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The stability of a shearing viscous star with an electromagnetic field
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We analyze the role of the electromagnetic field for the stability of a shearing viscous star with spherical symmetry.
Matching conditions are given for the interior and the exterior metrics. We use a perturbation scheme to construct the
collapse equation. The range of instability is explored in Newtonian and post Newtonian (pN) limits. We conclude that the
electromagnetic field diminishes the effects of the shearing viscosity in the instability range and makes the system more
unstable in both Newtonian and post Newtonian approximations.
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1. Introduction
Charged self-gravitating objects have the tendency of un-

dergoing many phases during gravitational collapse, resulting
in charged black holes or naked singularities.[1–3] The stabil-
ity of these exact solutions is an interesting subject under the
perturbation scheme. It is believed that these stars with huge
charge cannot be stable.[4,5] However, the electric charge is
greatly relevant to the structural formation and the evolution
of astrophysical objects.[6–13]

A stellar model may be stable in one phase and later
becomes unstable in another phase. The stability of the
model is subjected against any disturbance. The dynami-
cal instability of self-gravitating objects is interrelated with
their structures as well as their evolutions. In this scenario,
Chandrasekhar[14] investigated the problem of dynamical in-
stability for the isotropic perfect fluid of a pulsating system
and found the instability range in terms of adiabatic index
Γ < 4/3.

It is well discussed in literature that the instability range
of a fluid will be decreased or increased through different
physical properties of the fluid. In this context, the dynam-
ical instabilities of adiabatic, non-adiabatic, anisotropic, and
shearing viscous fluids have been explored.[15,16,18,19] Chan[20]

found that both pressure anisotropy and effective adiabatic in-
dex are increased by the shearing viscosity in a collapsing radi-
ating star. Horvat et al.[21] have used the quasi-local equation
of state[22,23] to explore the stability of anisotropic stars un-
der radial perturbations. Sharif and Kausar[24] investigated the
stability of an expansion-free fluid in f (R) gravity and found
that the stability of the fluid is constrained by energy density
inhomogeneity, pressure anisotropy, and the f (R) model.

The study of charged self-gravitating objects in the con-
text of coupled Einstein–Maxwell field equations leads to the

evolution of a black hole.[25–27] The physical aspects of the
electromagnetic field have a significant role in general relativ-
ity. Stettner[28] investigated the stability of a pulsating sphere
with constant surface charge. Glazer[29] generalized that result
by taking an arbitrary distribution of charge and found that the
Bonner’s charged dust model is dynamically unstable. The
stability limit for charged spheres has been proposed by many
people[30–32,34] starting from the Buchdahl[35] work for neutral
spheres. Recently, we have investigated the problem of dy-
namical instability of cylindrical and spherical systems with
electromagnetic fields in Newtonian and post Newtonian (pN)
regimes.[36]

Here we explore the role of electromagnetic field in the
stability of collapsing fluid undergoing dissipation with shear-
ing viscosity. Darmois matching conditions[37] are formulated
for the continuity of the interior general spherically symmet-
ric solution to the exterior vacuum Reissner–Nordström solu-
tion. The paper is organized as follows. In Section 2, we dis-
cuss some basic properties of the viscous fluid, the Einstein–
Maxwell equations, and the junction conditions. Section 3
provides a perturbation scheme to form the collapse equation.
In Section 4, we explore the collapse equations in Newtonian
and pN regimes. Finally, we discuss our conclusion in Sec-
tion 5.

