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In this paper, a Petrov—Galerkin scheme named the Runge—Kutta control volume (RKCV) discontinuous finite ele-
ment method is constructed to solve the one-dimensional compressible Euler equations in the Lagrangian coordinate. Its
advantages include preservation of the local conservation and a high resolution. Compared with the Runge—Kutta discon-
tinuous Galerkin (RKDG) method, the RKCV method is easier to implement. Moreover, the advantages of the RKCV and
the Lagrangian methods are combined in the new method. Several numerical examples are given to illustrate the accuracy

and the reliability of the algorithm.
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1. Introduction

In the past several decades, the study of analytical and
numerical methods for solving nonlinear partial differential
equations has enjoyed a period of intense activity. Many
efficient numerical methods have been developed, such as
the finite-element method,[! the finite-volume method,?! and
the boundary-element method.l*! Even though those methods
are very effective for solving various kinds of partial differ-
ential equations, they have their own limits. For example,
both fixed and moving mesh finite-element methods can not
solve many engineering problems, such as large deformation
and crack growth, even with the re-meshing and re-mapping
techniques. To avoid those problems, in recent years, mesh-
less techniques have attracted much attention. In a meshless
method, a set of scattered nodes is used instead of meshing
the domain of the problem. The meshless method is a new
and interesting numerical technique which can solve many en-
gineering problems with a minimum of meshing or no mesh-

4171 Some meshless methods have been developed,

ing at all!
such as the element-free Galerkin method,[*1% the mesh-
less reproducing kernel particle method,''~!! and the com-
plex variable element-free Galerkin method.!'%!”1 The above-
mentioned meshless methods have been used for finding the
numerical solutions to the equal-width wave equation, the two-
dimensional potential problem, the steady-state heat conduc-
tion problem, and the regularized long wave equations. Fur-
thermore, the above-mentioned methods have also been used

intensively in numerical simulations of fluid flow problems.
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In the numerical simulations of a fluid flow, there are two
basic viewpoints. The first one is Lagrangian, in which the
mesh moves with the local fluid velocity. The second one
is Eulerian, in which the fluid flows through a grid fixed in
space. Each framework has its own advantages and disad-
vantages. In the past several years, many Lagrangian type

18261 Hirt er al. developed

schemes have been constructed.!
a classical numerical method called the arbitrary Lagrangian—
Eulerian (ALE) method,[*”] which combines the best proper-
ties of the Eulerian and the Lagrangian methods. In general,
the ALE method consists of three phases, a lagrangian phase,
a rezoning phase, and a re-mapping phase. In this paper, we
will develop a new high-order and high-resolution numerical
method for compressible Euler equations in the Lagrangian
coordinate.

The discontinuous Galerkin (DG) method was proposed
in 1973 by Reed and Hill for the numerical simulation of the
neutron transport equation.”8! A major development of the DG
method was accomplished by Cockburn and Shu in a series of
papers.[?>=33] The scheme is termed the RKDG method. The
method has some attractive properties.>*3>! Firstly, it can be
designed for any order of accuracy in space and time. Sec-
ondly, it can handle complicated geometry and boundary con-
ditions easily. Finally, it is extremely local in data commu-
nications and flexible to adapt. The majority of the previous
studies are based on the Eulerian framework.[?60]

Based on the generalized difference method*!! or the
control volume finite-element method*>*3! and the RKDG fi-
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nite element method, Chen and Yu proposed a new high-order
and high-resolution method called the Runge—Kutta control
volume (RKCV) discontinuous finite-element method. The
method combines most advantages of the methods we just
mentioned. The RKCV method can easily handle a discontin-
uous solution and complicated boundary conditions. It has the
property of preserving the local conservation, and it is simpler
than the RKDG method. It has been used to solve one- and
two-dimensional hyperbolic conservation laws in the Eulerian
coordinate [444]

