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Generation of four-atom Greenberger-Horn-Zeilinger state
via adiabatic passage”
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We propose a scheme to generate a Greenberger—Horn—Zeilinger (GHZ) state of four atoms trapped in a two-mode
optical cavity via an adiabatic passage. The scheme is robust against moderate fluctuations of the experimental parameters.
Numerical calculations show that the excited probabilities of both the cavity modes and the atoms are tiny and depend on
the pulse peaks of the classical laser fields. For certain decoherence due to the atomic spontaneous emission and the cavity

decay, there exits a range of pulse peaks to get a high fidelity.
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1. Introduction

Entanglement, as a fundamental feature of quantum me-
chanics, has practical applications in quantum information
processing (QIP), such as quantum cryptography,!! quantum
dense coding,”! and quantum teleportation.*! The emblem-
atic bipartite entangled states are the Bell states,[*! which have
stronger correlations than those allowed by any local hidden
variable theory. In contrast to the biparticle entanglement,
the multipartite entanglement is much more complex. It has
been illustrated that the multipartite entanglement has advan-
tages over the biparticle entanglement in many ways.l>! There
exist various kinds of multipartite entanglements, such as W
state [0 Greenberger—Horn—Zeilinger (GHZ) state [®7] and X
state.!®] In recent years, many schemes have been proposed to
generate the multiparticle entangled states. In Ref. [9], the
authors showed how to generate atomic entangled states with
a selective resonant interaction in cavity quantum electrody-
namic. Cho et al'%! proposed a scheme of optical pump-
ing, by which a system of atoms coupled to harmonic oscil-
lators is driven to an entangled steady state through the atomic
spontaneous emission. In Ref. [11], a new kind of four-mode
continuous variable coherent-entangled state was proposed in
the Fock space by using the technique of integration within

2] demonstrated a feedback

an ordered product. Song et al.
strategy to create a multi-body Dicke state in a coupled cav-
ity system recently. The GHZ state is maximally entangled
in several senses.[!3! For instance, it maximally violates the
Bell inequalities; the mutual information of measurement out-
comes is maximum; it is maximally stable against (white)
noise; and one can locally obtain an Einstei-Podolsky—Rosen

(EPR) state shared between any two of the particles from a
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GHZ state with unit probability. Thus, different proposals in
experiment!!*-1%1 and theory!!'’-?!1 have been investigated for
generating the GHZ states.

The physical systems utilized to generate entangle-

[22,23]

ment include superconducting circuits, linear opti-

cal systems,**! cavity quantum electrodynamics (QED),[>!

[26] quantum dots,?7! etc. Tt is well known that

trapped ions,
the cavity QED is an ideal candidate for quantum communica-
tion and quantum state engineering. The adiabatic techniques
have attracted much attention due to their properties. The out-
standing merits of using an adiabatic passage are that it does
not need the precise control of the Rabi frequency and the
pulse duration, and the population in excited states is negli-
gible due to their absence in the dark state used for evolution.
Thus, the techniques of stimulated Raman adiabatic passage
(STIRAP)?!! and fractional stimulated Raman adiabatic pas-
sage (f-STIRAP)?! have been extensively used for QIP.30-3¢!

In this paper, we propose a scheme for generating a GHZ
state of four atoms trapped in a two-mode optical cavity via
STIRAP based on the resonant atom—cavity interaction. Our
scheme does not need to accurately control the evolution time,
which reduces the complexity in experiment. Numerical cal-
culations show that there exits a suitable range of pulse param-
eters. Thus, the scheme is insensitive to small fluctuations of
the parameters. On the other hand, the excited probabilities of
the cavity modes and the atoms are extremely small during the
evolution, and closely related to the pulse peaks of the classical
laser fields. In an actual experiment, we can select reasonable
pulse peaks according to the decoherence parameters to get a
high fidelity.
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2. Generating four-atom GHZ state via adia-
batic passage

We consider four identical six-level atoms trapped in a
two-mode cavity. As shown in Fig. 1, the atoms have two
degenerate excited states |er); and |er); (i = 1,2,3,4), two
degenerate ground states |gr); and |gr);, and two intermedi-
ate states |fi); and |fr);, where subscript i denotes the i-th
atom in the cavity. The atomic transitions |er ); <> |gL); and
ler )i <> |gr); are coupled resonantly to the left-circularly and
the right-circularly polarized modes of the cavity with cou-
pling coefficients g;, and g;r, respectively. The /-th (I = 1,3)
atomic transition |fi); <> |eL); is driven resonantly by a clas-
sical laser field with coupling coefficient £;g, while the r-th
(r = 2,4) atomic transition |fr), <> |er), is driven resonantly
by a classical laser field with coupling coefficient 2,g. In the
interaction picture, under the dipole and the rotating wave ap-
proximations, the Hamiltonian for the whole system can be
written as (A= 1)