2. Fluid distribution, field equations, and junc-
tion conditions

We consider a time-like three-space spherical surface Σ ,
which separates the four-dimensional (4D) geometries into
two regions, interior M− and exterior M+. The M− is given by
the general spherically symmetric space–time in the comoving

†Corresponding author. E-mail: msharif.math@pu.edu.pk
‡Corresponding author. E-mail: azammath@gmail.com
© 2013 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

050401-1

http://dx.doi.org/10.1088/1674-1056/22/5/050401
mailto:msharif.math@pu.edu.pk
mailto:azammath@gmail.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 22, No. 5 (2013) 050401

coordinates

ds2
− = −A2(t,r)dt2 +B2(t,r)dr2

+ R2(t,r)(dθ
2 + sin2

θ dφ
2). (1)

For the exterior metric, we take the Reissner–Nordström met-
ric describing the radiation field around a charged spherically
symmetric source of the gravitational field

ds2
+ = −

(
1− 2M

r
+

Q2

r2

)
dν

2−2dν dr

+ r2(dθ
2 + sin2

θ dφ
2), (2)

where M and Q are the total mass and the charge, respectively.
The fluid under consideration is locally dissipative in the form
of shearing viscosity. The interior energy–momentum tensor
of the charged dissipative fluid is given by

T−
αβ

= (ρ + p̂−ξΘ)uα uβ +(p̂−ξΘ)gαβ −ησαβ

+
1

4π

(
Fγ

α Fβγ −
1
4

gαβ Fγδ Fγδ

)
, (3)

where ρ , p̂, ξ , and uα are the energy density, isotropic pres-
sure, coefficient of bulk viscosity, and four-velocity associated
with the fluid, respectively, and Fαβ is the electromagnetic
field tensor. We can write the above equation with p = p̂−ξΘ

as

T−
αβ

= (ρ + p)uα uβ + pgαβ −ησαβ

+
1

4π

(
Fγ

α Fβγ −
1
4

gαβ Fγδ Fγδ

)
. (4)

The four-velocity in the comoving coordinates is

uα = A−1
δ

α
0 , uα uα =−1. (5)

Here η > 0 is the coefficient of the shearing viscosity, while
the shear tensor σαβ is defined as

σαβ = u(α;b)+aα uβ −
1
3

Θ(gαβ +uα uβ ), (6)

where aα = uα;β uβ is the four-acceleration, and Θ = uα
;α is the

expansion scalar. The corresponding non-zero components are

a1 =
A′

A
, aα aα =

(
A′

AB

)2

, Θ =
1
A

(
Ḃ
B
+2

Ṙ
R

)
, (7)

where · and ′ represent differentiations with respect to t and
r, respectively. The non-vanishing components of the shear
tensor are

σ11 = 2B2
σ , sin2

θσ22 = σ33 =−R2
σ , σ

αβ
σαβ = 2σ

2, (8)

where

σ =
1

3A

(
Ṙ
R
− Ḃ

B

)
. (9)

2.1. The Einstein Maxwell field equations

In the four-vector formalism, the Maxwell equations are

Fαβ = φβ ,α −φα,β , Fαβ

;β = 4πJα , (10)

where φα and Jα are the four-potential and the current den-
sity vector, respectively. We consider the charge to be at rest,
resulting in no magnetic field in this local coordinate system.
Thus φα and Jα can be written as

φα = Φδ
0
α , Jα = ζ uα , (11)

where ζ (t,r) and Φ(t,r) describe the charge density and the
scalar potential, respectively. From Eqs. (10) and (11), the
only non-vanishing component of the electromagnetic field
tensor is

F10 =−F01 =
∂Φ

∂ r
. (12)

The corresponding Maxwell equations are

∂ 2Φ

∂ r2 −
(

A′

A
+

B′

B
−2

R′

R

)
∂Φ

∂ r
= 4πζ AB2, (13)

∂ 2Φ

∂ t∂ r
−
(

Ȧ
A
+

Ḃ
B
−2

Ṙ
R

)
∂Φ

∂ r
= 0. (14)

Solving the above equations, we have

∂Φ

∂ r
=

qAB
R2 , (15)

where q(r) is the total amount of charge from the center to the
boundary surface of the star

q(r) = 4π

∫ r

0
ζ BR2 dr. (16)

