

where Ay = \/4u — A2 /2, f; exists, and a, Cy, and C, are ar-
bitrary constants.
Case 3 When A2 —4u =0, by using the general solutions
of Eq. (4), we can derive
G A G

— =4 .
G 2 Ci+GC(f+g+h)

(18)

In this case, the rational solutions of system (1) are shown as

2Cs fx
Ci+GC(f+g+h)’

us =ay+F(x,z,t) — Afx+ (19)

where f, exists, and a, C1, and C; are arbitrary constants.

3. Soliton structure

Due to the arbitrary functions f(x + cz), g(y), and k()
in the solutions (15)—(19), it is convenient to excite abundant
soliton structures. We take solution (15) as an example to
study the soliton excitations for the (3+1)-dimensional JM sys-
tem (1).

3.1. New dromion soliton

According to solution (15), we first discuss its dromion
excitations.
Case 1 We choose

f=1+sech(x+cz)?, g=my, h=nt,
F(x,z,t) = sech(x?> + 22 +1%). (20)

Then we can obtain a dromion soliton structure, as shown in
Fig. 1(a), where m=0.15,n=0.1,C; =1, =2, A =1,
u=01,a=0,c=1,y=1,tr=0.

Case 2 We choose

1
~ coth(x+¢z)? +csch(x 4 cz)?’

f

g=my, h=nt,

CicosMo(f +g+h)+CasinAy(f+g+h)

F(x,z,t) = cos(Vx2 + 72 —12). 21)

We can get a dromion soliton structure, as shown in Fig. 1(b),
where m =0.15,n=0.1,C; =1, =2, A =1, u =0.1,
a=1,c=1,y=1,t=0.

Fig. 1. Special types of dromion structure for solution (15) with choices
of functions in (a) Eq. (20) and (b) Eq. (21).

3.2. Periodic vibration of the dromion soliton

In Eq. (20), if we choose different time, such as (a)
t=-3,bt=—-15 ()t=0,() =15, and (e) t = 3,
we can get the evolutions of the dromion soliton as shown in
Figs. 2(a)-2(e).
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Fig. 2 Evolution of the dromion soliton for solution (15) with Eq. (20), the solitons at (a) t = —3, (b)t = —1.5,(c)t =0, (d) t = 1.5,

(e) t = 3 are shown.

3.3. Interactions between two solitary waves

Now we focus our attention on the interactions between
two solitary waves. In the usual cases, the interactions be-
tween solitary waves are regarded as completely elastic. For
instance, when f, g, h, and F(x,z,7) in Eq. (15) are

1
f= 1+ 0.2sech(x +¢z)? + 0.2tanh(x + cz)?
—sech(x+cz)?, (22)

g=my, h =nt?,
F(x,z,t) = sech(x® — 2% +1?) +-sech(x® + 2> +17), (23)

we can obtain the interactions between two solitary waves.
Figure 3 shows an evolutional profile corresponding to u ex-

pressed by Eq. (15) withm =0.15,n=0.1,C; =1, C; =2,
A=1,u=0.1,a=1,c=1,y=1. From Fig. 3 and through
a detailed analysis, we find that the shapes, amplitudes, and
velocities of the two solitary waves are completely conserved
after their interactions.

Above we show the excitation process of a special
dromion soliton structure of solution (15) for the (3+1)-
dimensional JM system (1), and we discuss the variation of
solution (15) with time and the interactions between two soli-
tary waves. It is clear that other selections of f(x+ cz),g(y),
and A(t) in Eq. (15) may generate rich localized soliton struc-
tures. On the other hand, solutions (17) and (19) may also be
used to excite abundant soliton structures.

Fig. 3. Interactions between two solitary waves. The physical quantity u with Eqgs. (22) and (23) at (a) t = —5, (b) t = —2.5, (¢) t =0,

(d)t =2.5, and (e) t =5 is shown.

4. Discussion and summary

In summary,

method, more rich types of explicit and exact non-traveling

via extending the (G'/G)-expansion

wave solutions of the (3+1)-dimensional JM system (1) are
found, and the traveling wave solutions are included in these

exact solutions. So the exact solutions are more general.
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Furthermore, by choosing an appropriately arbitrary function

& (x,y,z,t) in the solutions, we can study various interesting lo-

calized soliton excitations. Due to the wide applications of the

soliton theory, learning more about the localized excitations

and their applications in reality is worthy of further study.
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