Chin. Phys. B Vol. 22, No. 5 (2013) 050509

Integrability of an extended (2+1)-dimensional shallow water
wave equation with Bell polynomials”
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We investigate the extended (2+1)-dimensional shallow water wave equation. The binary Bell polynomials are used to
construct bilinear equation, bilinear Béacklund transformation, Lax pair, and Darboux covariant Lax pair for this equation.
Moreover, the infinite conservation laws of this equation are found by using its Lax pair. All conserved densities and fluxes
are given with explicit recursion formulas. The N-soliton solutions are also presented by means of the Hirota bilinear
method.
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1. Introduction

As is well known, the investigation of integrability for
a nonlinear evolution equation (NLEE) can be regarded as a
pretest and the first step towards its exact solvability. Among
the methods employed to study the integrability of NLEEs is
the Hirota bilinear method,!'~"! which is a powerful tool for
constructing soliton solutions of NLEEs. The key of the Hi-
rota bilinear method is the construction of a bilinear form for
a given NLEE, however, this process is not trivial. It relies
on choosing suitable variable transformations, but there is no
general rule to find these transformations. Lambert and his
co-workers!®%! established a deep link between the Bell poly-
nomials and the integrability of NLEEs, which provides us
a lucid and systematic way to study the bilinear form, bilin-
ear Bécklund transformation (BT), Lax pair, and Darboux co-
variant Lax pair for NLEEs. By using the binary Bell poly-
nomial approach, one may obtain, on one hand, results such
as the Bell polynomial expressions (in the P or ¢ polyno-
mial form), Bell polynomial type BT, and Lax pair, and on
the other hand, the connection between the Bell polynomi-
als and the Hirota bilinear method, namely, the Bell polyno-
mial expressions can be cast into the bilinear form, and the
Bell polynomial type BT can be mapped into the bilinear BT.
Then, both the Bell polynomial type and the bilinear BT can
lead to the corresponding Lax pairs. Furthermore, the Dar-
boux covariant Lax pair can also be obtained under a cer-
tain gauge transformation, and its form is invariant. More re-
cently, this method is extended to investigate the nonisospec-
tral and variable-coefficient KdV equation, the supersymmet-
ric KdV equation, the supersymmetric two-Boson equation,
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the extended Lotka—Volterra equation, etc.10-18]

In fluid dynamics, the shallow water wave equation is uti-
lized as a mathematical description of regular and generalized
solitary waves in shallow water. The higher-order dispersive
and higher-dimensional generalized nonlinear models are use-
ful in analyzing and obtaining the modulation theory, the ex-
istence and stability of solitary waves, bores, and shocks, as
well as other integrable properties.['”) The purpose of this pa-
per is to use the binary Bell polynomial approach and the Hi-
rota bilinear method to study the integrability of the following

extended (2+1)-dimensional shallow water wave equation:2"}

Uyt — 4ux,yux - 2u2xuy +Uzxy + Qg y = 0, (D

where (x,y) and ¢ are the scaled space and time coordinates,
respectively, u(x,y,t) is the amplitude or elevation of the rele-
vant wave, the subscripts denote the corresponding derivatives,
and « is an arbitrary constant. Equation (1) can be used to de-
scribe the (2+1)-dimensional interaction of a Riemann wave
propagating along the y axis with a long wave propagating
along the x axis. As a reduced equation of Eq. (1), the inte-
grability of the so-called breaking soliton equation has been
investigated in many literatures.!>'3!) But for Eq. (1), to the
best of our knowledge, it has not been studied in detail except
for a few previous works.[2%! Tn addition, the study on the con-
servation laws of (2+1)-dimensional equations is still lacking
in contrast with the (1+1)-dimensional case. The existence of
infinite local conservation laws can be considered as one of
the many remarkable properties that characterize the soliton
equations, namely, the more conservation laws one finds, the
closer one gets to the complete solution. Generally, the infi-
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nite conservation laws or conserved quantities for both contin-

uous systems and discrete systems can be derived from BT,[*!

r[32-34

Lax pai 1 formal solutions of eigenfunctions,*¥ scatter-

ing problem,[*! trace identity,*”! quasi-diffierential operator

based on the Sato theory,*®!

etc. Based on the binary Bell
polynomials, Fan''" introduced a method for deriving the in-
finite conservation laws of NLEEs, the key is to turn the asso-
ciated Lax pair into a Riccati type equation and a divergence-
type equation.