The electric field intensity is the charge per unit surface area
of the sphere

E(t,r) =
q

4πR2 . (17)

Using Eqs. (1) and (4), we have the following non-
vanishing components of the Einstein–Maxwell field equa-
tions:

8πA2(ρ +2πE2)

=

(
2Ḃ
B

+
Ṙ
R

)
Ṙ
R
−
(

A
B

)2

×

[
2R′′

R
+

(
R′

R

)2

− 2B′R′

BR
−
(

B
R

)2
]
, (18)

0 = −2
(

Ṙ′

R
− ṘA′

RA
− ḂR′

BR

)
, (19)

8πB2(p+2ησ −2πE2)

= −
(

B
A

)2 [2R̈
R
−
(

2Ȧ
A
− Ṙ

R

)
Ṙ
R

]
+

(
2A′

A
+

R′

R

)
R′

R
−
(

B
R

)2

, (20)
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8πR2(p−ησ +2πE2)

= 8πR2(p−ησ +2πE2)sin−2
θ

= −
(

R
A

)2 [ B̈
B
+

R̈
R
− Ȧ

A

(
Ḃ
B
+

Ṙ
R

)
+

ḂṘ
BR

]
+

(
R
B

)2 [A′′

A
+

R′′

R
− A′

A

(
B′

B
− R′

R

)
−B′R′

BR

]
. (21)

The Misner and Sharp mass function m(t,r) with charge[31] is
given by

m(t,r) =
R
2
(1−gαβ R,α R,β )

=
R
2

(
1+

Ṙ2

A2 −
R′2

B2

)
+

q2

2R
. (22)

The conservation equation, (T−αβ );β = 0, yields

ρ̇ +(ρ + p)
(

Ḃ
B
+2

Ṙ
R

)
+2ησ

(
Ḃ
B
− Ṙ

R

)
= 0, (23)

p′+2ησ
′+(ρ + p)

A′

A
+2ησ

(
A′

A
+3

R′

R

)
− 4π

E
R
(RE ′+2R′E) = 0. (24)

2.2. Junction conditions

We connect M− and M+ metrics by considering the Dar-
mois junction conditions. For the smooth matching of these
geometries, it is required that the boundary is continuous and
smooth. Thus the continuity of the first fundamental form of
the metrics provides(

ds2
−
)

Σ
=
(

ds2
+

)
Σ
=
(

ds2)
Σ
, (25)

and the continuity of the second fundamental form of the ex-
trinsic curvature gives

K+
i j = K−i j , (i, j = 0,2,3). (26)

Considering the interior and the exterior space–times with
Eq. (25), we have

dt
dτ

= A(t,rΣ )
−1, R(t,rΣ ) = rΣ (ν), (27)(

dν

dτ

)−2

= 1− 2M
rΣ

+
Q2

r2
Σ

+2
drΣ

dν
. (28)

From Eq. (26), the non-null components of the extrinsic cur-
vature turn out to be

K−00 =−
[

A′

AB

]
Σ

, K−22 =

[
RR′

B

]
Σ

, K−33 = K−22 sin2
θ , (29)

K+
00 =

[(
d2ν

dτ2

)(
dν

dτ

)−1

−
(

dν

dτ

)(
M
r2 −

Q2

r3

)]
Σ

, (30)

K+
22 =

[(
dν

dτ

)(
1− 2M

r
− Q2

r2

)
r+
(

dr
dτ

)
r
]

Σ

, (31)

K+
33 = K+

22 sin2
θ . (32)

Using Eqs. (27)–(31) and the field equations, we obtain

m Σ
= M, p+2ησ

Σ
= 0, (33)

where q(r) = Q has been used. The above equation shows
that across the boundary Σ , the masses of interior and exterior
space–times are matched and the momentum flux is conserved.

