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Superposition solitons in two-component Bose—Einstein condensates”
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We develop the Hirota bilinear method and obtain the exact one and two superposition soliton solutions for two-
component Bose—Einstein condensates. The conversion of three kinds of solitons including the superposition solitons,
bright-bright solitons, and dark—bright solitons is discussed. With the energy analysis, we find that the superposition
soliton state is an excitation state for this system. Moreover, the collision of two superposition solitons is found to be

elastic.
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1. Introduction

Owing to the different propagating velocities of differ-
ent wave components, waves tend to expand in dispersive lin-
ear media. However, in many nonlinear media, certain wave
envelopes (solitons) propagate undistorted because of the bal-

1131 Solitons as non-

ance between dispersion and nonlinearity.
linear wave phenomena are observed in many physical sys-
tems, such as the surface of water, nonlinear transmission
lines, and optical fibers.[*! Particularly, the realization of a soli-
tary wave in Bose—Einstein condensate (BEC) strongly stimu-
lates a tremendous number of explorations. At zero temper-
ature, the dynamics of BEC is well described by the time-
dependent Gross—Pitaevskii (GP) equation, and the nonlinear-
ity results from the interatomic interactions. Either dark!>~!3!
or bright soliton!!>~13] solutions are admitted in BEC depend-
ing on the repulsive or attractive nature of the interatomic in-
teractions. Dark solitons have been researched in condensates,
and they can only present in the condensates. The bright soli-
tons can travel over much longer distances, and they are con-

16,17

densates themselves.'®!7] Naturally, there are growing inter-

ests in the bright and the dark soliton train dynamics of the

BEC with time varying scattering lengths.!'3:1%]

As a result of controlling the intra- and inter-species in-

teraction strengths via the Feshbach resonances and the state-

[20,21]

dependent potentials, many investigations are no longer

confined to the study of the single-component BEC. Multi-

component BECs possess complicated quantum phases!®?!

(23-251 1t is far from be-

and combined soliton solutions.
ing an insignificant extension of the single-component one,
and presents originally and fundamentally different scenar-
ios about its ground-state wavefunctions and excitations.20-2°]
For example, a dark soliton and a bright soliton may coexist in

a two-component BEC. In general, the two-component BECs
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are realized on binary mixtures of alkalis, such as different
alkalis ’Rb—>*Na, different isotopes 8’Rb—83Rb, and differ-
ent hyperfine states of the same alkali |F =1,mp = 1) and
|F =2,mp = —1) of 8’Rb!3*-32] The so-called dark-bright
(DB) solitons exist owing to that the dark-soliton compo-
nent creates a trapping mechanism, which allows the bright-
soliton component to be formed through the inter-species
interaction.3*-3%1 Such structures have recently been observed
in experiments carried out in optics and BECs.3%3%1 Nev-
ertheless, the problem of the superposition solitons (SPSs),
i.e., dark and bright solitons in different component of a two-
component BEC, has not been addressed in detail so far. In
this paper, we aim to study this problem by using the Hirota
bilinear method.

Consider a quasi-one-dimensional two-component BEC
with attractive interactions between atoms, which can be de-

scribed by the dimensionless coupled GP equations! ']
.d¢ 10%¢ ai . 2 2
1 at __5 axz —& 7]2|¢1| +‘¢2| ¢17
.0 19%9, an . 2
2y 2 W2 (22 1
i 702 8 alz|¢2| +[¢1]7) ¢, (D

where ¢; (j = 1,2) is measured in units of /ng, with ng being
the maximum density for the initial distribution of the con-
densate. Parameters a;; (j = 1,2) and aj, are the scattering
lengths of intra- and inter-species atomic collisions, respec-
tively, and g = 47rn()l§ |a12| is the interaction constant. Gen-
erally, Eq. (1) is not integrable. However, under the condition
aj] = axp = ay, the coupled equations are equivalent to an
integrable Manakov system.[*3] In this case, we will get ex-
act one and two SPSs. The one SPS means the superposition
of one dark soliton and one bright soliton in each component,
and the two SPSs mean the superposition of two dark solitons
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and two bright solitons. The SPS solutions can be easily trans-
formed to bright-bright (BB) soliton solutions. In addition,
we find that the BB soliton state is the ground state through
comparing its energy with that of two other kinds of solitons.
We get a phase separation in the process that the ground state
jumps to the excitation state. A detailed analysis of the asymp-
totic behavior of the solutions shows that the collision of two
SPSs is elastic.

