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Quantum walk, the quantum counterpart of random walk, is an important model and widely studied to develop new
quantum algorithms. This paper studies the relationship between the continuous-time quantum walk and the symmetry
of a graph, especially that of a tree. Firstly, we prove in mathematics that the symmetry of a graph is highly related to
quantum walk. Secondly, we propose an algorithm based on the continuous-time quantum walk to compute the symmetry
of a tree. Our algorithm has better time complexity O(N3) than the current best algorithm. Finally, through testing three
types of 10024 trees, we find that the symmetry of a tree can be found with an extremely high efficiency with the help of
the continuous-time quantum walk.
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1. Introduction

Random walk is widely used in science to model many
processes, such as molecular diffusion in physics, food se-
lection of animals in biology, and fluctuation of stock price
in economics. Its quantum counterpart, quantum walk, was
firstly proposed by Aharonov, Davidovich, and Zagury. Com-
pared with random walk, quantum walk has many advantages,
including faster spreading.[1] Based on those advantages, a lot
of new quantum algorithms have been proposed.[2–10] There-
fore, many researches on quantum walk have been carried out.

In modern science, the graph is an important abstract
model in many fields. Conversely, these fields also push for-
ward the research of the graph theory. We investigate in this
paper the symmetry of graph, which is very basic and impor-
tant in the graph theory. It is related to the automorphism of
the graph.[11–15]

This paper studies the relationship between quantum walk
and the symmetry by performing quantum walk on a graph,
especially a tree. The main contributions of our work are
listed as follows. 1) We prove that the symmetry of a graph is
highly related to quantum walk. More specifically, two sym-
metric vertices preserve equivalent probability amplitudes dur-
ing a continuous-time quantum walk only if the quantum walk
starts from a quantum state of equivalent probability ampli-
tudes. 2) According to the above conclusion, we propose an
algorithm based on the continuous-time quantum walk to com-
pute the symmetry of a tree. Our algorithm firstly performs a
continuous-time quantum walk on the tree, and then judges

the common neighbor condition of the MAST algorithm,[16]

and finally computes the symmetry according to the size of
brethren sets. To our knowledge, it has better time complexity
(O(N3)) than the current best algorithm. 3) We find that the
continuous-time quantum walk helps in finding the symmetry
of a tree with an extremely high efficiency. We have performed
continuous-time quantum walks on 24 Cayley trees, 5000 ran-
dom trees, and 5000 scale-free trees.

The rest of this paper is organized as follows. Section 2
introduces quantum walk briefly. Section 3 proves the close
relationship between the continuous-time quantum walk and
the symmetry of a graph. Section 4 proposes a quantum walk
algorithm for computing the symmetry. In Section 5, a lot
of graphs are tested, and we demonstrate that the continuous-
time quantum walk has a very high efficiency in finding the
symmetry. We conclude in Section 6.

2. Preliminary and related work
Quantum walk is the quantum counterpart of random

walk, which is an important model in many areas and has
been widely studied.[17–20] There are two models of quan-
tum walk, discrete-time quantum walk and continuous-time
quantum walk. The discrete-time quantum walk introduces
coin states just like the random walk, while the continuous-
time quantum walk does not. They are both widely stud-
ied to construct quantum algorithms with better performance
than that of the classical algorithms. A lot of algorithms have
been developed in many applications, such as search, element
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distinctness, combinatorial optimization, and even universal
computing.[2–9] A quantum computer with these quantum al-
gorithms may have a better performance than the best classi-
cal computer, such as a high performance computer.[21,22] The
quantum implementations of quantum walk are also widely
studied.[23–29] Figure 1 compares the discrete-time quantum
walk on a line with the random walk. Obviously, the quantum
walk spreads faster than the classical one. After 100 steps, the
random walker still has the highest probability to position at 0,
while the quantum walker probably positions at 70 or −70. If
we measure the position of the quantum walker at every step,
the discrete-time quantum walk will degenerate into a random
walk.
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Fig. 1. (color online) Random walk and discrete-time quantum walk on
a line after 100 steps.