3. Perturbation scheme and collapse equation
Here we construct the collapse equation. For this pur-

pose, we expand the field equations, the dynamical equations,
and the mass function to the first order in ε by using the pertur-
bation scheme.[24,36] We assume that initially all the physical
functions and the metric coefficients depend on r, i.e., the fluid
is unperturbed. Afterwards, all these quantities depend on the
time coordinate, which are given by

A(t,r) = A0(r)+ εT (t)a(r), (34)

B(t,r) = B0(r)+ εT (t)b(r), (35)

R(t,r) = rB(t,r)[1+ εT (t)c̄(r)], (36)

E(t,r) = E0(r)+ εT (t)e(r), (37)

ρ(t,r) = ρ0(r)+ ερ̄(t,r), (38)

p(t,r) = p0(r)+ ε p̄(t,r), (39)

σ(t,r) = εσ̄(t,r), (40)

m(t,r) = m0(r)+ εm̄(t,r), (41)

where 0 < ε � 1. For c̄ = 0, we have a shear-free metric. Us-
ing this scheme, the static configuration of Eqs. (18)–(21) is
written as

8π
(
ρ0 +2πE2

0
)

= − 1
B2

0

[
2

B′′0
B0
−
(

B′0
B0

)2

+
4
r

B′0
B0

]
, (42)

8π
(

p0−2πE2
0
)

=
1

B2
0

[(
B′0
B0

)2

+
2
r

(
A′0
A0

+
B′0
B0

)
+2

A′0
A0

B′0
B0

]
, (43)

8π
(

p0 +2πE2
0
)

=
1

B2
0

[
A′′0
A0

+
B′′0
B0

+
1
r

(
A′0
A0

+
B′0
B0

)
−
(

B′0
B0

)2
]
. (44)

The corresponding perturbed quantities up to the first or-
der in ε with Eqs. (34)–(40) become

8πρ̄ +32π
2E0Te

= − T
B3

0

{
b
(

B′0
B0

)2

−2b′
(

B′0
B0
− 2

r

)
+2b′′+2B0

×
[

c̄′′+ c̄′
(

2
B′0
B0

+
3
r

)
+

(
c̄
r2

)]}

− 24π
T b
B0

(
ρ0 +2πE2

0
)
, (45)
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0 = 2
[(

b
A0B0

)′
+

(
c̄

A0

)′
+

(
1
r
+

B′0
B0

)(
c̄

A0

)]
Ṫ , (46)

8π(p̄+2ησ̄)−32π
2E0Te

= − 2b
A2

0B0
T̈ +

2T
B2

0

[(
1
r
+

B′0
B0

)(
a

B0

)′
+

(
b

B0
+ c̄
)′(A′0

A0
+

1
r
+

B′0
B0

)
+

c̄
r2

− c̄
(

B0

A0

)2 T̈
T

]
−16π

T b
B0

(
p0−2πE2

0
)
, (47)

8π(p̄−ησ̄)+32π
2E0Te

= − T̈
A2

0

(
2

b
B0

+ c̄
)
+

T
B2

0

[
a′′

A0
+

b′′

B0
+ c̄′′

+
A′′0
A0

(
a

A0
− b

B0

)
+

b′

B0

(
1
r
−

B′0
B0

)
+

B′0
B0

(
c̄− b

B0

)′
+

A′0
A0

(
b

rB0
+ c̄′

)
+

1
r

(
a

A0
+2c̄

)′]
−24π

T b
B0

(
p0 +2πE2

0
)
. (48)

The static configuration for dynamical Eq. (23) is trivially
satisfied, while Eq. (24) implies

p′0 +(ρ0 + p0)
A′0
A0

− 4πE0

[
E ′0 +2E0

(
1
r
+

B′0
B0

)]
= 0, (49)

which yields

A′0
A0

=− 1
ρ0 + p0

{
p′0−4πE0

[
E ′0−2E0

(
1
r
+

B′0
B0

)]}
. (50)

The perturbed part of Eq. (23) becomes

˙̄ρ +(ρ0 + pr0)