Due to the fixed mesh on the Lagrangian coordinate, some
modern high-order Eulerian methods can be used to discretize
the conservation laws written in the Lagrangian coordinate.
We have constructed the RKDG finite-element method for
solving one- and two-dimensional compressible Euler equa-
tions in the Lagrangian coordinate!?>>* The algorithm be-
haved very well, even for multi-medium fluid simulations. The
cell centered discontinuous Galerkin discretization for two-
dimensional Lagrangian hydrodynamics was accomplished by
Francois Vilar*! Jia and Zhang developed a high-order dis-
continuous Galerkin spectral finite-element method for La-

(471 In this paper,

grangian gas dynamics in two dimensions.
the RKCV method for one-dimensional in-viscid compress-
ible Euler equations in the Lagrangian coordinate is devel-
oped. The main motivation of this work is to combine the
advantages of the Lagrangian and the RKCV methods to con-
struct an applicable algorithm for gas dynamic simulations.
Some numerical examples are given to verify the reliability
and the efficiency of the algorithm. The paper is arranged as
follows. In Section 2, the RKCV method in the Lagrangian
coordinate will be described in detail for one-dimensional gas
dynamic equations. Some numerical examples will be given
in Section 3. In the last section, we will give the conclusion.

2. RKCYV method in Lagrangian coordinate

The one-dimensional compressible Euler equations for

an in-viscid compressible fluid in the Eulerian coordinate
[20,26]

are
u+ f(u)e =0, (1)
u(x,0) = up(x), )
with
P pv
u=|pv |, fluy=[ pr+p |, 3)
PE V(PE +p)

where p is the density, v is the velocity, E is the specific to-
tal energy, and p is the pressure. They are related by E =

p/lp(y—=1)]+v*/2.

By introducing the Lagrangian coordinate & given by
=13 (1) P(2,1)dz, where xo(t) denotes the Eulerian coordi-
nate of a given fluid particle, Eqs. (1) and (2) in the Lagrangian

coordinate can be written as/20-26)
u + f(u)g =0, )
u(&,0) = uo(8), (5)
with
T -V
u = \% s f(’u,) = p , (6)

where T = 1/p is the specific volume. The relation between
the Lagrangian and the Eulerian coordinates is

dx(&,1) B
D ey, )

2.1. Spacial discretization

The computational domain [a,b] is divided into N cells
with boundary points a = &; < &3 < -+ < §N+% =b. The

cells are denoted by /; = [éj_%,éﬁ%], 1 <j<N.Assume

Ei=&imipn+Eii12)/2,

C— E. _E. + 5
ASj=&11p—Ej 1), fji% _5l1§1f(5)’
/ij
.= 1 < j<N: h= )
f/:ﬁ:% lim f((é)ﬂ 1 >/ > N, h 11'%1]_22(NA§/.

The trial function space is defined as piecewise polynomials
Vi=Vi={veL'(ab):v|;, e P(Ij),j=1,....N}, (8)

where Pk(l ;) denotes a set of polynomials of degree up to k
defined on cell /;. In the following calculation, we let k = 1.
The basis functions of V; in each element /; are chosen as

o) =1, o) =& -

Thus, the numerical solutions in each cell I; can be expressed
as

uy(€.0) =Y ul(t)o) (&), ©)

0
J
values and the first-order derivatives, respectively.

where the degrees of freedom u; and u} are the cell average

The test function space W, based on control volumes
Iy = (&) and I = (§,Ep012) s @ piecewise
constant function space. The corresponding basis functions of

W, are

1, véert 1, VEer:

. — =12 . — J+1/2°
Vi-12 {0, otherwise, Vir1/2 {O, otherwise.

Multiplying Eq. (4) by test function wy, € W, and integrating
over I, we get

/1jquhd‘§+/[jf(u)5th§ =0. (10)
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After the test function being replaced by the basis function of
Wi, u by uy, € Vj,, the following formulas are obtained:

/1,+1/2 “’I)I‘”H/,f+ f(u)ed§ =0, (11)
/,* (un) d5+/ f(u)ed§ =0. (12)

J+1/2 j+l/2

Using a simple formal integration by parts, we obtain the fol-
lowing formulas:

Jpo (et fi=frap=o. a4y
j-1/2
[ g+ fp-fi=0. a9
12

Here, fjil /2 are the numerical fluxes, which are single-valued
functions defined at the cell interfaces and depend on the nu-
merical solution uy at both sides of the interface

fjj:l/z—f(uh(gilvt) uh(éi,,t))

