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Integrability of an extended (2+1)-dimensional shallow water
wave equation with Bell polynomials∗
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We investigate the extended (2+1)-dimensional shallow water wave equation. The binary Bell polynomials are used to
construct bilinear equation, bilinear Bäcklund transformation, Lax pair, and Darboux covariant Lax pair for this equation.
Moreover, the infinite conservation laws of this equation are found by using its Lax pair. All conserved densities and fluxes
are given with explicit recursion formulas. The N-soliton solutions are also presented by means of the Hirota bilinear
method.
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1. Introduction
As is well known, the investigation of integrability for

a nonlinear evolution equation (NLEE) can be regarded as a
pretest and the first step towards its exact solvability. Among
the methods employed to study the integrability of NLEEs is
the Hirota bilinear method,[1–7] which is a powerful tool for
constructing soliton solutions of NLEEs. The key of the Hi-
rota bilinear method is the construction of a bilinear form for
a given NLEE, however, this process is not trivial. It relies
on choosing suitable variable transformations, but there is no
general rule to find these transformations. Lambert and his
co-workers[8,9] established a deep link between the Bell poly-
nomials and the integrability of NLEEs, which provides us
a lucid and systematic way to study the bilinear form, bilin-
ear Bäcklund transformation (BT), Lax pair, and Darboux co-
variant Lax pair for NLEEs. By using the binary Bell poly-
nomial approach, one may obtain, on one hand, results such
as the Bell polynomial expressions (in the P or Y polyno-
mial form), Bell polynomial type BT, and Lax pair, and on
the other hand, the connection between the Bell polynomi-
als and the Hirota bilinear method, namely, the Bell polyno-
mial expressions can be cast into the bilinear form, and the
Bell polynomial type BT can be mapped into the bilinear BT.
Then, both the Bell polynomial type and the bilinear BT can
lead to the corresponding Lax pairs. Furthermore, the Dar-
boux covariant Lax pair can also be obtained under a cer-
tain gauge transformation, and its form is invariant. More re-
cently, this method is extended to investigate the nonisospec-
tral and variable-coefficient KdV equation, the supersymmet-
ric KdV equation, the supersymmetric two-Boson equation,

the extended Lotka–Volterra equation, etc.[10–18]

In fluid dynamics, the shallow water wave equation is uti-
lized as a mathematical description of regular and generalized
solitary waves in shallow water. The higher-order dispersive
and higher-dimensional generalized nonlinear models are use-
ful in analyzing and obtaining the modulation theory, the ex-
istence and stability of solitary waves, bores, and shocks, as
well as other integrable properties.[19] The purpose of this pa-
per is to use the binary Bell polynomial approach and the Hi-
rota bilinear method to study the integrability of the following
extended (2+1)-dimensional shallow water wave equation:[20]

ux,t −4ux,yux−2u2xuy +u3x,y +αux,y = 0, (1)

where (x,y) and t are the scaled space and time coordinates,
respectively, u(x,y, t) is the amplitude or elevation of the rele-
vant wave, the subscripts denote the corresponding derivatives,
and α is an arbitrary constant. Equation (1) can be used to de-
scribe the (2+1)-dimensional interaction of a Riemann wave
propagating along the y axis with a long wave propagating
along the x axis. As a reduced equation of Eq. (1), the inte-
grability of the so-called breaking soliton equation has been
investigated in many literatures.[21–31] But for Eq. (1), to the
best of our knowledge, it has not been studied in detail except
for a few previous works.[20] In addition, the study on the con-
servation laws of (2+1)-dimensional equations is still lacking
in contrast with the (1+1)-dimensional case. The existence of
infinite local conservation laws can be considered as one of
the many remarkable properties that characterize the soliton
equations, namely, the more conservation laws one finds, the
closer one gets to the complete solution. Generally, the infi-
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nite conservation laws or conserved quantities for both contin-
uous systems and discrete systems can be derived from BT,[32]

Lax pair,[32–34] formal solutions of eigenfunctions,[35] scatter-
ing problem,[36] trace identity,[37] quasi-diffierential operator
based on the Sato theory,[38] etc. Based on the binary Bell
polynomials, Fan[10] introduced a method for deriving the in-
finite conservation laws of NLEEs, the key is to turn the asso-
ciated Lax pair into a Riccati type equation and a divergence-
type equation.

This paper is arranged as follows. With the help of the
binary Bell polynomials and the symbolic computation, we
systematically construct the bilinear form, N-soliton solutions,
bilinear BT, Lax pair, Darboux covariant Lax pair, and the infi-
nite conservation laws of Eq. (1) in Sections 2–5, respectively.
The conclusion is given in Section 6.

