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The symmetries and the exact solutions of the (3+1)-dimensional nonlinear incompressible non-hydrostatic Boussi-
nesq (INHB) equations, which describe atmospheric gravity waves, are studied in this paper. The calculation on symmetry
shows that the equations are invariant under the Galilean transformations, the scaling transformations, and the space—time
translations. Three types of symmetry reduction equations and similar solutions for the (341)-dimensional INHB equations
are proposed. Traveling and non-traveling wave solutions of the INHB equations are demonstrated. The evolutions of the
wind velocities in latitudinal, longitudinal, and vertical directions with space—time are demonstrated. The periodicity and
the atmosphere viscosity are displayed in the (3+1)-dimensional INHB system.
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1. Introduction

It has been recognized in the previous work on atmo-
spheric gravity waves (GWs) that GWs bring about a profound
impact on Earth’s weather and climate systems. Whether at
the largest scale of the general circulation or the smaller scale
of a surface turbulence, calculations of the atmospheric bud-
gets routinely include contributions from wave transport and
mixing. Waves generated by flow over mountains, convec-
tion, and jet-stream instability cause the vertical advection that
can produce organized cloud and has a great effect on severe
hazardous weather and climate, such as typhoon rainstorms,
deep convection, and orographic precipitation. These kinds of
waves can break, causing severe downslope windstorms and
rotors over the surface with significant vertical mixing in the
upper troposphere and lower stratosphere and in the meso-
sphere and lower thermosphere. =

The governing equations for GWs consist of the nonlinear
horizontal momentum equations, the mass continuity equa-
tions, and the nonlinear thermodynamic equations. Gener-
ally speaking, the governing equations for gravity waves can
be considered as (3+1)-dimensional nonlinear incompressible
non-hydrostatic Boussinesq (INHB) equations!®!

U+ unte+vuy,+wu,+py/p =0, (1
Vit uve+vvy+wv,+py/p =0, 2)
wi+uwy+vwy, +ww,+p./p—gT /Ty =0, 3)
Ti+uTi+vT+w L+ (Ya—y)w=0, )
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uy+vy+w, =0, (®)]

where u, v, and w are the velocities in x, y, and z directions,
X, y, and z denote the coordinates in latitudinal, longitudinal,
and vertical directions, respectively, p denotes the density, Ty
is the background temperature, T is the temperature perturba-
tion, p is the perturbation pressure, g denotes the gravitational
constant, 74 and Y are the dry adiabatic lapse rate and the mois-
ture lapse rate, respectively, and ¢ is the time.

The symmetry study is universally held as one of the most
effective and systematic methods to solve partial differential
equations (PDEs). Many methods researching on the symme-
tries of PDEs have been proposed.~!!! In view of the non-
integrability and high nonlinearity of the system, researchers
usually study atmospheric and oceanic circulations by numer-
ical models or ideally theoretical models. Though many ana-
lytical solutions of some atmospheric and oceanic models have
been reported, the exact solutions and the symmetries for the
INHB equations, to our knowledge, have not been systemat-
ically studied yet. In this paper, we will concentrate on the
symmetries, similarity reductions, and exact solutions of the
INHB Egs. (1)—~(5). The paper is organized as follows. Re-
sorting to the classical Lie group theory, we try to find the
symmetries of the INHB equations in the next section. Sec-
tion 3 is devoted to similarity reductions and similar solutions
of the INHB equations. In Section 4, the exact solutions for
the INHB equations are proposed. The conclusion is drawn in
Section 5.
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2. Symmetry

The Lie point symmetry components {1;(x,y,z,t),i =
1,2,...,5} of Egs. (1)=(5) are the solutions of the linearized
nonlinear equations of Egs. (1)—(5), namely,

My+uNix+vNiy+wn+ N

+ Mauy + N3uz + %m,x =0, (6)
My +FuM2x+vN2y +wiha,

+ 771Vx+712"y+773vz+%774,y =0, (N
M3 +uUN3x+VN3y +WN3 .+ Niwy

+ Ty + M+ %m,z R0 ®
Nsy+uls+vnNsy+wns.+m;