(
3

b
B0

+2c̄
)

Ṫ = 0, (51)

which through integration leads to

ρ̄ =−(ρ0 + p0)

(
3

b
B0

+2c̄
)

T. (52)

For the second dynamical equation, we have

p̄′+2ησ̄
′+(ρ̄ + p̄)

A′0
A0

+(ρ0 + pr0)T
(

a
A0

)′
+ 2ησ

(
A′0
A0

+
3
r
+

3B′0
B0

)
− 4πT

[
(eE0)

′+4eE0

(
1
r
+

B′0
B0

)
+ 2E2

0

(
b

B0

)′
+2E2

0 c̄′
]
= 0. (53)

The unperturbed and the perturbed configurations of the
electromagnetic field are given by

E0(r) =
q

r2B2
0
, e(r) =−

(
2b
B0

+ c̄
)

E0. (54)

This shows that e(r) depends on the static configuration of the
electromagnetic field. Similarly, we can write the static and
the perturbed configurations for Eq. (22) as

m0 = − rB0

2

(
2r

B′0
B0

+

(
r

B′0
B0

)2
)
+8π

2r3E2
0 B3

0, (55)

m̄ = −
[

r2b′+ r3 B′20
2B0

(
2

b′

B′0
− b

B0

)]
T

− c̄′r3B0

(
1
r
+

B′0
B0

)
T

− c̄r2B0

[
3
2

r
(

B′0
B0

)2

+3
B′0
B0

+
1
r

]
T

+ 24π
2r3B2E2

0 (b+B0c̄)T. (56)

From Eq. (55), we have

B′0
B0

=−1
r
+

1
r

√
1− 2m0

rB0
+16π2r2E2

0 B2
0. (57)

The perturbed configuration for the shear scalar is written as

σ̄ =
1

3A0
c̄Ṫ . (58)

The junction condition (33) with Eqs. (39) and (40) leads to

p0
Σ
= 0, p̄+2ησ̄

Σ
= 0. (59)

Substituting the above relations in Eq. (47), we get the tempo-
ral equation

T̈ (t)−ψ(r)T (t) Σ
= 0, (60)

where

ψ(r) Σ
=

(
A0

B0

)2( b
B0

+ c̄
)−1 [(A′0

A0
+

1
r
+

B′0
B0

)(
b

B0
+ c̄
)′

+

(
1
r
+

B′0
B0

)(
a

A0

)′
+

c̄
r2

+ 16π
2E0B0(eB0 +bE0)

]
. (61)

The general solution of Eq. (60) yields

T (t) = c1 exp(
√

ψΣ t)+ c2 exp(−
√

ψΣ t), (62)

where c1 and c2 are arbitrary constants. This provides two in-
dependent solutions. Here we take ψΣ to be positive for phys-
ically meaningful results, i.e., when the system is in a static
position, it starts collapsing at t = −∞ when T (−∞) = 0 and
goes on collapsing, diminishing its areal radius with the in-
crease of t. The corresponding solution is found for c2 = 0,
too, we choose c1 =−1, hence

T (t) =−exp(
√

ψΣ t). (63)

Next, we are interested to find the instability range of the
collapsing fluid in terms of adiabatic index Γ . Chan et al.[18]
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found a relationship between p̄ and ρ̄ with an equation of state
of the Harrison–Wheeler type[38] for the static configuration

p̄ = Γ
p0

ρ0 + p0
ρ̄, (64)

where Γ describes the change in pressure for a given change
in density (taken to be constant in the whole fluid distribution).
The above equation with Eq. (52) leads to

p̄ =−p0Γ

(
3b
B0

+2c̄
)

T. (65)

Using the above equation and Eq. (59) in Eq. (47), we have(
a

A0

)′
= B0

(
1
r
+

B′0
B0

)−1 [
−4π

(
3b
B0

+2c̄
)

Γ p0B0

+ 8π p0b− c̄
r2B0

−16π
2E0(eB0 +bE0)