In this paper, the numerical flux is taken as the Lax—Friedrichs
(LF) flux

it = %[f(w(@ )+ f (un(8 i"t))

—ﬁwmgw>wgwm<m
with
Ajr1p =0 = mjz.lx{pjiilﬂcitlﬂ}’

where ¢ represents the sound velocity and satisfies ¢ =

\/Yp/p. By using numerical solution u;, (Eq. (9)), equa-
tions (13) and (14) can be rewritten as

du?
(0) J

1
# [ eVaE fup-fi=0. A
/+I /2
After the spacial discretization, the ordinary differential
equations (ODEs) about the undetermined coefficients ui (1)
(1=0,1) are obtained
duh

ar = Ly(un), Vt €10,T]. (18)

2.2. Temporal discretization

The above ODEs are
solved by the total variation diminishing (TVD) Runge—Kutta
method.*®! The second-order TVD Runge—Kutta formula is

Let ¢ denote the time step.

ull) = u" + 8tLy (w1,
= 0.5u" +0.5ul") +0.580L, (uV), 1" + 81).

The numerical simulations are accomplished by using the lin-
ear element (k= 1) combining with the second-order TVD
Runge—Kutta method.

2.3. Slop limiting

In order to maintain the stability and the non-oscillating
property of the RKCV method for solving the conservation
laws with strong shocks, a limiter must be applied. The limiter
adopted is described below in detail. We only give the limiter
for the internal cells. The limiting process of the boundary

cells can be implemented in a similar way. We define

u UlAé}
U S

1

Then the second degree of freedom w ; is modified by either

J
=172 dr the standard total variation diminishing minmod limiter
ul
L e B T e (1 Y Y B
T (= , 2 )a9)
o, dul (ASj +AEj11)/47 (AG;+AG;1)/4
0 J
[ gt -
I J dr where m is given by
|
[ sminj<j<pla;|, if sign(ai) =sign(ay) =--- =sign(a,) =,
m(al ,an, 7an) = { 0, otherwise, (20)
\
or the TVB modified minmod function utmod — 4,0 ( u! )mod Aiéj (22)
. 2 j—% J J 2
m(ar,a ay) =1l if Jai| < Mh T (21)
18250580y = m(ay,as,...,a,), otherwise, In this paper, a limiter based on the characteristic field de-

where M > 0 is a constant depending on the solution of the
given problem.
After limiting, we obtain

mod Aél

—mod
umoiu+(]) >

/+2

composition is used in each time step. The Jacobin matrix
of Egs. (4)—(6) is
0 -1 0

—p/t —(y=1p/z (y=1/z ). (23
—pv/T p=(y=1)/t (y=1)/w

A:
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The matrix consisting of the right eigenvectors of the Jacobin
matrix is
1 1 1
R= pc 0 —pc . (24)
pcv—p p/(y—=1) —=pcv—p
The matrix consisting of the left eigenvectors of the Jacobin
matrix is

v—1

p/(y—=1) v+yp/(y—1)pc —1
"\

P —2v 2 |. (25
p/(y=1) v—yp/(y—1)pc —1

The eigenvalues are A; = —pc, A» =0, and A3 = pc. We give

the following three steps for limiting vector u} Firstly, trans-

form the three vectors ul, u®, , — u?, and u? —u? | to the

A ag| J? J—1
characteristic field by left-multiplying with matrix L. Sec-
ondly, apply the scalar limiter to each component of the trans-
0. —uY), and L(uf—u) ). Fi-
nally, transform the limited version of the vector back to the

formed vectors Luj, L(u

original space by left-multiplying with matrix R.
In order to identify the location of every fluid we are con-
cerned with, the equation

dx(,1)
TR v(&,1) (26)

should be discretized. Integrating Eq. (26) in time interval
[¢","*1], we can obtain

1

(&, = x(E,7) +/t V(€ 1) dr. @7

n

By using an appropriate numerical integration formula, the lo-
cation of the fluid in time #"*! can be obtained. In all the
following numerical experiments, the formula