+ MLy +mT+ (-7 =0, )
M+ M2y +M3.=0. (10

The five symmetry components {n;(x,y,z,7),i = 1,2,...,5}
can be supposed to have the forms

M = Xuy + yuy, + Zu, +tu, — i, (11)
M = Xvy+ vy +2v, +1v, — 7, (12)
M3 = Iwy+Iwy + 2w, + 1w, — W, (13)
N4 = Xpx+Ipy +2p; +Ip — P, (14)
Ns = XL+ 3L+ 20+ fu — T, (15)

where %, ¥, Z, f, ii, v, w, p, T are functions of the vari-

ables {x,y,z,t,u,v,w, p,T}. The expressions imply that equa-

tions (1)—(5) are formal invariant under the transformations
X—>X+EX, y—Yy+Ey, z—>Z+EZ,
t—t+€f, u— u+E€i, v—rv+Eev,
w—w+ew, p—>pt+ep, T—T+eT,

with € being an infinitesimal parameter.
The substitution of Egs. (11)—(15) into Eq. (6) leads to

1
Xpvxvity + XyWxvity + E)')vuypy
+ S](X,}),Z,t,M,V,W,p,T):O, (16)

where Si(x,y,z,t,u,v,w,p,T) is a polynomial excluding the
terms v,vi, wyviy, and uypy. All the coefficients of various
derivatives of {u,v,w, p, T} should be zero. From Eq. (16), we
have

xv:iw:)_’v:(), (17)
which means

i('xhy?Z’t?u?v?W?p?T) = X(x7y’z’t7u7p7T)’ (18)
)_)('x7y7z7t7u7v7w7p7T) = )_)('x7y7z’t7u7w’p)T)' (19)

Substituting Egs. (11)—(15), (18), and (19) into Eq. (7) and
identifying all coefficients of derivatives of {u,v,w,p, T}, we
conclude

Xyuyuw, — xr Tyviey + EZ”pzuy
+ Sz(x,y,z,t,u,v,w,p,T):(), (20)
where S, (x,y,z,t,u,v,w, p,T) is another polynomial excluding
the terms uyuw,, p;uy, and Tyvu,. From the coefficients of the
three terms, it is not difficult to find
Xy =%r=2,=0,
which leads to

X(‘x7yiz7t7u7p7T):X(‘x7y7z7tﬂp)7 (21)
Z(x7y7z’t7u7v7 W7p7 T) = Z('XVy?Z’t?v’ W7p7 T)' (22)

Substituting Eqgs. (11)—(15) and (18)—(22) into Eqgs. (6)—(10),
and simplifying some terms by the original equations, we
obtain an over-determined set of equations for the unknown
e, v, oz t, u, w,op, T),
Z(x, v, z, t, vy wy, p, T), £(x, ¥, 2, t, u, v, w, p, T),
a(x, y, z, t, u, vy wy, p, T), v(x, y, 2, t, u, v, w, p, T),

functions X(x, y, z, t, p),

w(x, y, z, t, u, v, w, p, T), p(x, y, z, t, u, v, w, p, T), and
T(x,y, z, t, u, v, w, p, T). Solving the determinant equations,
we obtain
I=Cix+Cy+F(t), y=Ciy—Cux+ F(t),

Ciz+F(t),
=C3t+Cy, i=F1;+(C1 —C3)u+Cyy,
V="F,;+(C1—C)v—Cu, w=Fs3,+(C; —C3)w,
p=Csz—p(Fiux+Fouy+Fu2)+2(Ci —C3)p

+ Fy—zpl'g(Ciz+ F3)/To,

Z

~|

_ CsTy
T = (C, —2C3)T —I(22C3 +F3)+;—g°, 23)

where I' = y; — 7, C1, Ca, C3, C4, and Cs are arbitrary con-
stants, F1, F>, and F3 are arbitrary functions of . Then the con-
crete forms of the symmetry components {n;(x, y, z, t), i =
1, 2,..., 5} can be written as