2. Bilinear representation and N-soliton solu-
tions
In this section, we construct the bilinear form and N-

soliton solutions of Eq. (1) by using the binary Bell polynomi-
als and the Hirota bilinear method, respectively. The main tool
used in this paper is a class of generalized multi-dimensional
binary Bell polynomials, the details can be found in the work
of Bell et al.[8,9,39]

Theorem 1 Under the following transformation:

u =−2(lnF)x, (2)

equation (1) can be bilinearized into

(D4
x +DxDz)F ·F = 0, (3a)(

DxDt +
2
3

D3
xDy−

1
3

DyDz +αDxDy

)
F ·F = 0, (3b)

where F = F(x,y,z, t), α is an arbitrary constant, and D de-
notes the Hirota operator.

Proof Invariance of Eq. (1) under the scale transforma-
tions

x→ λx, y→ λ
r1y, t→ λ

r2t, u→ λ
r3u (4)

with r3 = −1 shows that a dimensionless field q = q(x,y,z, t)
can be related to field u by setting

u = cqx, (5)

where c is a free constant to be chosen so that equation (1)
connects with the P-polynomials.[8] Substituting Eq. (5) into
Eq. (1) and integrating it with respect to x yield

E(q) = qx,t +
2
3
(q3x,y +3q2xqx,y)

+
1
3

∂
−1
x ∂y(q4x +3q2

2x)+αqx,y = 0, (6)

if we set c = −1 according to the P-polynomials.[8] Then, we
introduce an auxiliary variable z and impose a subsidiary con-
straint condition

q4x +3q2
2x +qx,z = 0, (7)

which implies that Eq. (6) can be rewritten in the local form
by eliminating the effect of the integration ∂−1

x .
In terms of the subsidiary constraint condition (7), equa-

tion (6) becomes

E(q) = qx,t +
2
3
(q3x,y +3q2xqx,y)−

1
3

qy,z +αqx,y = 0. (8)

Now according to the P-polynomials,[8] equations (7) and (8)
are cast into a pair of equations in the form of P-polynomials

P4x(q)+Px,z(q) = 0, (9a)

Px,t(q)+
2
3

P3x,y(q)−
1
3

Py,z(q)+αPx,y = 0. (9b)

Finally, by using the the identity which links the Y -
polynomials and Hirota D operator,[8] and the following
change of dependent variable

q = 2lnF ⇔ u =−qx =−2(lnF)x, (10)

P-polynomials type equation (9) immediately produces the bi-
linear system (3) of Eq. (1).

By using the Hirota bilinear method and the symbolic
computation, the N-soliton solutions of Eq. (1) are obtained
as

u =−2
[

ln
(

∑
µ=0,1

exp
( n

∑
j=1

µ jξ j +
n

∑
1≤ j<l

µ jµlA jl

))]
x
,

ξ j = κ jx−
ω j

α +κ2
j

y+ω jt, α +κ
2
j 6= 0,

eA jl =
(κ j−κl)

2

(κ j +κl)2 , j < l, j, l = 1,2,3, . . . , (11)

where ∑µ=0,1 indicates the summation over all possible com-
binations of µ j = 0,1 ( j = 1,2, . . .).

3. Bilinear BT and associated Lax pair
Theorem 2 If F is a known solution of bilinear equa-

tion (3), then G = G(x,y,z, t) satisfying

(D2
x−λ )F ·G = 0, (12a)

(Dt +D2
xDy +3λDy +αDy−µ)F ·G = 0 (12b)

is a novel solution of bilinear equation (3) (µ is an arbitrary
constant). Thus system (12) is a bilinear BT for Eq. (1).

Proof In order to obtain the bilinear BT of Eq. (1), sup-
pose that

q = 2lnG, q̄ = 2lnF (13)
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are two different solutions of Eq. (6). Then, we consider the
two-field condition

E(q̄)−E(q)

= (q̄−q)x,t +
2
3
[(q̄−q)3x,y +3(q̄−q)2x(q̄−q)x,y]

+
1
3

∂
−1
x ∂y[(q̄−q)4x +3(q̄−q)2

2x]+α(q̄−q)x,y

= 0. (14)

The two-field condition (14) can be regarded as an ansatz for
a bilinear BT and may produce the required transformation
under appropriate additional constraints. To this end, we in-
troduce two new variables

w =
(q̄+q)

2
= ln(FG), v =

(q̄−q)
2

= ln
(

F
G

)
, (15)

with which condition (14) can be rewritten as

E(q̄)−E(q) = E(w+ v)−E(w− v)