2. The developed Hirota method and superposi-
tion solitons

One of the most famous methods to construct soliton so-
lutions in two-component BEC:s is the Hirota bilinear method.
In order to clarify the derivation of solutions, we introduce its

[40] The first step of this method is to make

main idea briefly.
a direct transformation to the nonlinear equations. Then in
terms of some bilinear operators, the nonlinear equations can
be decoupled into a set of equations, from which the SPS can
be obtained effectively. Performing the normal procedure, we
consider the complex functions G(x,t), H(x,t) and the real

function F(x,7) forming the transformation

G H
‘Pl—f» ¢2—f~

Substituting Eq. (2) into Eq. (1), we have

2

1
0= F(iD,+2D§) G-F

1 2 2 2
Gsoirrg(GPeiP)). o

1
0= F(iD,+2D§)H-F

1 2 2 2
—u|soirrg (6P @

where D; and D? are called the Hirota bilinear operators and
defined by

;. d a\"
D;nD:lG(.X,[)F(X7t) = (a_xa_x/> 5

(i - ;ﬂ) G(x,t)F (xlvt/) |x=x’,t=t’- )
Equations (3) and (4) can be decoupled easily into two equa-
tions respectively. In order to get the exact SPS for Eq. (1),
we determine a real parameter A, which is added to the Hirota
bilinear operators, and then many attempts show that equa-
tions (3) and (4) can be decoupled into

AG-F =0, H-F=0,
hF-F = g(IGP +IHP), ©)

where the Hirota bilinear operators o) and ) are given by

. 1
o = iD,JrED?Cf)L, 7

o = %DH. @®)

In the following sections, we will obtain the SPS by construct-
ing the expressions of G(x,t), H(x,t), and F(x,t) in Eq. (6)
skillfully.

2.1. One superposition soliton

Different form the classical procedure of the Hirota
method, the expressions of G(x,7), H(x,t), and F(x,t) are re-
spectively assumed to be

G =0 (1+2°Q2) + 101, ©)
H =0 (1+2°02) — 101, (10)
F = 1+ x°P, (11)

which admit the novel superposition soliton solutions of
Eq. (1). In Egs. (9)—(11), x is an arbitrary auxiliary parameter,
which will be absorbed in the expressions of solutions. Substi-
tuting Egs. (9)—(11) into Eq. (6) and collecting the coefficients
with the same powers of y, we have 1) for the coefficient of

x°,
0= /01, 12)
0= ahl-1-2¢|Q0f, (13)

2) for the coefficient of %,
0=20:1, (14

3) for the coefficient of x2,

0= (QQ2-1+Q0-Fr), (15)
0=u0h(F1+1-F)
~2[I00P (02 +02) +I@iP],  (16)

4) for the coefficient of x3,
0=a0Q1-F, (17)
5) for the coefficient of x*,

0 = Q00> P, (18)
0 = chFy-F, —2g|00* |02, (19)

where the overbar denotes the complex conjugate.

Using the definition of Hirota bilinear operator (5), we
can express the above equations in detail. Solving Eqgs. (12)
and (13), we get

Qo = pe'™, (20)

where 1o = kox — (k§/2+ A) t with a real ko and the complex
parameter Y satisfying |o|> = —A /(2g), which shows that the
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existing of the SPS demands A < 0. From Eq. (14), we obtain
the expression of O

Or=oyem, 21

where 1, = kix+1 (k{/2— )¢, with k; being complex. The
parameter (/1 to be determined is an arbitrary complex parame-
ter. Expanding Eqgs. (15) and (16) with the definition of Eq. (5),
we can see that O, and F; admit the expressions

Q) = ZjeMtmth (22)
F = em+f11+R1’ (23)
where the complex parameter Z; is to be determined, and R

is a real parameter. Substituting Egs. (20)—(23) into Egs. (15)
and (16), we have

1. _
0= 2 (K-k)Z 1) +ik (ki +k)(Z —1)
+%(k1+/_<1)2(21+1)a (24)

0 = el (k] +/_<1)2 —2)el —2g|ay |2
—2g|w|* [ZieRr +Z1eM1]. (25)
In the case of Z; # +1 (the case of Z; = +1 will be discussed
below), we obtain
iko — kq

7 = sy 26
' ke + Ky (26)
2g 0|

-1
2 2

ekl — g'“_‘|2 1+ Y 27)
(ki +k1) [k1 — kol

which implies |Z; |2 = 1. In terms of Egs. (20)—(23), we can

find that equations (17)—(19) are satisfied to the moment.
With the help of Egs. (2) and (20)—(23), by absorbing pa-
rameter Y, the one SPS of Eq. (1) can be derived as