M = (Cst +Ca)ur + (Crx+ Coy + Fi Juy
+ (Ciy — Cox+FB)uy + (Ciz+ F3)u,
—(C1 =G lu—Cv—Fiy,

M = (Cst +Ca)vy + (Crx+ Coy + Fi vy
+ (Cly—Cox+ Fo)vy+ (Ciz+ F3)v,
—(C1 =G+ Cu—Fay,

N3 = (Cat +Ca)w; + (Crx+ Coy + F1 ) wy
+ (Ciy—Cox+ F)wy + (Ciz+ F3)w;
— (¢ —C)w—F3y,

N4 = (C3t+C4)p;i + (Cix+ Coy+ Fi) pe
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+ (C1y —Cox+F)py+ (Ciz+F3)p;
+2plg(C3z+F3)/To —2(C1 — C3)p —Csz
— B+ p(Fiyx+Foyy+F342),

Ns = (C3t +C4)T; + (Cix+ Coy+ Fi ) Ty
+ (Ciy—Cox+FB)T,+ (Ciz+ B)T, — (C; —2C3)T
+ I'(F342C32) — CsTo/ (pg).- (24)

A general element of this algebra is described as

0 d 0
(Cix+Coy+Fi) 5=+ (Cly —Cox+ Fa) 5=+ (Ciz+ F3) 5=

ox ay 2z
+(Ct+C)2+(F +Cru—CGsu+C )i
3 4 ot 1t u 3U 2V P
0
+ (Fz,t +C1V*C3v7C2u)$
+ |Csz—p(FLux+ Fauy+ F302) +2(C1 —G3)p
I'zpg(Csz+Fs)] 0
Fp———o =" 2/
+ Fy T op
d
+(F3,t+C1W—C3W)%+ C\T —2C5T
CsTp\ 0
—2I'zG—T'B+ — | ==. 25
72C3 3+ 08 >8T (25)

All invariant group vectors can be written as

V = CGV+GCVo+CGVa+CiVa+CsVs
+ Vo(F1) +V7(F2) + Vs (F3) + Vo(Fy),

where

d 0 d d d 0

V = anryanyrzaferu%Jrv%er%
0 0

R I )

27 0% x&y You " "ov

e 9 _ 9 9 9
ST T Yoy Mow

I'pgz*\ 2 d
—(2p+ ng)—z(T+Fz)

T() ap &T’
a4 . moa
Vy = C4E7 Vs —Z%—'_&a??
d d

d
Ve = Fla +F1,z£ —PFl.,nx$7

) d )
Vi = szy +F27t$ - PFz,nya*p,

0 I'zpghF\ 0
Vs —F3(9Z—(PF3,nZ+ T )ap
d d
+F3,t%_FF3aiTv
Vo = F4i, (26)
dp

where V and V3 are the scaling transformations, V, indicates
the rotational symmetry in latitudinal and longitudinal direc-
tions, V4 denotes the time-translation invariance, and the others
are related to Galilean boosts.

3. Symmetry reductions

In this section, we will find symmetry reductions of the
(3+1)-dimensional Boussinesq system. In order to find sym-
metry reductions, we have to solve the characteristic equations

dx d

dz dt du dv dw dp dT
-2 S XX PP o
x y Z t u v w p T

where ¥, ¥, 7, T, t, 7, w, p, and T are given by formula (23).
Specifically, three types of similarity reduction solutions can
be found.