= Z (giLavlev)ii(gL| + girar |er)ii(gr])

+ Y (QrleL)u(fl)+ Y (

=13 r=2,4
+H.c., (1)

rR‘eR rr<fR|)

where ap, and ar are the annihilation operators for the left-
circularly and the right-circularly polarized cavity modes, re-
spectively. For simplicity, we assume gj, = gir = &, 2|L =
QR = Qp, and Q31, = Qur = Qp. If the system is initially
prepared in state |f.)1]/R)2/gL)3|gr)4|0)L|0)r, the evolution
subspace V| is spanned by the state vectors

|@1) = |fL)1]fR)2181)3]8R)4[0)L|O)R
|92) = leL)1]fR)2181)3|8R)4[0)L|O)R,
|93) = [gL)1]fR)2[8L)3I8R )4 1)L |O)R,
|94) = [gL)1]fR)2]eL)3[gr)4|0)L|O)r,
|95) = [gL)11fR)2(fiL)3lgR)4]0)L|O)R,
|96) = [fL)1]er)2]81)3[gR)4|0)LIO)R,
l97) = |fL)11gR)2l81)3[gR)4|0)L| DR,
los) = |fL)1lgr)2l8L)3]er)4|0)L|O)R,
|90) = [fL)1]8R)2(8L)3|/R)4]0)L|O)R- 2

Here, we adopt the notation |n), (n =0,1; p =L,R), where
n denotes the photon number in the left-circularly (p = L) or
right-circularly (p = R) polarized cavity mode. The dark state,
which is the eigenstate of zero eigenvalue, is

N(Q8g|@1) — 2a08|93) + 2ag|Ps)
—QaQB|07) + Qag|®o)), 3)

lwo) =

where N is the normalization coefficient given by
— (3 +2Q30Q% +203¢Y) ? )

If we design the pulse shapes to satisfy the relations

m QA(t) = m QB(I) =
S Bp(t) e Oa)

&)

then based on Eq. (3), we can adiabatically transfer the initial
state to

) = %<|gL>1\fR>z|fL>3\gR>4

+[f)1lgr)2lgL)3lfr)4)s (6)

with the two-mode cavity left in the vacuum state.

ler) ler)

Fig. 1. (color online) (a) Energy levels of the atoms, (b) sketch of the
experimental setup. Four atoms are trapped in a two-mode cavity.

The time-dependent Rabi frequencies of the laser field in-
troduced in our scheme have Gaussian envelopes, which were

[37,38]

widely used in experiments! and theoretical schemes for

the generation of entangled state.?%#°1 They are given by

-QA(I) = -QA,maxei(tirl)z/tg,
Qp(t) = Qpmae 275, %

where Q max (£2Bmax), %, and 7| (72) are the peak, the
width, and the time delay of the laser pulse, respectively.
Similar to Refs. [39] and [40], ¢, 1, T2, and £, are in units
of I'"!, where I' is the atomic spontaneous emission rate.
In this paper we assume 4 max = £2B max = Lmax and set

=30I"!, 1, =20I""!, and 1, = 8! to satisfy Eq. (5).
Flgure 2(a) shows the time dependences of the Rabi frequen-
cies of the laser fields with Q. = 0.2, and figure 2(b) shows
We can see that the
population is split at 50% between |gr.)1|/R)2|/1.)3]gr)4 and

the time evolutions of the populations.

|fL)1lgr)2]g1)3]fr)4, While the population of the initial state
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is almost zero when ¢ > 35'~!. By using the asymmet-
ric coding!*!! for the atomic qubits, i.e., qubits 1 and 2 are
encoded in the subspaces spanned by states |gr.)i|fi.)1 and
|/r)2|gr )2, while qubits 3 and 4 are encoded in the subspaces
spanned by states |f1.)3|gr)3 and |gr)4|fr)4, respectively, we
finally generate the four-atom GHZ state

1
|GHZ) = \ﬁ(|0>1|0>2|0>3|0>4+ [1)1[1)2]1)3[1)4).  (8)
0.20 ,
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Fig. 2. (color online) (a) Time dependences of the Rabi frequencies
of the laser fields for atoms, where we have chosen Qmax/g = 0.2,
T =300, 5 =200, = 8!, (b) The corresponding popu-
lations of states |¢@;) (P1) and |@s) (|¢o)) (P5 (P9)).