= 2vx,t +2αvx,y +2v3x,y +4w2xvx,y +4wx,yv2x

+ 4∂
−1
x (w2xv2x,y +w2x,yv2x)

= 2∂x[Yt(v)+αYy(v)+Y2x,y(v,w)]+R(v,w)

= 0, (16)

with

R(v,w) = −2∂x[(w2x + v2
x)vy]+4w2xvx,y−4w2x,yvx

+ 4∂
−1
x [w2xv2x,y +w2x,yv2x]. (17)

In order to decouple the two-field condition (16) into a
pair of constraints, we impose such a constraint which en-
ables us to express R(v,w) in the form of x-derivative of Y -
polynomials.[8] The simplest possible choice of such a con-
straint is

Y2x(v,w) = w2x + v2
x = λ , (18)

where λ is an arbitrary constant. Thus, R(v,w) can be ex-
pressed as

R(v,w) = 6λvx,y = 6λ∂xYy(v) (19)

under the following relations:

w2x = λ − v2
x , w3x =−2vxv2x, w2x,y =−2vxvx,y. (20)

Then, combining relations (16)–(19), we deduce a coupled
system of Y -polynomials

Y2x(v,w)−λ = 0, (21a)

∂x[Yt(v)+Y2x,y(v,w)+αYy(v)+3λYy(v)] = 0, (21b)

where the second equation is useful for constructing conserva-
tion laws later. Based on the identity linking Y -polynomials

and Hirota D operator,[8] system (21) immediately leads to the
bilinear BT (12).

Theorem 3 Under condition (21), Eq. (1) admits a Lax
pair

ψ2x +q2xψ−λψ = 0, (22a)

ψt −2uyψx−uxψy +ψ2x,y +(α +3λ )ψy−µψ = 0, (22b)

where u is a solution of Eq. (1).
Proof In order to linearize the Bell polynomial system

(21) into a Lax pair, we use the Hopf–Cole transformation
v = lnψ , then we have

Yt(v) =
ψt

ψ
, Y2x(v,w) = q2x +

ψ2x

ψ
,

Y2x,y(v,w) =
2qx,yψx

ψ
+

q2xψy

ψ
+

ψ2x,y

ψ
, (23)

which make system (21) linearized into a Lax pair with double
parameters λ and µ

L1ψ ≡ (∂ 2
x +q2x)ψ = λψ, (24a)

ψt +L2ψ ≡ [∂t +∂y∂
2
x +2qx,y∂x

+ (q2x +α +3λ )∂y−µ]ψ = 0, (24b)

this is equivalent to

ψ2x−uxψ−λψ = 0, (25a)

ψt −2uyψx−uxψy +ψ2x,y +(α +3λ )ψy−µψ = 0. (25b)

It is easy to check that the integrability condition of sys-
tem (25) is

[L1−λ ,∂t +L2]

= ux,t −4ux,yux−2u2xuy +u3x,y +αux,y = 0, (26)

which is just Eq. (1). Thus we call system (22) the Lax pair of
Eq. (1).

4. Darboux covariant Lax pair
Theorem 4 By using the associated Lax pair (22) and as-

suming that parameter λ is an arbitrary constant, equation (1)
admits a kind of Darboux covariant Lax pair as follows:

L̃1ψ = λψ, L̃1 = ∂
2
x + q̃2x, (27a)

(∂t + L̃2,cov)ψ = 0,

L̃2,cov = 4∂y∂
2
x +2q̃x,y∂x +(4q̃2x +α)∂y +3q̃2x,y−µ, (27b)

whose form is Darboux covariant, namely,

T (L1−λ )(q)T−1 = (L̃1−λ )(q̃), (28a)

T (∂t +L2,cov)(q)T−1 = (∂t + L̃2,cov)(q̃), (28b)

with q̃ = q+2lnψ , under a certain gauge transformation

T = ψ∂xψ
−1 = ∂x−σ , σ = ∂x lnψ. (29)
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The integrability condition of Darboux covariant Lax pair (27)
precisely gives rise to Eq. (1)

[L1−λ ,∂t +L2,cov]

= ux,t −4ux,yux−2u2xuy +u3x,y +αux,y

= 0, (30)

which implies that Lax equation (27) also gives a Lax pair for
Eq. (1).