3.1. First type of reduction

In the case of C3 # 0, we obtain the first type of group
invariants

S

sin (Cz ln(QtCitC“)/CE) [C2F2 —C\F+ (C3t —|—C4)F| ACE
e/ :

dt

[o%
Co(Cat+Cy) G

C; xcos (Cz ln(cﬁcigc“)/Q) — (Cyy+ Fy)sin (Cz ln(C3’CiJ;C4)/C3>

+

G
C2 ( C3t+Cy ) (e

b

G
5]

dt

cos (C2 In(GES) /c3) [C1Fy — CoFy — (Cst + Cy) Fy ,]CS3
n- [ ‘

Cr(Cat +Cy)
C xsin (C2 ln(C3tCiJgC4)/C3) + (Coy+ Fy)cos (Cz ln(QtCiJgC“)/Q)

¢

<
C2 ( C3t+Cy ) G

)

G

F
§:/ - ~dr + <
(C}.l‘—|—C4)@Jr

[
(C3t+C4) 5

(28)

C
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The similarity solution and the similarity reduction equa-
tions are extremely complicated and lengthy. On condition
that F{ =0, F, =0, F3 =0, and F; = 0, the group invariants &,

7, and § transform to

XCos (Cz ln(cﬁcigc“)/Q) ysin (Czln(cgﬁa* )/C3 )

gz C3t+C. L s
(%)Q
xsin (Czln(QfCiJth)/Cs) +ycos (C21n(C3167§C4)/C3)
C3 -
Z
. S— -

(C3t4+C4)S

and the similarity solutions are

G _ Gt +C
u= (Cst+C4)s ! [sin (Czlﬂ]( 3;— 4)/C3> U
3

C C
+ cos (CQll‘l( 3?_ 4>/C3> Vy
3

o Cst+C.
v = (Cst+C4)S l[cos <C21n( 3C+ 4>/C3)U
3

_ sin <C21n <C3t+c4>/c3> v] ,
G
Gy
w= (C3t+C4)B W,

2 Cat +2Cy)patlC 2
p = (Crrcna p- G ;‘)T’O)g 6

S
2y Cst+C4) G C
X (C3t+Cy) & > (GG RGE

C1—2Cs ’
C ~
T = (C3t+C4)éf2 T — (C3t +2C4)I'Cst
CsTy
Cst+C. BT TAYYS 30)
e VT

where U, V, W, P, and T are functions of variables £, n, and
. The corresponding similarity reduction equations are

1 201 -C3
C
EC3 3 Pg +(C2€ +C3U—C11])Vn
—(CE -GV +CM)Ve + (W —Ci§)Ve
+ QU+ (C1 —G3)V =0, (31
1 201-C3
5C3 S P+ (GE+GU - iUy,
— (CE =GV +Con)Us + (W — C1{)Ug — GV
+(C1—G)U =0, (32)

1
EPQ +(GE+GU - Cin)Wy — (C1§ — G5V + Con) W

T
—(CE-W)W;+(C1 —G)W 8 0, (33)
(CE+CU — )Ty — (C1& —C3V+C277)ﬁ:

+ (W =C10)T; +TCIW + (€1 —2C3)T
—2I'C3C3 =0, (34)
C3V§ +G3Uy —|—W§ =0. 35)

3.2. Second type of reduction

When C;3 = 0 and C4 # 0, we have the second type of
group invariants

Cot (é’
é = C2C4 sin a C2F2 _ClFl +C4F1 ,)e 4 dt
Ct\ Gt G\ G
— ( ) ( )e ¢ 4 xcos (C2> e G,
4
Cqt
n= C2C4 ( ) C1F1 CyF, — C4F l)e C4 dr

F Gt _at Ct\ G
+< C;>C0S<Ci>e G +xsin(g4)e G,

Ct Cyt

{=ze @ —— [ Fe Cdr. (36)
Cy
When F; =0, F, =0, and F3 = 0, the variables degenerate to
. [ Cot 7% Cor\ &
= — —_— 4 —_ Cy
3 ysin ( c: ) e +xcos C, e G,
Cor\ & Cot\ -4
n = ycos (6‘24) e % +xsin <C§> e G,
_Cr
{=ze . (37)