3. Analysis and discussion

Our scheme produces a four-atom GHZ state with a high
fidelity via an adiabatic passage. For a pure state, the fidelity
is defined by F = (y()| Wigeal)>, Where | y(z)) is the final state
which is governed by the Schrodinger equation in the system,
and |Wigear) s the ideal four-atom GHZ state in Eq. (6). We
plot the fidelity of the four-atom GHZ state versus time ¢ in
Fig. 3 with the same pulse parameters given in Fig. 2(a). It
shows that within the pulse duration, the fidelity increases with
the time going on and reaches nearly 1 when ¢ > 35I"~!. So,
it is unnecessary to accurately control the evolution time. In
the following calculation, we choose 35I" ~1 a5 the whole evo-
lution time. Figure 4 depicts the relationships between the fi-
delity and the pulse parameters (a) Qmax/g, (b) tp, (¢) 71 and
T>. We can see that the fidelity is affected by the pulse parame-
ters. However, as long as the corresponding parameters are set

in reasonable ranges, it is unnecessary to exactly adjust the pa-
rameters to get a high fidelity. Thus, our scheme is insensitive
to moderate fluctuations of the parameters.
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Fig. 3. Fidelity versus time ¢ with the same parameters given in Fig. 2.
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Fig. 4. (color online) (a) Fidelity versus Qmax/g with 7, = 30" -1
T, =20I'"!, and = 8! (b) fidelity versus tp with Qmax /g = 0.2,
7 = 30!, and 7, = 20I""!; (c) fidelity versus 7; and 7, with
Qmax/g=02and#, =8I
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In the above analysis, we have assumed that the whole
system is ideally isolated from the environment, and we have
omitted the decoherence in our system. Now, we will intro-
duce the decoherence mainly arising from the atomic sponta-
neous emission and the cavity decay. When the decoherence
is taken into account, the master equation of the whole system
can be written as

ré
p=—ilH.pl+3 Z Z Y (285,055,
i=1 j=f,g p=L,R
o SiJ;pSi;pp o pSiJ;pSi;p)

K
+3 X Qappay —ayapp —payap), )
p=L,R

where S, = lep)i(jp| and S, = [jp)ilep| . Here k and
I' denote the cavity decay rate and the atomic spontaneous
emission rate, respectively. For simplicity, we have assumed
that the atomic spontaneous emission rate of |e,) — [gp)
(p =L,R) is equal to that of |e,) — |f,), and labeled as I".
We suppose that the mean number of thermal photons in the
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Fig. 5. (color online) Fidelity versus k/g and I" /g with Q. /g = 0.2.
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Fig. 6. Fidelity versus cooperativity C with Quax =0.2gand x =1 .

cavity is zero. For a mixed state, the fidelity is defined as
2

F = (Tr (pl)ipz(mﬁ) , where p; is the density matrix
of the ideal state, and p, is the density matrix governed by
master equation (9). Figure 5 plots the fidelity versus both
k/g and I' /g with Qnax/g = 0.2. We can see that the fidelity
decreases with the increases of k/g and I' /g. The fidelity can
remain above 0.91 even if x/g and I" /g are both up to 0.05,
which means that our scheme is robust against the cavity de-
cay and the atomic spontaneous emission. To further support
our analysis, we plot the fidelity versus the cooperativity C
in Fig. 6, where C = g?/(kI"), and we have set Qp.x = 0.2¢
and k¥ = I'". It shows that the fidelity of the four-atom GHZ
state is over 0.9 when C = 300. We should point out that a
dissipative scheme for preparing an entangled state of two A
atoms in an optical cavity in Ref. [42] can generate an entan-
gled state with a higher fidelity under the same cooperativity
C. However, that scheme requires the parameters to satisfy a
certain relation to make the system evolve into the target state.
Furthermore, the dissipative scheme for preparing multipartite
entanglement needs more classical fields with more relations
to be satisfied,[*3] which makes the experiment difficult. Our
scheme does not need to exactly adjust the parameters, which
is more achievable in experiment.