¢j = %yoeino [(l—i—Zl)—(l—Zl)tanh (61+I;l>:|

. . R
-l—(—1)3’f—a}el e'? sech (91 + 21) , (28)
2e?
where j = 1,2 and
1
o1 = kuxt 5 (kg — Kk —22)1, (29)
91 = klR (x—kul). (30)

In the above equations, suffixes R and I denote the real
and the imaginary parts, respectively. From the above solu-
tion (28), we can see two special cases, i.e., Z; = 1. When
Z1 = 1, parameter k; will become a pure imaginary num-
ber, and solution (28) degenerates to a plane-wave solution
012 = yexp(ino). It implies that the exact solution (28) de-
scribes a vector soliton embedded in a plane-wave background

in the two-component BECs. When Z; = —1, equation (28) re-
duces to superposition solutions of black and bright solitons in
the form

. R
¢, = —’J/oelno tanh (91 + 2])

o R
—; €' sech (91 + ) ,

+(=1)>
2e72 2

where j = 1,2, ¢ = kox + (kg —k§—2A)1/2, and ef1 =
glai]?/ [Z(k%R —A)]. The 6; and other parameters are given
before. In particular, we find that when J = 0, the one
SPS for Eq. (28) can be simplified to a special one-BB soli-
ton solution of the two-component BECs in the form of
0y = (—1)*7 e ® sech (6 + Ry /2)] / (2e%1/2), j = 1,2.
Here ¢; and e®1 are reduced to ¢ = kix+ (k%R fk%l) t/2
and eft = gloy|*/ (2k}g). respectively, and 6; is given in
Eq. (30). It implies that we can conveniently get another form
of the solution (BB soliton) of Eq. (1) from Eq. (28).

As discussed above, there are one BB soliton solution,
DB soliton solution, and SPS in the two-component BECs
with attractive interactions between atoms. The BB soliton
state can be viewed as the ground state of this system, and the
other two kinds of solitons represent the excited states. For a
better understanding, their energies will be studied in detail.
The energy is expressed as

el 1o digr 1o d7
E = I N
/ [ e 2% ae

2
~S (1o +102P) ]dx. G31)

The BB soliton energy can be easily obtained as Epg =
—kjr/(3g) + k3kir /g from the above expression. However,
the integrals of the other two kinds of soliton energies are in-
finite, so we modify the integrals to remove the corresponding
contributions of the continuous wave background. We get the
absolute energies of the DB soliton and the SPS

Epg = _kiR k%IkIR nokir kj) _ 3nog
3g 4 N "2 2N’
kg | khkir | 2kirng 280
Ecpe = — IR I 2
SPS 3g + g + N + 0 N )

where the soliton velocity and width are defined by k1 and
W = 1/kjR, respectively, and N is the number of particles for
each component of the system. The expressions show that
the energy will change with the velocity and the width of the
soliton when the soliton phase and scattering length are both
given. It is clear that the energy increases when the velocity
and the width increase (see Fig. 1). From the energy expres-
sions, we find that the ground state (BB soliton state) has the
lowest energy for this system, and the energies of the first (DB
soliton state) and the second (SPS state) excited states increase
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as ng (2kir —38) / (2N) + k3 /2 and 2ng (kir — g) /N + k3, e-
spectively. The transition energy is ng(2kjr —g)/(2N) +
k3/2 from the DB soliton state to the SPS state. Rich phase
separation behaviors can be observed in the two-component
BECs, which are driven primarily by the nonlinear interac-
tions between the different atomic species or states that make
up the condensates. A quantum phase transition is a fun-
damental change in the character of a system’s ground state
when some parameters of its Hamiltonian pass through criti-
cal values.*!:#?! From the analysis of the energy, we find that
the phase separation can be obtained for this system in a sim-
ple way, even the miscibility of the two-component BECs is

2 2
<a' i (b)

Soliton velocity kg
=)

Soliton velocity kip
=)

(en)
=
[\
w
o
=

=]
[\
oy
@)
=

Soliton velocity kip

determined by the scattering lengths. Initially the BECs de-
scribed by the ground-state solution (BB soliton solution) have
a uniform phase, as shown in Fig. 2(a). We modify the phase
distribution of the BECs by adding energy. During this pro-
cess, the BECs will jump to the DB state shown in Fig. 2(b)
and the SPS state shown in Fig. 2(c) in turn, while each single
state of the two pure condensates has a slight offset in space,
i.e., the two densities do not coincide with each other, so there
are phase differences. This novel discovery will play a direc-
tive role for the further researching about the two-component

BEC:s in experiments.