The continuous-time quantum walk on a graph is defined
as

|ψt〉= e−i𝐴t |ψ0〉, (1)

where |ψ0〉 is the initial quantum state, |ψt〉 is the quantum
state at time t, and 𝐴 is the adjacent matrix of the graph. Spe-
cially, many researchers use the Laplacian matrix instead of
the adjacent one. Just like that in Ref. [30], we adopt the adja-
cent matrix in this paper. The |ψ0〉 and |ψt〉 belong to a Hilbert
space spanned by a group of basic states. Each basic state cor-
responds to a vertex of the graph. Thus, the state space is
N-dimensional, where N is the number of the vertices.

Take the graph in Fig. 2 for example, its adjacent matrix
is

𝐴=



0 1 1 1 0 0 0 0
1 0 0 0 1 1 0 0
1 0 0 0 0 0 1 1
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0


.

Because the graph has eight vertices, the quantum state space
is 8-dimensional. For example, the initial quantum state of a
continuous-time quantum walk may be (N = 8 for Fig. 2)

|ψ0〉=
1√
N


1
1
...
1

 , (2)

which has identical probability amplitudes, that means each
vertex has an identical probability amplitude at the starting
moment of the quantum walk. Thus, the quantum state at time
t of the continuous-time quantum walk is

|ψt〉=
1

2
√

2
e−i𝐴t


1
1
...
1

 .

More details about the continuous-time quantum walk can be
found in Ref. [31].
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Fig. 2. A graph.

3. Relationship between quantum walk and
graph symmetry
In this section, we study the relationship between quan-

tum walk and graph symmetry. Firstly, we give the definitions
of graph symmetry and automorphism.[16,32,33]

Definition 1 (automorphism) The G(V,E) is a graph. A
bijective mapping f : V → V is an automorphism of graph G
if and only if ∀v1, v2, (v1,v2) ∈ E⇔ ( f (v1), f (v2)) ∈ E.

Definition 2 (symmetry) The symmetry of graph G(V,E)
is the number of all its automorphisms.

Definition 1 defines the automorphism of a graph. For
example, f1, f2, . . . , f8 in Table 1 are automorphism mappings
of the graph in Fig. 2. Specially, f1 is a trivial automorphism
mapping. Definition 2 defines the symmetry of a graph. The
symmetry of the graph in Fig. 2 equals 8, all possible automor-
phism mappings are shown in Table 1.
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Table 1. Automorphism mappings of the graph in Fig. 2.

f1 f2 f3 f4 f5 f6 f7 f8

v1→ v1 v1→ v1 v1→ v1 v1→ v1 v1→ v1 v1→ v1 v1→ v1 v1→ v1

v2→ v2 v2→ v2 v2→ v2 v2→ v2 v2→ v3 v2→ v3 v2→ v3 v2→ v3

v3→ v3 v3→ v3 v3→ v3 v3→ v3 v3→ v2 v3→ v2 v3→ v2 v3→ v2

v4→ v4 v4→ v4 v4→ v4 v4→ v4 v4→ v4 v4→ v4 v4→ v4 v4→ v4

v5→ v5 v5→ v6 v5→ v5 v5→ v6 v5→ v7 v5→ v7 v5→ v8 v5→ v8

v6→ v6 v6→ v5 v6→ v6 v6→ v5 v6→ v8 v6→ v8 v6→ v7 v6→ v7

v7→ v7 v7→ v7 v7→ v8 v7→ v8 v7→ v5 v7→ v6 v7→ v5 v7→ v6

v8→ v8 v8→ v8 v8→ v7 v8→ v7 v8→ v6 v8→ v5 v8→ v6 v8→ v5

In graph theory, an automorphism mapping of a graph is
a special kind of permutation of the vertices. It can be repre-
sented by a permutation matrix 𝑃 , which satisfies