During the operation, we should make sure that the sys-
tem remains in the dark state |yp). According to Ref. [44],
the adiabatic criterion is A@wT > 1, where A® is the min-
imum energy gap between the dark and the bright states,
and T is the pulse duration. In this paper, we have Aw =
2[g% — 1(4g* —2Q3 Q3 + Q% + Q)2+ 102 + 1 Q2]V/2. For
a given T, the criterion can be met by increasing Qn,«. But
we can see from Fig. 7 that as Qn,« increases, the popula-
tion of the cavity modes increases, while that of the atomic
excited states decreases. Therefore, it is important to select
suitable pulse peaks. Figure 8(a) (8(b)) shows the fidelity ver-
sus k/g (I'/g) and Qmax/g. As Fig. 8(a) shown, the fidelity
is almost unaffected by Qnax/g when k/g is small, while it
decreases markedly with the increase of Quax/g when k/g is
large. On the other hand, figure 8(b) shows that I" /g affects
the fidelity slightly as long as Qp.x/g is large enough. When
Qnax/g > 0.35, the fidelity can be 0.91 even if I'/g = 0.2.
Figure 8 implies that Qnax/g should be small if x/g is the
determining decoherence factor, while Qp,x/g should corre-
spondingly increase if I"/g dominates the decoherence. For
certain x /g and I' /g, there exits a reasonable range of Qnax/g
to reach a high fidelity. As an example, we plot the fidelity ver-
sus Qnax /g with /g =0.05and I' /g = 0.05 in Fig. 9. We can
see that the fidelity is above 0.9 when Q. /g is between 0.17
and 0.27.
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Fig. 7. (color online) Excited probabilities versus Qmax/g with xK/g =
0.05 and I' /g = 0.05, where P, and P, denote the excited probabilities
of the atoms and the cavity modes, respectively.
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Fig. 8. (color online) (a) Fidelity versus Qn,x /g and k/g with " /g =0;
(b) fidelity versus Qmax/g and I' /g with k/g = 0.

1.0

0.8

0.6

0.4

0.2

0 0.2 0.4 0.6 0.8 1.0
Qmax/g

Fig. 9. Fidelity versus Qmax/g with k/g =0.05 and I /g = 0.05.

4. Experimental feasibility and conclusion

Now let us briefly discuss the experimental feasibility of
the proposed scheme. The required atomic level configuration
can be achieved in '*8Hg* ) or 40Ca™ [4647) For 40Ca*, the
degenerate excited states |er) and |er) correspond to the hy-
perfine levels |F = 1/2;m = —1/2) and |F = 1/2,m = 1/2)
of 42Py 5, respectively, |gL) and |gr) correspond to the the hy-
perfine levels |[F =1/2,m=1/2) and |F =1/2,m=—1/2) of
428, /2, tespectively, while | fi.) and |fr) correspond to the hy-
perfine levels |F = 3/2,m = —3/2) and |F =3/2,m = 3/2)
of 3?Ds /2> Tespectively. In recent experiments,|*7%! the pa-
rameters (g,I", k) = 27 x (110,22,0.05) MHz are realizable.
We can obtain from the calculation that the fidelity of the four-
atom GHZ state is above 0.91 with the achievable experimen-
tal parameters. Here the atoms are separated by at least one
optical wavelength so that a single laser pulse can address each
atom separately. Additionally, **°Ca™ ions must be localized at
a fixed position in the cavity with a high precision. This can be
achieved by integrating the techniques of laser cooling and ion
trapping. Reference [50] has reported that a single “°Ca™ ion
can be localized at a fixed position in a cavity with a high pre-
cision for a long time. But, it is still difficult to fix four atoms
in a cavity simultaneously. We hope the relevant techniques
will be improved in the future to make our scheme possible.

In conclusion, we have proposed a scheme for generat-
ing a GHZ state of four atoms trapped in a two-mode optical
cavity via an adiabatic passage of dark state. We have verified
that the parameters of the classical laser fields are allowed to
fluctuate moderately in our scheme. Taking advantage of the
adiabatic passage, the excited states of the cavity modes and
the atoms are rarely populated. By numerical calculations, we
find that the excited probabilities of the cavity modes and the
atoms rely on the pulse peaks of the classical laser fields. In
actual experiments, we can choose appropriate pulse peaks to
get a high fidelity according to the experimental decoherence
parameters. We have also briefly discussed the experimental
feasibility of the proposed scheme. Based on the cavity QED
techniques soon to be available, the scheme might be realiz-
able.
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