—

[en]

Fig. 1. (color online) Column energies of (a) the BB solitons, (b) the DB solitons, and (c) the SPS change with the soliton width and

velocity. The parameters are g = 1, no/N =0.5,and ky = 2.

0.6 2.5
(a) — &l (b)
== |¢2f?
0.4
0.2
0
—4 0 4
x

Fig. 2. (color online) Densities of components 1 and 2 are compared for k; =1+0.31, g=1,k =0.3,and (a) =0, oy = 1 +1,
®pw=1L0=2+2i,c)p=1,0 =2+ V/2i. Panels (a)—(c) correspond to the BB soliton state, the DB soliton state, and the SPS

state at t = 0, respectively.

2.2. Interaction of two superposition solitons

In this section, we will give the analytical expressions of
two superposition solitons of Eq. (1). In this case, G(x,1),
H(x,t), and F(x,t) of Eq. (2) are assumed to be

G=Qo(1+x°0+x*0s) + 201 +x°03,  (32)
H=0(1+x*0:+x"0s) — 201 — 2’03, (33)
F = 1+ x°Fh+x*F, (34)

where Qp has been obtained in Eq. (20). Employing a pro-
cedure similar to that in the above section, we obtain the fol-

lowing set of equations from Eq. (6): 1) for the coefficient of

X
0=2a/0-1, (35
2) for the coefficient of x2,
0=4% (0 1+1-F), (36)
0=u0h(Fr-1+1-F)
~lleP+Iol (2:+02)], 6D
3) for the coefficient of x3,
0= (Q3-1+01-F), (38)
4) for the coefficient of x4,
0=9(0s 1402 Fr+1-Fy), (39)
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0=ch(Fa-1+F-F+1-F)
~28[100]” (41021 +0u ) + 0301 +0103], (40)

5) for the coefficient of x>,
0=/ (03-F+Q; Fy), (41)
6) for the coefficient of x°,

0=%(0sF+0r Fy), (42)
0=ch(FsF+FF)
—2¢[100]* (0402 + 0204) +0303],  (43)

7) for the coefficient of ¥,
0=A0s-F, (44)

8) for the coefficient of xg,
0 =404 Fi, 45)
0 = @hFy-Fi—2g|00l* |04, (46)

where 5?1 =iD; + %D)zc + ikgDy, and 521/91 and szz have been
given.

It is obvious that we can solve Eqgs. (35)—(46) in turn to
obtain the expressions of G, H, and F. A detailed analysis
shows that Q; admits the form

Or=ae +me™, 47

where o) and o are complex parameters, 1; = k;x +
i (k?/Z — l) t, j = 1,2 with k; being a complex constant. In
order to satisfy Egs. (36) and (37), we can assume that Q, and
F; have the following forms:

0> = Ay eMtl 4 Ay Mt

+ApeMt 4 Ay et (48)
F2 = “11 en1+ﬁ1 +u21 eTIZ‘H_h
+upeM R 4 e, (49)

where
iko — k;
A= i,
T kot kg

oot
Mij = goc,_ocjz (1 +
(ki+kj)

in which A;; (j = 1,2) are complex parameters, U = flj2,

2 -1
_28|Y0|
(iko +k;) (—iko + ki) ’

U1, and Uy, are real parameters. With the help of Eqgs. (47)
and (49), we can simplify Eq. (38) as
. 1
103 + 5 Q03ec — A0s3
= (ki — ko) a1 o1 (ko + K1) — 20011 kg ] €M 2t
+ (ki —k2) [200 pazkar — o ira (ky + k) ] MMt

The equation implies that Q3 has the form

03 = eM+i+m+8i + en2+ﬁ2+n1+52’ (50)

where parameters 0; (j = 1,2) are given by

2
R Chal) (1_

2|0l
(k}*lk()) (szlk()) Moty

- 2g(_X]

2|/’
(kl — lk()) (kZ — lk()) Moo 12

From Egs. (41) and (42), we obtain the expressions of Q4 and
F,

- 2gn

o (k=) (1 )

Qs = em+m+nz+fl2+’f|’ (51)

Fy = en1+fl1+fl2+ﬁ2+’<2’ (52)

where
K _ (iko — k1) (iko — k2) ok
(iko+41) (iko+Ka)
o — HilH2lnib lka — ko [*
4g% | o

2g |0l
(k1 — iko) (ky — ko)

in which k7 is a complex while k; is a real parameter.