This paper is arranged as follows. With the help of the
binary Bell polynomials and the symbolic computation, we
systematically construct the bilinear form, N-soliton solutions,
bilinear BT, Lax pair, Darboux covariant Lax pair, and the infi-
nite conservation laws of Eq. (1) in Sections 2-5, respectively.
The conclusion is given in Section 6.

2. Bilinear representation and N-soliton solu-
tions

In this section, we construct the bilinear form and N-
soliton solutions of Eq. (1) by using the binary Bell polynomi-
als and the Hirota bilinear method, respectively. The main tool
used in this paper is a class of generalized multi-dimensional
binary Bell polynomials, the details can be found in the work
of Bell et al 823

Theorem 1 Under the following transformation:

u=-2(InF)y,, 2)
equation (1) can be bilinearized into

(D*+D,D,)F-F =0, (3a)

2 1
<DXD, + gDﬁDy —3DyD:+ (xDny> F-F=0, (3b)

where F = F(x,y,z,t), o is an arbitrary constant, and D de-
notes the Hirota operator.

Proof Invariance of Eq. (1) under the scale transforma-
tions

x—Ax, y—=> Ay, t— A"t u— A%u %)

with r3 = —1 shows that a dimensionless field ¢ = g(x,y,z,t)
can be related to field u by setting

U= cqx, ®)

where c is a free constant to be chosen so that equation (1)
connects with the P-polynomials.®! Substituting Eq. (5) into
Eq. (1) and integrating it with respect to x yield

2
E(Q) = qx + 3 (C]3x,y + 35]2x¢]x,y)

I _
+ gax 1a)’(Q4x + 3Q%x) + oqGxy = O; (6)

if we set ¢ = —1 according to the P-polynomials.®! Then, we
introduce an auxiliary variable z and impose a subsidiary con-
straint condition

qax + 3(]%;( + qxz; = 07 (7)

which implies that Eq. (6) can be rewritten in the local form
by eliminating the effect of the integration 8;1.

In terms of the subsidiary constraint condition (7), equa-
tion (6) becomes

2 1
E(‘]) =(qxs+ g (‘13x,y + 3‘]2x4x,y) - §Qy,z +agyy = 0. (®

Now according to the P-polynomials,!®! equations (7) and (8)
are cast into a pair of equations in the form of P-polynomials

P4X(q)+PX-,Z(Q) =0, (%92)
2 1
Pei(q)+ 3 3 (q) — gpy,z(CI) +aby, =0. (9b)

Finally, by using the the identity which links the #/-
polynomials and Hirota D operator,®! and the following
change of dependent variable

q=2InF S u=—q,=-2(InF)y, (10)

P-polynomials type equation (9) immediately produces the bi-
linear system (3) of Eq. (1).

By using the Hirota bilinear method and the symbolic
computation, the N-soliton solutions of Eq. (1) are obtained
as

MZ{IH( Z eXP<ZNj§j+ Z Nj#zx“jz))} ;
u=0,1 Jj=1 1<j<d x

o; )
Sj= Kjx_my*"wﬂ, a+K; #0,
J

2
K; — K]
eAﬂEKJ-JFKj;Z’ i<l j,l=123,.., (1
J

where )., ; indicates the summation over all possible com-
binations of u; =0,1 (j =1,2,...).

3. Bilinear BT and associated Lax pair
Theorem 2 If F is a known solution of bilinear equa-
tion (3), then G = G(x,y,z,t) satisfying
(D}~ A)F-G=0,
(D + DDy +3ADy + oDy — 1)F -G =0

(12a)
(12b)
is a novel solution of bilinear equation (3) (u is an arbitrary
constant). Thus system (12) is a bilinear BT for Eq. (1).