𝑃𝐴𝑃 T =𝐴, (3)

where 𝐴 is the adjacent matrix of the graph.
A permutation matrix is a square binary matrix that has

exactly one entry 1 in each row and each column and 0’s else-
where. A permutation matrix is an orthogonal matrix, i.e.,
𝑃𝑃 T = 𝐼 , so the inverse matrix of a permutation matrix is its
transpose, i.e., 𝑃−1 = 𝑃 T. For example, the automorphism
mapping f2 corresponds to matrix permutation 𝑃 f2

𝑃 f2 =



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


. (4)

Theorem 1 Perform a continuous-time quantum walk on
graph G(V,E) from an initial quantum state of identical prob-
ability amplitudes |ψ0〉 shown in Eq. (2). If f is an automor-
phism mapping of G(V,E), the probability amplitudes of any
vertex v (v ∈V ) and vertex f (v) will always be kept equal dur-
ing the walking.

Proof Let 𝐴 be the adjacent matrix of G(V,E), and 𝑃 be
the permutation matrix corresponding to automorphism map-
ping f . Thus, 𝐴= 𝑃𝐴𝑃 T = 𝑃𝐴𝑃−1.

Elements of |ψ0〉 have identical probability amplitudes,
any permutation of elements of |ψ0〉 will not change it. Obvi-
ously, the inverse of a permutation matrix is still a permutation
matrix. Thus, 𝑃−1|ψ0〉= |ψ0〉.

Let |ψt〉 be the quantum state at time t, so

|ψt〉 = e−i𝐴t |ψ0〉

=
+∞

∑
k=0

(−it)k𝐴k

k!
|ψ0〉

=
+∞

∑
k=0

(−it)k(𝑃𝐴𝑃−1)k

k!
|ψ0〉

=
+∞

∑
k=0

(−it)k𝑃𝐴k𝑃−1

k!
|ψ0〉

= 𝑃

[ +∞

∑
k=0

(−it)k𝐴k

k!

]
𝑃−1|ψ0〉

= 𝑃

[ +∞

∑
k=0

(−it)k𝐴k

k!

]
|ψ0〉

= 𝑃 e−i𝐴t |ψ0〉

= 𝑃 |ψt〉. (5)

Let pi be the element of |ψt〉 corresponding to vertex vi (i =
1, . . . ,N, N is the number of vertices), i.e.,

|ψt〉=


p1
p2
...

pN

 .

Obviously,

𝑃 |ψt〉=


f (p1)
f (p2)

...
f (pN)

 .

Because 𝑃 |ψt〉 = |ψt〉 proven in Eq. (5), pi = f (pi) (i =
1, . . . ,N). Therefore, Theorem 1 is proved.

To explain Theorem 1, we show the continuous-time
quantum walk on the graph in Fig. 2. In Table 2, the prob-
ability amplitudes at several moments are shown. At t = 0, the
state is the initial quantum state that satisfies Eq. (2). Because
there are automorphism mappings that connect v2 and v3, i.e.,
f5, f6, f7, f8 in Table 1, the probability amplitudes of v2 and
v3 are kept equal as shown in Table 2.

Theorem 1 reveals the relationship between the
continuous-time quantum walk and the symmetry of a graph.
To understand the relationship better, we propose Hypothe-
sis 1.

050304-3



Chin. Phys. B Vol. 22, No. 5 (2013) 050304

Table 2. Probability amplitudes of continuous-time quantum walk on Fig. 2.

t = 0 t = 0.1 t = 0.2 t = 0.3 t = 0.4
v1 0.3536 0.3412−0.1053i 0.3048−0.2061i 0.2461−0.2979i 0.1677−0.3770i
v2 0.3536 0.3447−0.1053i 0.3187−0.2061i 0.2767−0.2979i 0.2206−0.3770i
v3 0.3536 0.3447−0.1053i 0.3187−0.2061i 0.2767−0.2979i 0.2206−0.3770i
v4 0.3536 0.3483−0.0349i 0.3326−0.0674i 0.3074−0.0952i 0.2735−0.1160i
v5 0.3536 0.3483−0.0351i 0.3326−0.0684i 0.3074−0.0983i 0.2735−0.1232i
v6 0.3536 0.3483−0.0351i 0.3326−0.0684i 0.3074−0.0983i 0.2735−0.1232i
v7 0.3536 0.3483−0.0351i 0.3326−0.0684i 0.3074−0.0983i 0.2735−0.1232i
v8 0.3536 0.3483−0.0351i 0.3326−0.0684i 0.3074−0.0983i 0.2735−0.1232i