(&, =x(&1") + %(V(é,t”) +v(& ")) @28)

is used. If the fluid we concerned locates within the cells, then
the fluid velocity is already known. If the fluid we are con-
cerned with is located at the interface of the cells, the Roe
average is used to derive the velocity

\/ Pix1/2Vir12 Ty pi—:-l/Zv:-l/Z
_ ! & . (29)
Pivi2 T4/ Pit1)2

3. Numerical results

Vj+

(S

In this section, some numerical experiments for one-
dimensional inviscid compressible gas dynamic equations are
performed. The Lagrangian computation and the ideal gas
with y = 1.4 are used in the following tests.

Example 1 This numerical example is used for accuracy
test. We solve the nonlinear system of Euler equations with
the following initial conditions:

p(x,0) =1+0.2sin(nx), u(x,0) =1, p(x,0) =1,

and 2-periodic boundary conditions. The exact solution is
p(x,t) =1402sin(nw(x—1)), u(x,t) =1, p(x,t) =1.

The L™ and L' errors for p are defined as

lellu- = miax(|p (&, T) = pa(& T, (3O)

lelu = [ (p(&T)=pu(&TIDAE, @D

where p and p; are the corresponding exact and numerical
solutions for density, and DL represents the computational do-
main in the Lagrangian coordinate. The numerical orders of
accuracy are calculated as follows:

el 211) (”eLl.zh)
log { ——— log '
(T 25\ el /)

Olo=—-——"—""2 0y =
L log2 P L log2

Firstly, we compute the solution up to t = 2. The errors and the
numerical orders of accuracy are shown in Table 1. We can see
that the schemes we constructed behave very well. Further-
more, the numerical schemes can work for a bit longer time.
Figure 1 gives the comparisons of numerical and exact solu-

tions at time ¢ = 100 with two different meshes.

Table 1. Errors and numerical orders of accuracy of density p att =2

in example 1.
Grids llellL~ Or= llellp: O

10 3.16909 x 102 1.84083 x 1072

20 1.92845x 1072 0.71663  4.88476 x 1073 1.91400
40 1.04250x 1072 0.88740 1.30948 x 1073  1.89929
80  5.39036x 1073 0.95159 3.33241x 10~*  1.97436
160 273696 x 1073 0.97780 8.39284 % 107>  1.98933
320 1.37857x 1073  0.98941 2.10565x 107>  1.99490

Example 2 We consider the Riemann problems of the gas
dynamics equation for a polytropic gas. The Sod shock wave
problem is discussed in this example. The initial conditions
are (pL,ur, pL) = (1.0,0, 1.0), (pr,ur, pr) = (0.125,0,0.10).
The initial computational domain is [0, 1], and the discontinu-
ity locates at xyp = 0.5. The transmissive boundary conditions
are applied at both ends of the computational domain. The ex-
act solution of this example consists of a left rarefaction wave,
a right-travelling shock wave, and a stationary contact discon-
tinuity. Figure 2 shows the numerical results with 200 initially
uniform cells at ¢t = 0.2. There is no oscillation, the shock
transition region is grasped sharply.

Example 3*°! We consider the Riemann problems of the
gas dynamics equation for the polytropic gas. The Lax shock
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Fig. 1. (color online) Comparison between the RKCV method solution and the exact solution at time 100.0 with different grids ((a)

40 cells, (b) 80 cells) for example 1.
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Fig. 2. (color online) Comparison between the RKDG solution and the exact solution at time 0.2 for the Sod problem in example 2:

(a) density, (b) velocity, (c) pressure, (d) energy.

wave problem is discussed in this example. The initial condi-
tions are (pr,ur, pr) = (0.445,0.698,3.528), (pRr,uRr,pr) =
(0.5,0,0.571). The initial computational domain is [0, 1], and
the initial discontinuity locates at xp = 1. The transmissive
boundary conditions are applied at both ends of the computa-
tional domain. Figure 3 shows the numerical results with 200
initially uniform cells at # = 0.13.

Example 44! We consider the two interacting blast

waves problem. The initial conditions are

10>, 0<x<0.1,
p=1, u=1, p=< 1072 01<x<0.9,
10>, 09<x<1.0.