Proof In order to obtain the bilinear BT of Eq. (1), sup-
pose that

¢=2InG, G=2InF (13)
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are two different solutions of Eq. (6). Then, we consider the
two-field condition

E(9)~E(9)
= (@) + 51T Dy 3@~ D@~ Do)

200 3,[@— st 3G )+ o(d )y
=0. (14

The two-field condition (14) can be regarded as an ansatz for
a bilinear BT and may produce the required transformation
under appropriate additional constraints. To this end, we in-
troduce two new variables

(G+q) (@—9q) F
w:%:ln(m), = qzq :1n<G>7 (15)

with which condition (14) can be rewritten as

E(7)—E(q) = E(w+v)—E(w—v)
= 20y + 200y y + 23y + AWy y + AWy oy
+49.! (WaxVaxy + Wax yvax)
= 20,[Z(v) + aZ5(v) + Py (v, w)] + R(v,w)

=0 (16)
with
R(v,w) = =20, [(wax +V2)vy] +4wa vy y — dwoy yvy
+ 49, [WaxVary +wax yvax]. a7

In order to decouple the two-field condition (16) into a
pair of constraints, we impose such a constraint which en-
ables us to express R(v,w) in the form of x-derivative of %/ -
polynomials.®l The simplest possible choice of such a con-
straint is

@h(v,w):wh—i—v%:l, (18)

where A is an arbitrary constant. Thus, R(v,w) can be ex-
pressed as

R(v,w) = 6Avy, = 610,%(v) (19)
under the following relations:
Woy = A — vjzc, W3y = =2V Voy, Wory = —2VVyy. (20)

Then, combining relations (16)—(19), we deduce a coupled
system of ¢/ -polynomials

%x(va W) A= 0,
K[ (v) + Dy (v,w) + aZ(v) + 34 %(v)] = 0,

(21a)
(21b)

where the second equation is useful for constructing conserva-
tion laws later. Based on the identity linking % -polynomials

and Hirota D operator,'®! system (21) immediately leads to the
bilinear BT (12).

Theorem 3 Under condition (21), Eq. (1) admits a Lax
pair

Vot gy —Ay =0, (22a)
Vi — 2uy YW — ux Wy + Yooy + (@ +31)y, —uy =0, (22b)

where u is a solution of Eq. (1).

Proof In order to linearize the Bell polynomial system
(21) into a Lax pair, we use the Hopf—Cole transformation
v = Iny, then we have

Z(v) = % Do (v, ) = o+ "’VZ

2‘]x,ylllx 4 q2x Yy + Yoxy
4 v

which make system (21) linearized into a Lax pair with double

Drey(viw) = . @)

parameters A and U

Liy= (9 + @)y = Ay, (24a)
Vi + Loy = [0+ 0,07 + 240k
+ (qau+a+31)d, — ply =0, (24b)
this is equivalent to
Vo — Y — Ay =0, (25a)

W — 2uy Yy — ux Wy + Yor y + (@ +34)yy —py = 0. (25b)

It is easy to check that the integrability condition of sys-
tem (25) is
[Li — 4,0, + Lo]

= Uy — iy gy — 2Up Uy + Uy + Oy, =0, (26)

which is just Eq. (1). Thus we call system (22) the Lax pair of
Eq. (1).

4. Darboux covariant Lax pair

Theorem 4 By using the associated Lax pair (22) and as-
suming that parameter A is an arbitrary constant, equation (1)
admits a kind of Darboux covariant Lax pair as follows:

IZIW: A’Wa I:l = a)cz+q2)(7
(o +Z2,cov) v =0,
Lo cov = 40,07 + 2§y y0x + (4Gox + )9y +3Gocy — 1, (27b)

(27a)

whose form is Darboux covariant, namely,

T(Li—A)(g)T~" = (L — 2)(4),
T(9+Lacov)(q)T ™" = (0 +Lacov) (@),

(28a)
(28b)

with § = ¢+ 2Iny, under a certain gauge transformation

T=ydy '=d, -0, c=0adlny. (29)
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The integrability condition of Darboux covariant Lax pair (27)
precisely gives rise to Eq. (1)

[Li —A,0,+ La cov]
= Uy — Yty yty — 2upxlty + Uy y + Oy y

=0, (30)

which implies that Lax equation (27) also gives a Lax pair for
Eq. (1).