Hypothesis 1 Perform a continuous-time quantum walk
on graph G(V,E) from an initial quantum state of identical
probability amplitudes |ψ0〉 shown in Eq. (2). If the proba-
bility amplitudes of any two vertices v and v′ (v,v′ ∈ V ) are
always kept the same during the walking, there is an automor-
phism mapping f of G(V,E) so that v′ = f (v) or v = f (v′).

For the graph in Fig. 2, Hypothesis 1 is right. For exam-
ple, the probability amplitudes of v5 and v7 always are kept
equal as shown in Table 2. Mappings f5, f6, and f7 in Table 1
satisfy the requirement in Hypothesis 1, because v5 = f5(v7),
v7 = f5(v5), v7 = f6(v5), and v5 = f7(v7). Notice that, a map
g that only exchanges v5 and v7 (g(vi) = vi, i = 1,2,3,4,6,8,
g(v5) = v7, and g(v7) = v5) is not an automorphism mapping.
Thus, when computing the symmetry of a tree based on the
quantum walk, the algorithm in the next section has to judge
the common neighbor condition. We construct an algorithm
for computing the symmetry of a tree based on Hypothesis 1.
We find that all results of our algorithm for 10024 testing
graphs show the rightness of Hypothesis 1, where the MAST
algorithm[16] is used to check the results.

4. Quantum walk algorithm for finding the sym-
metry of a tree
In this section, we use the continuous-time quantum walk

to study a special type of graph, the tree. The tree is an impor-
tant kind of graph. The current best algorithm for computing
the symmetry of a tree is proposed in Ref. [16]. In this section,
we will show a new algorithm based on the continuous-time
quantum walk. Our algorithm has better time complexity than
the current best algorithm.

4.1. MAST algorithm

To explain our algorithm, we first briefly introduce the
MAST algorithm in Ref. [16]. Zhang et al. have proven
that the vertices of a tree can be divided into several sets of
brethren, and two vertices are in an identical brethren set if
and only if they satisfy the following two properties. 1) The
two vertices has the same view of the graph, i.e., there is an
automorphism mapping that maps one vertex to the other. 2)
The two vertices has at least one common neighbor. Take the

graph in Fig. 2 for example, there are five sets of brethren, i.e.,
{v1}, {v2,v3}, {v4}, {v5,v6}, and {v7,v8}.

Zhang et al. have proved that the symmetry of a tree can
be computed based on the sizes of brethren sets. If a tree
has n sets of brethren and the size of each brethren set is ki

(i = 1,2, . . . ,n), the symmetry of the tree is ∏
n
i=1 ki!. Thus, the

symmetry of the graph in Fig. 2 is 8 (1!×2!×1!×2!×2!= 8).

4.2. Algorithm based on quantum walk

The key idea of the MAST algorithm is to divide vertices
into some brethren sets. The dividing method of the MAST
algorithm is recursively deleting vertices from the tree.[16] The
key idea of our algorithm is using the quantum walk to di-
vide the vertices. According to Theorem 1, the vertices in a
brethren set must have identical probability amplitudes dur-
ing the continuous-time quantum walk. So, we firstly perform
a continuous-time quantum walk on the tree. Secondly, we
place the vertices with identical probability amplitudes into
one set, and all vertices are divided into several sets. Thirdly,
the quantum walk continues and we repeat the partition until
there is no new set partitioned. Finally, we partition these sets
again according to the common neighbor condition.