− 1
B0

(
A′0
A0

+
1
r
+

B′0
B0

)(
b

B0
+ c̄
)′

+
B0

A2
0

(
b

B0
+ c̄
)

T̈
T
+8πηB0

σ̄

T

]
. (66)

We can write the collapse equation by substituting Eqs. (52),
(58), (65), and (66) in the perturbed configuration of the sec-
ond dynamical equation

−
[

p0Γ

(
3b
B0

+2c̄
)]′

T +
2

3A0

(
η c̄′+η c̄

A′0
A0

)
Ṫ

−
(

3b
B0

+2c̄
)

T (ρ0 + p0(1+Γ ))
A′0
A0

+ (ρ0 + p0)T B0

(
1
r
+

B′0
B0

)−1 [B0

A2
0

(
b

B0
+ c̄
)

T̈
T

+ 8π p0b+8πηB0
c̄Ṫ

3A0T
−16π

2E0(eB0 +bE0)

− 4π

(
3b
B0

+2c̄
)

Γ p0B0−
1

B0

(
A′0
A0

+
1
r
+

B′0
B0

)
×
(

b
B0

+ c̄
)′
− c̄

r2B0

]
+

2
3A0

(
A′0
A0

+
1
r
+

B′0
B0

)
× η c̄Ṫ −T

[
2E2

0

(
b

B0

)′
+(eE0)

′+2E2
0 c̄′

+ 4πE0

(
1
r
+

B′0
B0

)]
= 0. (67)

4. Dynamical instability of charged viscous per-
turbation
This section deals with the dynamical instability of the

charged viscous fluid in the Newtonian and the pN regimes.
We can see from Eq. (36) that the effects of shear explicitly
appear only on metric function R(t,r). Using this fact, we can
split Eq. (46) into two types of terms, one with shearing vis-
cosity and the other without it. Thus, the first three terms in
Eq. (46) are taken identically to be zero(

b
A0B0

)′
= 0,

(
c̄

A0

)′
+

(
1
r
+

B′0
B0

)(
c̄

A0

)
= 0. (68)

The first of the above equations provides

b = A0B0, (69)

while the second one leads to

c̄′ = −c̄
{[

p′0
ρ0 + p0

+
4πE0

ρ0 + p0

×
(

E ′0
2E0

r

√
1− 2m0

rB0
+16π2r2E2

0 B2
0

)]
+

1
r

√
1− 2m0

rB0
+16π2r2E2

0 B2
0

}
. (70)

Inserting Eqs. (50), (57), (63), (69), and (70) in the collapse
equation, we have

−(3A0 +2c̄)Γ p′0 +Γ p0

{
A0

[
3p′0

ρ0 + p0

− 12πE0

ρ0 + p0

(
E ′0 +

2E0

r
+

√
1− 2m0

rB0
+16π2r2E2

0 B2
0

)]
+

2p′0c̄
ρ0 + p0

+
2c̄
r

√
1− 2m0

rB0
+16π2r2E2

0 B2
0

− 4πE0

ρ0 + p0

(
E ′0 +

2E0

r

√
1− 2m0

rB0
+16π2r2E2

0 B2
0

)}
− (ρ0 + p0 +Γ p0)(3A0 +2c̄)