The corresponding similar solutions are

ST t
u=-e% [51n((é4)U+ <CC‘,24>V},
a Cot Cot
v=—e& [sm(@)V— (é‘)U],
cpr
w=-e“W,

qres¢ 2y _xy
p=-—-e4—“+te“Pte™ — [Fe “d,
1 C4
at ~ CsTi
T=eGT— 20 (38)

Cipg’

where the variables U, V, W, P, and T are determined by the
similarity reduction equations

(C26 —Cin +CyU)Uy — (C1& +Con — C4V)Ug
(Ol CW) U+ (CIU — V) + %Pn —0, (39
(C26 —Cin+CyU)Vy — (C1E+Con —CyV) Ve
— (CIL = CW )V + (C1V = CoU) + %Pn —0,  (40)
(C26 —Cin +CU)Wy — (C1E 4 Con — C4 V)W

gC4f> C4

_ (ClC—C4W)W§+ <C1W— T + P PC =0, 41)

(26 —CiM +CU)Ty — (CLE+Can — C4V) T
— (C1E—CW) Ty + 1T —T'CW =0, (42)
Ve +Un+We=0. (43)
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3.3. Third type of reduction

ForC3 =C4=0and F; =0 =F, = F; =0, we have the
similarity solutions
1 1
u = zVsin( 2CIHZ) —i—zUcos( 2CII1Z) , 44)
(&3 -1
y = chos( ZCIHZ> —zUsin( ZCIHZ) , 45)
w = zW, 46)
2:Cs+Fy 5
= - P 47
p 2C, +2°P, 47
~ GCs5Tq
T =:T-—2, (48)
pgCi

where U, V, W, P, and T are the similarity reduction functions
with respect to the similarity variables

y Cylnz\ x . Czlnz)
= =cos + —sin s
. Z ( Ci > Z < Ci
y . {Clng X Czlnz)
—=sm| —— | +—cos R
1 Z ( C > Z ( Ci

=t 49
The corresponding similarity reduction equations are
(U—éW nW)Un+<V+C2nW—§W>U
+ ;’+U¢+W<U+ V) (50)
(U—éW nW) Vn+<V+ nw — éW)
i
+p+V§+W<V—U> (51)
(U&W nW>W,7 (V+CT]W§W)W
1
n Czi) (Czn 5)
+—= P+ | = | P+ W,
(P ap) " \cp p)tTE
2 2_
+EP_7T+W =0, (52)
(UéW nW> Tn+<V+nW §W>
+Tg+(r+T>W=0, (53)
C
Uy + Vs — (25+n)w,,+(c2n—§>w
1
+W=0. (54)

4. Exact solutions

We can obtain various exact solutions of the INHB equa-
tions by means of the symmetry method. Different reduction

ks (C] ko ky + k1o ks Ca kg + Ca ki klokz) exp <%4t)

equations lead to different results. In this section, we will dis-
cuss non-traveling and traveling wave solutions with the help
of the second type of reduction equations and the correspond-
ing similarity solutions.

4.1. Non-traveling wave solutions

In conditions that C4 # 0 and Cs = F| = F, = F3 =
0, the group invariants £,1,{ and the similarity solutions

are described by formulas (37) and (38), respectively. The
corresponding reduction equations are Egs. (39)-(43). For
Egs. (39)-(43), there exist the following solutions
1 k3 (klz —2k> k4)§
U=k—-= k ks,
1= 5 ks kr +kan+ks &
v — _ksks kska(Ciko+Cikikio)
ky k10Ca ks k3
1 kpnks  kskam
ky k
TRt T T h RS
kakionks ko (ka+ks)
W =ke+ki6— —
6 75 k52k2 ks
- (k2 +k4) C)
k —
p_ k8+P 5C12k13§ pC1(—kikio+koka)n
k10Cs™ ka k3 k1o Cy
1
—pkia € +kis (52+772)+§Pk1652,
~ k
LI L LU LY (55)
ks ky
where the parameters satisfy
k3 k1o 1 pk%2k3
ky = ; =3 2, 20
I' +kn 8 k5 ko
To (ka® + ko ka + ks k7) (ka? ks® + ks* ka? + k3 k7 ks)
klO == 2 )
gks k3 ky