The reflective boundary conditions are applied at x = 0 and

x = 1. Figures 4 and 5 show the numerical results at t = 0.038
for different initial uniform cells. From the numerical results,
we can see that the numerical results with 400 cells and 800
cells have no obvious difference.

Comparing the numerical solution to the exact solution
of Woodward and Colella,””! we find that all important fea-
tures of the various interaction are shown, thus our solution
can be considered as a converged one. Our numerical re-
sults can be compared with other numerical results in some
references.[434]

Example 5 We consider the shock entropy wave interac-
tion. To demonstrate the advantage of the higher-order meth-

ods, we use the Euler equations with initial conditions
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(pL,uL,pL) = (3.85714,2.629369,10.33333), x < —4,
(PR, ur, pr) = (1.0+€sin(kx),0,1.0), x> —4,

k =5. The final time is # = 1.8. This problem is very suitable
for testing the advantage of a high-order scheme when the so-
lution contains both shocks and complete smooth structures.
where € and k are the amplitude and the wave number of the ~ The initial computational domain is [—10,5]. The numerical

entropy wave, respectively. In our test, we take € = 0.2 and  results for density with different meshes are shown in Fig. 6.

[ 1.5
1.9 [ exact F (a) i
s o numerical
T I 7 .
g 1.0 2 1.0
50 b g L
S =
R : £
2} L (o) B
g L < 0.5F h
]
8 06 |
[ exact
o numerical
e
0 0.5 1.0 1.5
z/m
[ (d)
= L
g & 15f
) = [ q
— ]
=} =} L
17} o L
2 = 0
i £ 10}
8 L
=} n
=
1.0 exact F exact
o numerical 5_' o numerical @
0.5 1.0 055 1{0

Fig. 3. (color online) Comparison between the RKDG solution and the exact solution at time 0.13 for the Lax problem in example 3:
(a) density, (b) velocity, (c) pressure, (d) energy.
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Fig. 4. (color online) The RKCV method solution at time 0.038 for two interacting blast waves problem with 100 cells and 200 cells
in example 4: (a) density, (b) velocity, (c) pressure, (d) energy.
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Fig. 5. (color online) The RKCV method solution at time 0.038 for two interacting blast waves problem with 400 cells and 800 cells
in example 4: (a) density, (b) velocity, (c) pressure, (d) energy.
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Fig. 6. (color online) Density at time 1.8 with different cells ((a) 50 cells, (b) 300 cells, (c) 1500 cells, (d) 3000 cells) and TVB limiter
(M = 50) for the shock entropy wave interaction problem in example 5.

In order to compare the time consumed by using the = method consumes more time than the RKCV method. The
RKDG and the RKCV methods, we perform the numerical  algorithm is implemented using the Fortran programm on a
simulations by using a fixed time step with different meshes. ~ Vostro 220s Dell-PC. All computations are performed in dou-

From the numerical results, we can see clearly that the RKDG  ble precision.
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Table 2. Time consumed by using RKDG and RKCV methods for examples 1-5 with different time steps and meshes.

Example Time step Mesh Terminal time/s RKDG/s RKCV/s
Example 1 0.000100 200 2.000 13.1508843 12.2460785
Example 2 0.000100 400 0.200 2.52721620 2.38681530
Example 3 0.000100 400 0.130 1.63801050 1.56001000
Example 4 0.000001 800 0.038 97.4850249 94.6770069
Example 5 0.000100 300 1.800 17.7997141 16.5517061
4. Conclusion [21] Maire P H 2009 J. Comput. Phys. 228 2391
. . [22] Francois V, Maire P H and Abgrall R 2011 Computers & Fluids 46 498
In this paper, the RKCV method for solving the one- [23] Zhao G Z and Yu X J 2012 Acta Phys. Sin. 61 110208 (in Chinese)

dimensional in-viscid compressible Euler equations in the La-

grangian coordinate is developed. Several numerical examples

are given to demonstrate the accuracy and the reliability of the

algorithm. It may be used in more complex fluid interaction

simulations, especially for the multi-medium fluid simulation.
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