[
p′0

ρ0 + p0

− 4πE0

ρ0 + p0

(
E ′0 +

2E0

r

√
1− 2m0

rB0
+16π2r2E2

0 B2
0

)]
+ (ρ0 + p0)B0

(
1
r

√
1− 2m0

rB0
+16π2r2E2

0 B2
0

)−1

×
{

8π

3
B0

A0
η c̄
√

ψΣ −16π
2E0(eB0 +bE0)+8π p0A0B0

− 12πΓ p0A0B0 +

(
B0

A0

)
ψΣ

+

(
A0

B0

)[
1
r

√
1− 2m0

rB0
+16π2r2E2

0 B2
0−

p′0
ρ0 + p0

+
4πE0

ρ0 + p0

(
E ′0 +

2E0

r

√
1− 2m0

rB0
+16π2r2E2

0 B2
0

)]
×
[

p′0
ρ0 + p0

− 4πE0

ρ0 + p0

(
E ′0 +

2E0

r

×
√

1− 2m0

rB0
+16π2r2E2

0 B2
0

)]
+

c̄
B0

[
p′0

ρ0 + p0

− 4πE0

ρ0 + p0

(
E ′0 +

2E0

r

√
1− 2m0

rB0
+16π2r2E2

0 B2
0

)]2

− c̄
B0

(
2m0

r3B0
−16π

2E2
0 B2

0 +8πB2
0 p0Γ −

(
B0

A0

)2

ψΣ

)}
+

2
3A0r

η c̄
√

ψΣ

[
2
√

1− 2m0

rB0
+16π2r2E2

0 B2
0−

p′0
ρ0 + p0

+
4πE0

ρ0 + p0

(
E ′0 +

2E0

r

√
1− 2m0

rB0
+16π2r2E2

0 B2
0

)]
−
{
(eE0)

′+2(A0 + c̄)
[
−

p′0
ρ0 + p0

+
4πE0

ρ0 + p0

(
E ′0
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+
2E0

r

√
1− 2m0

rB0
+16π2r2E2

0 B2
0

)]
E2

0

+
(4πE0 +2E2

0 c̄)
r

√
1− 2m0

rB0
+16π2r2E2

0 B2
0

}
= 0. (71)

4.1. Newtonian limit

Now we explore the instability range by applying the
Newtonian limit, i.e., A0 = 1, B0 = 1, ρ0� p0, and discarding
the terms of the order m0/r in Eq. (71). It follows

−3p′0Γ +4p′0 +
(1+8π2r2E2

0 )

r

×
(

4
3

η c̄
√

ψΣ −32πE2
0 −4πE0

)
− 16πE0E ′0 +(1−16π

2r2E2
0 )rρ0ψΣ = 0. (72)

We can see from Eq. (58) that the perturbed configuration of
the shear scalar depends on the velocity gradients. Also, it is
known that the velocity of the particle for a self-gravitating
star increases towards the center. This shows that σ̄ is nega-
tive inside the body and zero on the boundary surface. It is
worth noticing that for a collapsing body, Ṫ < 0 as t→−∞,
thus Eq. (58) implies that c̄ > 0. Considering the physical re-
quirement, i.e., p′0 < 0, and neglecting the relativistic terms
like ρ0/p0, we have the instability condition (independent of
the linear perturbation functions) for the charged viscous fluid

Γ <
4
3
− 4

9
η |c̄|
√

ψΣ

|p′0|r
+

16πE0E ′0
3|p′0|

+
1+8π2r2E2

0
3|p′0|r

(32πE2
0 +4πE0). (73)

Here the critical value 4/3 corresponds to the spherical geom-
etry and the Newtonian gravity. In fact, 4 in the numerator
corresponds to the weight of the envelop in Newtonian me-
chanics varying as r−2, which is distributed over the surface of
a sphere yielding another r−2. The denominator 3 corresponds
to the volume of the sphere r3. We note from the above equa-
tion that the electromagnetic field diminishes the impact of the
shearing viscosity on the dynamical instability and makes the
system unstable in the Newtonian approximation. We retain
the Newtonian classical result, i.e., Γ < 4/3, for the case of
shear free or when the fluid is not charged viscous.