Our algorithm is formalized in Algorithm 1. The ST in
our algorithm is a set of simulation time. The CAT is a set of
sets of vertices, and it is only a middle variable in our algo-
rithm. We only choose N simulation time in ST (N is the num-
ber of vertices), because at most each vertex forms a single set
in CAT. In our experiment, ST is set to {0.1,0.2, . . . ,0.N}. In
Section 5, we will find that the symmetry of every tested graph
is computed at only t = 0.1 and t = 0.2.

Let us take the graph in Fig. 2 for example to explain
the process of Algorithm 1. In the first iteration of the first
for loop, t is set to 0.1, |ψt〉 equals the vector correspond-
ing to the t = 0.1 column in Table 2. Then, CAT is updated
to {{v1},{v2,v3},{v4},{v5,v6,v7,v8}} according to whether
the vertices have identical probability amplitudes. In the sec-
ond iteration, t is changed to 0.2, |ψt〉 is changed to the vec-
tor corresponding to the t = 0.2 column in Table 2. However,
UpdateQW(CAT,|ψt〉) does not change CAT. Thus, the first for
loop finishes. In the second for loop, the set {v5,v6,v7,v8}will
be partitioned into {v5,v6} and {v7,v8} because there is a com-
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mon neighbor between v5 and v6, as well as between v7 and v8,
but there is no common neighbor between v5 and v7, between
v5 and v8, between v6 and v7, or between v6 and v8. Thus, CAT

is changed to {{v1},{v2,v3},{v4},{v5,v6},{v7,v8}} after fin-
ishing the second for loop. The last for loop will compute
SYM, SYM = 1!×2!×1!×2!×2! = 8 according to CAT.

Algorithm 1: Continuous-time quantum walk algorithm for computing the symmetry of a tree.
Input: Tree G(V,E)
Output: Symmetry of the tree SYM

1 begin
2 CAT←− {V} ; /* CAT is the set of sets of vertices */
3 N←− size(V ) ; /* N is the number of vertices */

4 |ψ0〉 ←− N−
1
2 (1,1, . . . ,1)T ; /* |ψ0〉 is the initial quantum state */

/* ST is simulation time set, {0.1,0.2, . . . ,0.N} in our experiment */
5 for t in ST do

/* Quantum walk on G at time t, and 𝐴 is the adjacent matrix */

6 |ψt〉 ←− e−i𝐴t |ψ0〉 ;
/* According to |ψt〉, partition CAT again, and isUpdated denotes whether CAT

is partitioned again */
7 isUpdated←−UpdateQW(CAT, |ψt〉) ;
8 if isUpdated == false then
9 break ; /* Break the loop */

10 end
11 end

12 for brethrenSet in CAT do
/* According to whether there is at least a common neighbor between two

vertices in brethrenSet, partition the set in CAT again */
13 UpdateCN(CAT,brethrenSet) ;
14 end

15 SYM←− 1 ;
16 for brethrenSet in CAT do
17 SYM←− SYM× factorial(size(brethrenSet)) ; /* factorial(n) = n! */
18 end

19 return SYM ;
20 end

4.3. Complexity analysis

In this section, we analyze the complexity of our algo-
rithm. We will find that our algorithm has better complexity
than the current best algorithm in Ref. [16].

The main process of Algorithm 1 can be split into three
parts. Each part contains a for loop. Although we set N el-
ements in ST, only constant iterations are needed in the first
for loop. Specially, we find that only one iteration is needed
in all experiments in Section 5. The complexity of simulation
of the continuous-time quantum walk on a graph in a classical
computer is O(N3). Thus, the complexity of the first for loop
in Algorithm 1 is O(N3). However if N iterations are needed
instead of constant iterations, the worst complexity is O(N4).