Combining Egs. (47)-(52), we can find that the other
equations gotten from Eq. (6) are satisfied to the moment.
After absorbing ), we obtain the exact superposition solu-
tions of two-dark-soliton and two-bright-soliton for the two-
component BECs

_L+S LS
- =,

= = (53)

o1

where

L = ype'™ [1 +Ap eMTM 4 Ay eMth
i 7 7 2+
F+AeMT 4 Ay M2 | eMFM+Tt Kl]’

i +m+8 i+
S = ajeM +ope™ + eMtMHmtd 4 emthtm+d (5y4)

M = 1+puy, M+ + U e+ +”126m+f72
_,_,uzzeﬂﬁﬁz + emﬂ_h+712+1_12+K27 (55)

with n; = 0; +1¢;, 0; = kjr (x—kﬂt), and @; = kjix +
(k?R - 2/1) 1/2, j = 1,2. The solution Eq. (53) describes
the movement of two SPSs. If we choose proper parameters,
the two solitons can move toward each other. To clearly under-
stand the nature of the SPS interaction, we analyze the asymp-
totic behavior of the solution Eq. (53). Asymptotically, the so-
lution can be written as a combination of two soliton solutions
expressed by Eq. (28). The asymptotic form of two soliton so-
lutions in the limits # — —co and ¢ — oo is similar to that of one
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soliton solution Eq. (28). (i) Before collision (limit # — —oo):
1) superposition soliton 1 (6; = 0, 6, — —o0)

1 .
01— E}’oemo [(1 +Z;)—(1—2;)tanh (6, +ln,/u11)]

_iogeli®
+(-1)° 'S
VH11

2) superposition soliton 2 (6, =~ 0, 6; — )

sech(91+ln\/u11), (56)

1.
¢j72 — Eyoe”’OZl [(1 +Zz)

— (1—=2,)tanh (6> +In/1 —sz)]
Y e i(P2+602)

(1P 2 ——
(=1 3 i
x sech (6, +1n\/Uy — x02) - (57)

(i1) After collision (limit # — o): 1) superposition soliton 1
(61 ~ 0, 6, — o)
1 .
91 = F0e™M2[(1+2)

— (1—2)tanh (6; +In\/ti1 —x01)]
) i(@1+61)
_,_(_1)37106167
AVITT
x sech (01 + In/U11 —x01), (58)

2) superposition soliton 2 (6, = 0, 8; — —oo)

1 .
¢j’2 — E’)/()elno [(1 +Zz) — (1 —Zz)tﬁﬂh(@z—l—ln\/uzz)]

+(—1)3—1Msech(e +1n /i) (59)
2\/@ h H22) .
Here j = 1,2, Z; = (iko—k;)/(iko+k;), xo0; =

[ln (ull.uZZ) — K'2] /2, and
ijR {Cjnjlj +q; (k?RC5 7113)]

2 2 2\ A2 e
ijcj—nj)lj 4ijq]cjnj

dpj = arctan

where
cj= dﬂFaz—i-ija,
nj= —bjdibja2+2ak%R7
2
qj= k%?)fj)Rb/ +b§_/bj +2b3—jg|YO| )

2
lj = kirk$s_jr — (bjbsfj +2¢ |7’0|2)
2 212
(b3 K — 2K _je)

with @ = ki — ka1, d = kg — k3, and b; = kj1 — ko, and we
take the down (up) operator when j =1 (j = 2). By ana-
lyzing the asymptotic behavior in detail, we know that there
is no change of the background, width, peak, and trough for
each soliton solution in the collision, while we should notice
|Z j}z = 1. However, equations (56)—(59) show that there is a
phase shift in the process of two-soliton collision. It shows
that the above solution (53) corresponds to an elastic collision,
which is illustrated in Fig. 3.

|p2]?

Fig. 3. (color online) The head-on collisions of two SPSs in (a) com-
ponent 1 and (b) component 2 with parameters k; =2+1i, kp =1—1,
o :1,(X2i1+i,k0:1,g:1,and’)/0:1.

3. Conclusion

In conclusion, the Hirota bilinear method is developed for
two-component BECs, which are described by the coupled GP
equations. The exact SPSs are obtained analytically, and the
collision of two SPSs is studied. It is surprising to find that
the single- and the two-BB soliton solutions can be obtained
in special conditions. We also obtain the energies of the BB
solitons, the DB solitons, and the SPSs. It shows that the lat-
ter two kinds of solitons represent the excitation states for this
system. The phase separation can be obtained in the course of
transition from the ground state to the excitation state. Such
results are a novel scenario for the study of BECs and can be
extended to more complex models.
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