4.2. Post-Newtonian limit

In the pN limit, we consider A0 = 1−m0/r, B0 = 1+
m0/r, and the relativistic corrections of the order m0/r in
Eq. (71), so we have

−(3+2c̄)p′0Γ +(4+2c̄)p′0 +
(1+8π2r2E2

0 )

r

×
[

4
3

η c̄
√

ψΣ +4πE0 +2E2
0 c̄−8πE2

0 (2+2c̄)
]

+ (1−16π
2r2E2

0 )rρ0

[
8π p0 +ψΣ −16π

2E0(e+E0)

+
8π

3
η c̄
√

ψΣ

]
(4+2c̄)4πE0E ′0− (eE0)

′

+ 16π
2rc̄ρ0E2

0 +ρ0rc̄ψΣ (1−8π
2r2E2

0 ) = 0. (74)

Here we apply the same procedure as that in the Newtonian
limit and ignore terms with higher orders of m0/r, we get the
instability range at the pN limit as follows:

Γ <
4
3
− 1

3|p′0|

[(
4
3r

η |c̄|
√

ψΣ +4πE0 +2E2
0 |c̄|
)

× (1+8π
2r2E2

0 )+16π
2E2

0 rρ0(|c̄|+16π
2E0r2(e+E0))

+ 2|c̄|+ρ0ψΣ r(1+ |c̄|)+ 8π

3
ηρ0r|c̄|

√
ψΣ

]
+

16π2rE0ρ0

3|p′0|

[
8π

3
η |c̄|r2E0

√
ψΣ + e+E0

+ r2E0ψΣ

(
1+
|c̄|
2

)]
+

1
3|p′0|

[
8πρ0 p0r

+ 4πE0E ′0(4+2|c̄|)+(eE0)
′

+ 16πE2
0 (1+ |c̄|)

(1+8π2r2E2
0 )

r

]
. (75)

This equation shows that the positive terms diminish the rela-
tivistic effects of the negative terms occurring from the shear-
ing viscosity and the electromagnetic field at the pN approxi-
mation, making the fluid more unstable. It is mentioned here
that the instability condition depends upon the static configu-
ration of the system, as perturbed variables e(r) and b(r) de-
pend on the static configurations given in Eqs. (54) and (69),
respectively.

5. Conclusion
We have investigated the role of electromagnetic field on

the instability conditions (73) and (75) in Newtonian and pN
approximations. Pinheiro and Chan[39] found that the collaps-
ing stars with huge amounts of charge (Q ∼ 5.408× 1020 C)
end up as Reissner–Nordström black holes. They concluded
that the models with charge to mass ratio Q/m0≤ 0.631 would
form black holes. Ernesto and Simeone[40] examined the sta-
bility of a charged thin shell and found that the Reissner–
Nordström geometries for different values of charge either
have an inner and outer event horizon or a naked singularity.
This showed the relevance of charge to the evolution and the
structural formation of astrophysical objects.

In general, the behavior of an electromagnetic field is al-
ways positive being the Coulomb’s repulsion force. Sharif and
Abbas[1] explored that due to the weak nature of the electro-
magnetic field, the end state of collapsing cylinder results in
a charged black string. We can see from Eq. (73) that the
shearing viscosity boosts the stability of the fluid, which is the
consequence of the fact that the collapse with shear proceeds
faster than that without shear. Whereas the electromagnetic
field being a positive quantity diminishes the effects of the
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shearing viscosity and makes the fluid unstable in the New-
tonian approximation. This corresponds to the fact that charge
delays the event horizon formation or even halts the complete
contraction of the star.[12] The electromagnetic field has the
same impact for Eq. (75) in the pN approximation. It is worth
mentioning here that our results for the electromagnetic field
are consistent with the results obtained in Ref. [36].

Finally, we would like to mention that we have made all
the discussion on the hypersurface, where the areal radius is a
constant. The solution of the temporal Eq. (60) includes os-
cillating and non-oscillating functions corresponding to stable
and unstable systems. For the instability conditions, we have
confined our interest in the non-oscillating ones. We have in-
vestigated the role of physical quantities in the onset of the
dynamical instability of the fluid during the collapse, hence
the instability conditions contain those terms that have radial
dependences.
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