For the second for loop, let there be k elements in CAT.
Let these elements be C1,C2, . . . ,Ck (∑k

i=1 size(Ci) = N). In
an iteration for Ci (i = 1,2, . . . ,k), the complexity for finishing
UpdateCN is O

(
size(Ci)

2
)
. Thus, the complexity of this loop

is O
(
∑

k
i=1 size(Ci)

2
)
. Because

a2
1 +a2

2 + . . .+a2
k ≤ (a1 +a2 + · · ·+ak)

2

if a1,a2, . . . ,ak ≥ 0, ∑
k
i=1 size(Ci)

2 ≤
(
∑

k
i=1 size(Ci)

)2
= N2.

Thus, the worst complexity of this loop is O(N2).
For the last for loop, in the worst case CAT has N el-

ements. In this case, the complexity of this loop is O(N).
Therefore, the complexity of Algorithm 1 is O(N3). The cur-
rent best algorithm for computing the symmetry of a tree is
proposed in Ref. [16], and its complexity is O(N4). In ad-
dition, the simulation of the continuous-time quantum walk
can be achieved with complexity O(N3/2) using the Grover
technology,[34] so the complexity of our algorithm can be re-
duced further.

5. Evaluation and analysis
In this section, we will use experiments to test the validity

and efficiency of our algorithm proposed in the above section.
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Firstly, we introduce our evaluation methodology. Then we
report the experiment results.

5.1. Evaluation methodology

The validity denotes whether our algorithm can produce
the right result, the symmetry of a tree. To validate this, we
compare the results of our algorithm with that from the MAST
algorithm.[16] The efficiency denotes how fast our algorithm
can find the result, i.e., how many simulation steps of quan-
tum walk are needed.

We test 10024 trees to validate and evaluate our algo-
rithm. Three types of trees are chosen, just like those in
Ref. [16]. One type is the Cayley tree. The Cayley tree, in-
troduced by Bethe in 1935, is a kind of connected tree and
widely studied in many fields. In a Cayley tree, each vertex
has z neighbors, where z is called the coordination number. All
vertices are arranged in shells around the root of the tree. A
Cayley tree is denoted by two parameters, coordination num-
ber z and outermost shell number s. Figure 3 shows a Cay-
ley tree with coordination number z = 3 and outermost shell
number s = 4. Table 4 shows 24 Cayley trees tested in our
experiment.

The other two types are random trees and scale-free trees.

These two types of trees are generated by Algorithm 2, just
like those in Ref. [16]. In line 8 of Algorithm 2, vp is selected
by two strategies according to the tree type. For the random
tree, vp is selected in the set of all existing vertices with identi-
cal probability. For the scale-free tree, it is selected with prior-
ity to existing vertices that have more neighbors. We test 5000
random trees and 5000 scale-free trees. Every type of trees
contain 100 groups. Each group is composed of 50 trees with
an identical number of vertices. The range of vertice number
of groups is from 20 to 2000 with interval 20, i.e., 20, 40, 60,
. . ., 2000.

4

3
2
1

0

Fig. 3. A Cayley tree with z = 3 and s = 4.

Algorithm 2: Generating random or scale-free tree.
Input: Size of vertices of tree generated N
Output: Tree G(V,E)

1 begin
2 V ←− v1 ; /* Only one single vertex in the tree */
3 E←− /0 ;

4 n←− 1 ;
5 while n < N do
6 n←− n+1 ;
7 V ←−V ∪{vn} ; /* Add a new vertex vn */

/* Add a edge linking vn with an existing vertex vp */

8 E
p←− E ∪{vp,vn} ;

9 end
10 return G(V,E) ;
11 end

The configuration of the computer to implement our al-
gorithm is shown in Table 3.

Table 3. Computer used.

CPU Intel(R) core(TM) i5 CPU 760, 2.80GHz
Memory DDR3, 4GB, 1333 MHz
Software MATLAB v7.11.0.584 (R2010b)

5.2. Validity and efficiency

We find that all results of 10024 testing trees are correct
through comparing SYM computed from our algorithm with
that from the MAST algorithm. Table 4 shows the results of
testing 24 Cayley trees. The smallest symmetry is 6 for the

Cayley tree with z = 3 and s = 1, and the largest symmetry is
1.164×10231 for the Cayley tree with z = 3 and s = 9.