Proof Suppose that ψ is a solution of eigenvalue equation
(24a). It is well-known that the gauge transformation

T = ψ∂xψ
−1 = ∂x−σ , σ = ∂x lnψ (31)

maps operator L1(q)−λ into a similar operator

T (L1(q)−λ )T−1 = L̃1(q̃)−λ , (32)

which satisfies the covariance condition

L̃1(q̃) = L1(q̃ = q+∆q), (33)

with ∆q = 2lnψ . But it can be verified that a similar property
does not hold for evolution equation (24b). Howerer, we can
find another third-order operator L2,cov(q) with appropriate
coefficients, such that ∂t +L2,cov(q) can be mapped by gauge
transformation (31) into a similar operator L̃2,cov(q̃) which
satisfies the covariance condition

L̃2,cov(q̃) = L2,cov(q̃ = q+∆q). (34)

Suppose that ψ is a solution of the following Lax pair:

L1ψ = λψ, ψt +L2,covψ = 0, (35)

where

L2,cov = 4∂y∂
2
x +b1∂x +b2∂y +b3, (36)

and b1,b2, and b3 are functions to be determined. It suffices
that the transformation T maps operator ∂t +L2,cov into a sim-
ilar one

T (∂t +L2,cov)T−1 = ∂t + L̃2,cov, (37)

where

L̃2,cov = 4∂y∂
2
x + b̃1∂x + b̃2∂y + b̃3, (38)

and b̃1, b̃2, and b̃3 satisfy the following covariant condition:

b̃ j = b j(q)+∆b j = b j(q+∆q), j = 1,2,3. (39)

By virtue of Eqs. (35) and (37), we find

∆b1 = b̃1−b1 = 4σy, (40a)

∆b2 = b̃2−b2 = 8σx, (40b)

∆b3 = b̃3−b3 = 8σx,y +σ∆b1 +b1,x, (40c)

and

b2,x +4σ2x +8σσx = 0, (41a)

σt +4σ2x,y +b1σx +12σxσy +b2σy +b3,x

+ 8σσx,y +σb1,x +4σ
2
σy = 0. (41b)

According to relation (39), we need to determine b1,b2, and
b3 in the form of polynomials in terms of derivatives of q

b j = Fj(q,qx,qy,qx,y,q2x,q2y,q2x,y, . . .), j = 1,2,3, (42)

such that

∆Fj = Fj(q+∆q,qx +∆qx, . . .)−Fj(q,qx,qy, . . .) = ∆b j, (43)

with ∆qkx,ly = 2(lnψ)kx,ly, (k, l = 1,2, . . .), and ∆b j being de-
termined by relations (40) and (41). In order to satisfy the first
condition

∆b1 = ∆F1 = F1,q∆q+F1,qx ∆qx +F1,qy∆qy + · · ·
= 4σy = 2∆qx,y, (44)

we choose

b1 = F1(qx,y) = 2qx,y + c1, (45)

with c1 being an arbitrary constant. Proceeding in the same
way, function b2 can be determined as

b2 = F1(q2x) = 4q2x + c2. (46)

with c2 being an arbitrary constant.
We can find that relation (40c) contains the term

b1,x = 2q2x,y, (47)

which should be eliminated so that ∆b3 admits the form (43).
Following the eigenvalue equation (35), we can find the rela-
tion

q2x,y =−σx,y−2σσy. (48)

Substituting Eqs. (45) and (48) into Eq. (40c) yields

∆b3 = 6σx,y = 3∆q2x,y. (49)

It can be verified that the third condition

∆F3 = F3,q∆q+F3,qx ∆qx +F3,qy∆qy + · · ·= ∆b3 (50)

can be satisfied if we choose

b3 = F3(q2x,y) = 3q2x,y + c3, (51)

where c3 is an arbitrary constant.
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Setting c1 = 0,c2 = α,c3 = −µ in Eqs. (45), (46), and
(51), we find from Eq. (35) the following Darboux covariant
evolution equation:

ψt +L2,covψ = 0,

L2,cov = 4∂y∂
2
x +2qx,y∂x +(4q2x +α)∂y +3q2x,y−µ, (52)

which is in agreement with Eq. (41). Moreover, the relation
between operators L2,cov and L2 is given by

L2,cov = L2 +3∂y(L1−λ ). (53)

The integrability condition (30) of Darboux covariant Lax pair
(35) precisely gives rise to Eq. (1)

In contrast to the original Lax procedure, the above tech-
nique of generating Eq. (1) is through the construction of Dar-
boux covariant linear systems. The results suggest that we can
obtain higher operators in a similar way, which are Darboux
covariant with respect to L1, so we can obtain higher-order
members of Eq. (1).