Proof Suppose that y is a solution of eigenvalue equation
(24a). It is well-known that the gauge transformation

T=vyoy '=0,—06, c=0dny (31)

maps operator L (q) — A into a similar operator

T(Li(q) - )T =Li(§) -2, (32)
which satisfies the covariance condition

Li(§) =Li(§=q+Aq), (33)

with Ag = 21n y. But it can be verified that a similar property
does not hold for evolution equation (24b). Howerer, we can
find another third-order operator L, cov(g) with appropriate
coefficients, such that d; + Ly cov(q) can be mapped by gauge
transformation (31) into a similar operator L cov(§) which
satisfies the covariance condition

Ly cov(q) = Lacov(§ = g+ Aq). (34)
Suppose that y is a solution of the following Lax pair:
Liy=Ay, y+Lrcovy =0, (35)
where
Locov = 40,07 + b1 9, +by0y + b3, (36)

and by,b,, and b3 are functions to be determined. It suffices
that the transformation T maps operator d; + L, cov into a sim-
ilar one

T (0 + Lacov)T ' =0+ Lacov, (37)
where
Ly coy = 40,02 + 510, + b2, + b3, (38)
and b, ,l~72, and b; satisfy the following covariant condition:

bj=bj(q)+Abj=bj(qg+Ag), j=1,2,3. (39)
By virtue of Egs. (35) and (37), we find

Aby = by — by = 40y,
Abz = 52 —b2 = 8Gx,

(40a)
(40b)

Absy = b3 — by = 80, + 6GAb + by , (40c)
and
by, +40s, +800; =0, (41a)
o + 462)(,)’ + blcx + lzo-xcy + bZGy + b3,x
+ 866y, +0by, +46%0, = 0. (41b)

According to relation (39), we need to determine by, b,, and
b3 in the form of polynomials in terms of derivatives of g

bj = Fj(QaQ)ﬁqyaqx,)’7q2x7q2)’aq2x,y7 . ')7 .]: 172731 (42)
such that
AFj = Fj(q+Aq>qX+Aqxv .. ) 7Fj(q7qx’qu .. ) - Abja 43)

with Agiysy = 2(I0 W)y, (k,1=1,2,...), and Ab; being de-
termined by relations (40) and (41). In order to satisfy the first
condition

Aby = AF| = Fl’qu—l— Fl,lIqux +F1,quCIy —+ .-
= 40, = 2Aqyy, (44)

we choose
bi=F (q,ny) = z%c,y +cy, (45)

with ¢; being an arbitrary constant. Proceeding in the same
way, function b, can be determined as

by = Fi(q2) =4q2c+ 2. (46)

with ¢, being an arbitrary constant.
We can find that relation (40c) contains the term

bl,x = 2‘]2}(7}*7 47)

which should be eliminated so that Ab3 admits the form (43).
Following the eigenvalue equation (35), we can find the rela-
tion

G2xy = —Oxy —200y. (48)
Substituting Eqs. (45) and (48) into Eq. (40c) yields
Ab3z = 60y, = 3Aqoy . (49)
It can be verified that the third condition
AF3 = F34Aq+ F3 4 Aqy+ F3 g, Aqy +--- = Abs  (50)
can be satisfied if we choose
by = F3(q2xy) = 3q2xy +c3, (51)

where c3 is an arbitrary constant.
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Setting ¢y = 0,c2 = a,c3 = —u in Egs. (45), (46), and
(51), we find from Eq. (35) the following Darboux covariant
evolution equation:

Y, + Lo covy =0,
LZ,COV = 4ayax2 + 2qx,yax + (4q2x + a)ay + 3q2x,y —H, (52)

which is in agreement with Eq. (41). Moreover, the relation
between operators L, cov and L is given by

Lycov =Ly +30d,(Li — 7). (53)

The integrability condition (30) of Darboux covariant Lax pair
(35) precisely gives rise to Eq. (1)

In contrast to the original Lax procedure, the above tech-
nique of generating Eq. (1) is through the construction of Dar-
boux covariant linear systems. The results suggest that we can
obtain higher operators in a similar way, which are Darboux
covariant with respect to Ly, so we can obtain higher-order
members of Eq. (1).