Specially, we find that every test for these 10024 trees
needs only one step of the continuous-time quantum walk to
divide the vertices into brethren sets, i.e., only two iterations
run in the first for loop of Algorithm 1. In the first iteration
with t = 0.1, all sets have been found. In the second itera-
tion with t = 0.2, our algorithm only confirms that there is no
new set partitioned indeed. The iter column in Table 4 shows
the corresponding results from testing Cayley trees. That is to
say, the continuous-time quantum walk finds the symmetry of
a tree with an extremely high efficiency.
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Table 4. Experiment results of Cayley trees, where z is the coordination number; s is the outermost shell number; N is the total
number of vertices; SYM is the symmetry; iter is the number of iterations; and time is the clock time in units of s.

z s N SYM iter time z s N SYM iter time

3 1 4 6.000×100 2 1.504×10−3 4 4 161 6.984×1041 2 3.329×10−2

3 2 10 4.800×101 2 7.327×10−4 4 5 485 7.663×10125 2 5.611×10−1

3 3 22 3.072×103 2 1.589×10−3 5 1 6 1.200×102 2 7.581×10−4

3 4 46 1.258×107 2 4.237×10−3 5 2 26 9.555×108 2 1.918×10−3

3 5 94 2.111×1014 2 1.211×10−2 5 3 106 3.841×1036 2 1.499×10−2

3 6 190 5.942×1028 2 4.992×10−2 5 4 426 1.003×10147 2 3.960×10−1

3 7 382 4.708×1057 2 2.748×10−1 6 1 7 7.200×102 2 7.791×10−4

3 8 766 2.955×10115 2 2.051×100 6 2 37 2.150×1015 2 2.965×10−3

3 9 1534 1.164×10231 2 1.440×101 6 3 187 5.103×1077 2 5.059×10−2

4 1 5 2.400×101 2 7.333×10−4 7 1 8 5.040×103 2 8.306×10−4

4 2 17 3.110×104 2 1.237×10−3 7 2 50 5.055×1023 2 4.488×10−3

4 3 53 6.771×1013 2 5.031×10−3 7 3 302 5.149×10143 2 1.713×10−1

Figure 4 shows the clock time used to run our algorithm
when testing 5000 random trees and 5000 scale-free trees. A
symbol in Fig. 4 denotes the average time of our algorithm
to test trees with an identical number of vertices. Because
the scale-free trees have larger symmetries than the random
trees,[16] the size of brethren sets in a scale-free tree is larger
than that in a random tree. So, the time used to compute the
factorial at line 17 of Algorithm 1 for a scale-free tree is larger.
Thus, the time used for the scale-free trees is larger than that
for the random trees in Fig. 4.
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Fig. 4. (color online) Time used to run our algorithm for random trees
and scale-free trees.

6. Conclusion
Quantum walk is widely studied to develop various quan-

tum algorithms. This paper has studied the relationship be-
tween the continuous-time quantum walk and the symmetry
of a graph. We have proved that they are closely related with
each other. An algorithm based on the continuous-time quan-
tum walk has been proposed for computing the symmetry of a
tree. The complexity is reduced compared to the current best
algorithm. Through testing 10024 trees, we have found that
the continuous-time quantum walk helps in finding the sym-
metry of a tree with an extremely high efficiency.

Notice that the proposed algorithm in this paper is still a
classical algorithm, which can be implemented on a classical
computer, the term complexity occurred in this paper always
represents the complexity of a classical algorithm on a classi-
cal computer, not on a quantum one. In Ref. [34], Douglas et
al. disscussed how to implement this type of algorithms on a
quantum computer, but this is not the focus of this paper. Thus,
we did not discuss it. Our algorithm is only for computing the
symmetry of a tree, but not for other types of graphs. That will
be our future work. The relationship between the discrete-time
quantum walk and the graph symmetry will also be studied.
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