5. Infinite conservation laws
Theorem 5 Equation (1) admits infinite conservation

laws

In,t +Fn,x +Gn,y = 0, n = 1,2, . . . . (54)

The conversed densities I ′ns are given by the recursion formu-
las

I1 =−
1
2

q2x =
1
2

ux, (55a)

I2 =−
1
2
I1,x =−

1
4

u2x, (55b)

I3 =−
1
2
(I 2

1 +I2,x) =
1
8
(u3x +u2

x), (55c)

I4 =−
1
2
(2I1I2 +I3,x) =

1
4

uxu2x−
1

16
u4x, (55d)

· · · , (55e)

In =−
1
2
In,x−

1
2

n

∑
k=1

IkIn−k, n = 2,3, . . . , (55f)

the first fluxes F ′
ns are given by

F1 =−
1
2

u2x,y−uxuy, (56a)

F2 =
1
2

u2xuy−
1
2

uxux,y +
1
4

u3x,y, (56b)

· · · , (56c)

Fn =−2uyIn +2In+1,y, n = 2,3, . . . , (56d)

and the second fluxes G ′ns are given by

G1 =−
1
2

u2
x +

α

2
ux +u3x, (57a)

G2 =−
1
2

u4x +
3
2

uxu2x−
α

4
u2x, (57b)

· · · , (57c)

Gn = In,2x +4In+2 +αIn +2
n

∑
k=1

IkIn−k, n = 2,3, . . . . (57d)

Proof The conservation laws have actually been hinted
in two-field constraint system (21), which can be rewritten in
the conserved form

w2x + v2
x−λ = 0, (58a)

∂t(vx)+∂x(v2x,y +2vxwx,y)+∂y(αvx +4λvx) = 0, (58b)

by applying the relation

vx,t = ∂tYx(v) = ∂xYt(v), (59a)

vx,y = ∂xYy(v) = ∂yYx(v). (59b)

By introducing a new potential function

η = (q̄x−qx)/2, (60)

it follows from relation (15) that

vx = η , wx = qx +η . (61)

Substituting Eq. (61) into Eq. (58), we get a Riccati-type equa-
tion

ηx +η
2 +q2x = λ , (62)

and a divergence-type equation

ηt +∂x(ηx,y +2ηqx,y +2ηηy)+∂y(4λη +αη) = 0. (63)

Suppose that λ = ε2, under the transformation η = η̄ + ε , we
have

η̄x + η̄
2 +2εη̄ +q2x = 0, (64)

η̄t +∂x(2η̄qx,y +2qx,yε +2η̄yε)

+ ∂y(η̄2x +2η̄η̄x +4η̄ε
2 +αη̄) = 0. (65)

Inserting the expansion

η̄ =
∞

∑
n=1

In(q,qx, . . .)ε
−n (66)

into Eq. (64) and equating the coefficients for powers of ε , we
explicitly obtain the recursion relation (55) for the conserved
densities I ′ns.

In addition, substituting expansion (66) into the
divergence-type equation (65) leads to

∞

∑
n=1

In,tε
−n +∂x

(
2qx,y

∞

∑
n=1

Inε
−n +2qx,yε +2ε

∞

∑
n=1

In,yε
−n
)

+ ∂y

(
∞

∑
n=1

In,2xε
−n +2

∞

∑
n=1

Inε
−n

∞

∑
n=1

In,xε
−n +4ε

2
∞

∑
n=1

Inε
−n

+ α

∞

∑
n=1

Inε
−n
)
= 0, (67)
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which provides us the infinite conservation laws (54)

In,t +Fn,x +Gn,y = 0, n = 1,2, . . . . (68)

In Eq. (54), the conversed densities I ′ns are given by recursion
formulas (55), and the first fluxes F ′

ns and the second fluxes
G ′ns are obtained by Eqs. (56) and (57), respectively. The first
equation of conservation law (54) is exactly Eq. (1).

6. Conclusion
The shallow water wave equations are of current interest

in nonlinear mathematical physics, while Eq. (1) describes the
(2+1)-dimensional interaction of a Riemann wave propagat-
ing along the y axis with a long wave propagating along the
x axis in fluids. Employing the binary Bell polynomial ap-
proach and the Hirota bilinear method, we construct the bilin-
ear form, N-soliton solutions, Lax pair, bilinear BT, Darboux
covariant Lax pair, and infinite conservation laws of Eq. (1).
In conclusion, this equation is completely integrable in the
sense that it admits the above properties. It should be specially
mentioned that once the suitable constraint condition can be
found to construct the corresponding bilinear BT for a given
NLEE, its other integrable properties, such as Lax pair, Dar-
boux covariant Lax pair, and infinite conservation laws can be
obtained more direct and systematic than using the Hirota bi-
linear method.
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