5. Infinite conservation laws

Theorem 5 Equation (1) admits infinite conservation

laws
Ini+Fnx+%y=0, n=12,.... (54)
The conversed densities .7, s are given by the recursion formu-
las
S = L=t (55a)
1= 26]2x = 2”}:7 a
1 1
S = —Efl,xz — gl (55b)
1 1 2
]3 :—E(j] +ﬂ2ﬁx): g(ufix"'llx), (SSC)
1 1 1
Iy = —5(21112 +S3y) = ltatae — Jeltax, (55d)
- (55e)
1 l n
f”:_ij"’x_i,;b‘l”"" n=2.3,..., (550
the first fluxes .%,s are given by
o~ 1
F = _EMZx,y — Uxly, (56a)
& 1 1 1
Fy = Eu2xuy - Euxux,y + Zu3x.,y7 (56b)
- (56c)
Fn==2uy I+ 21y, n=2,3,..., (56d)
and the second fluxes ¥s are given by
1 a
G = —§u§+§ux+u3x, (57a)
1 3 a
b = *§u4x + Euxubc - ZMZ)U (57b)

- (57¢)
n
Gy =+ 4o+ oy +2) Ly, n=2,3,.... (57d)
k=1

Proof The conservation laws have actually been hinted
in two-field constraint system (21), which can be rewritten in
the conserved form

wa 412 —A =0, (58a)
0 (V) + I (Vaxy +2viwry) + dy(0vy +4Av,) =0,  (58b)
by applying the relation
ver = A Z(v) = V), (59)
Vey = 4 (v) = 4% (v). (59b)
By introducing a new potential function
n=(dx—aqx)/2, (60)
it follows from relation (15) that
V=1, Wy =gx 1. (61)

Substituting Eq. (61) into Eq. (58), we get a Riccati-type equa-
tion

Ne+1%+ g2 = A, (62)
and a divergence-type equation
N + Ok (Mey +2Nqxy +201y) + 0y (441 + an) = 0. (63)

Suppose that A = €2, under the transformation n=mn+e,we

have
e+ 17 + 267 + g2 = 0, (64)
M+ ax(zﬁ%c,y + 2‘]x,y8 + Zﬁys)
+ 0y (Mox + 201, + 47> + aff) = 0. (65)

Inserting the expansion
n= Z Iu(q,qxy. . )E" (66)
n=1

into Eq. (64) and equating the coefficients for powers of €, we
explicitly obtain the recursion relation (55) for the conserved
densities .7s.

In addition, substituting expansion (66) into the

divergence-type equation (65) leads to

Y Le"+0, <2qx7y Y Le " +2q.,e+2¢e )] I,,Q,e")
= n

n=1 n=1 =1
+ 9y ( Y hoe " +2Y Le " Y Lo +4e? Y Le ™"
n=1 n=1 n=1 n=1

taY I,,s”) o, (67)
n=1
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which provides us the infinite conservation laws (54)

Init Fux+Guy=0,n=12,.... (68)

In Eq. (54), the conversed densities .#, s are given by recursion
formulas (55), and the first fluxes .%,s and the second fluxes
@/s are obtained by Egs. (56) and (57), respectively. The first
equation of conservation law (54) is exactly Eq. (1).

6. Conclusion

The shallow water wave equations are of current interest
in nonlinear mathematical physics, while Eq. (1) describes the
(2+1)-dimensional interaction of a Riemann wave propagat-
ing along the y axis with a long wave propagating along the
x axis in fluids. Employing the binary Bell polynomial ap-
proach and the Hirota bilinear method, we construct the bilin-
ear form, N-soliton solutions, Lax pair, bilinear BT, Darboux
covariant Lax pair, and infinite conservation laws of Eq. (1).
In conclusion, this equation is completely integrable in the
sense that it admits the above properties. It should be specially
mentioned that once the suitable constraint condition can be
found to construct the corresponding bilinear BT for a given
NLEE, its other integrable properties, such as Lax pair, Dar-
boux covariant Lax pair, and infinite conservation laws can be
obtained more direct and systematic than using the Hirota bi-
linear method.
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