kiz = kokg +ky® +kyks,
ki3 = ko (kaCa+Cy) ko + Cakio (kske +koky),
kiz (ka? ko + ky ko kg + ko k7 ks) k3

kig = —

ks? ka k1o
ky (kikio+kako) ki kekin
a kioks k3 Cky
Cike kskikypCrko
Ci  Cykioksks
ki = k4k122k32 k11(k1ozjk7k5)k12k3
ks~ ko ks~ k7 k1o
ki ko k1o
k2 + T ks

The substitution of U,V,W, P, T and &,n,{ into Eq. (38) leads
to

= k —
! 4 k10Caks kg

[(k52k2+k4k32)x

. [ Cat
+(kz—k4))’] sin (2) —ksz
Cy

ks k3
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Gyt e Cit (ks® ko + ks k3?) y
= =)k == ky —ky)x — =2 V2
xcos(c4>+sm<c4> 1exp<c4)+[(2 4)X e

. 1 (k3? ka? +k3® ks kg + k3 ko kg +2ks> ka?) y
2 ks ky K3 ’

(ks* ko +kaks?)y
{(’W kq)x ks ks
B (ks ky + kg k3?) x
ks k3

Cit
k -
- { leXp(Q)

{ (k4k12k32+k4k52k22+k52k23)y} <C2
w = |xk;— > cos
k5 k2k3 C4
Cyt
X sin (2> —(kz -‘rk4)Z,
Cy
ksCi k Ci(=ki k ko k Cit
p:{pS;Bx pCi( 11o+92)y}exp<1>cos(
k10Cs” kaks Cakio Cy

C
xsin(éj) pk14z}exp<c )+k15x +

kioksk Gt
T = {W-i-kloy} cos (g) + {klox—
4

ks ka
The above formulas show that the solutions for u,v,w, p, and
T are all non-traveling wave solutions.

4.2. Traveling wave solutions

WhenCi =C,=C3=0and F}1 =Cy1, F, =C2, 5 =Cy3,
then x = Cy1, y = Cy2, Z = Cy3, and f = C4, which means that
independent variables are translational invariant. The corre-
sponding one-parameter group ¢ is

w(x,y,z,t) = u(x+€Cy1,y+€Ciz,2+€Ci3,t +€Cy),

(L =u,v,w,p,T). 57)
Then we can obtain the traveling wave transformation
u=U(y), v=V(y), w=W(y), p=Py),
T =T(y), ¥ = kizx+kisy+kioz + kot
Equations (1)—(5) read
(k17U +kigV + koW +kao)Uy + kpﬂPWZO, (58)
(ki7U +kigV +kioW +kao)Vy + kpﬁPw =0, (59)
(kiU -+hisV koW o)Wy + 2By = 52— 0, (60)
(k17U +kigV 4 koW + ko) Ty +T'W =0, (61)
k17Uy + k1gVy + k1oWy = 0. (62)
Integrating y to Eq. (62), we obtain
ki7U + kigV + koW 4+ Cys = 0, (63)

} sin <C2t> cos (Czt) +
Cy Cy
. Czt 2
+ (ko —k4)y] sin () — ks zsin (
Cy

1
C“/exp 2C1t)

. Gyt
ks (C1 ko k7 + k1o k3 Cake + Ca ki k1o k) sin (g) exp ()
4

. [ Cat 2 . [ Cot
had k =2
] Sln<C4) 3ZSm(C4

Cit
Cy

) (Cﬂ) [(k4k12k32+k4k52k22—|—k52k23)x
+kegexp| — | —

Fy4

(

k4 k10k3y . C C
1(57](2 sin C +k9 Xp C +k11Z g

sz) 1 ks (kyka — ka® —kskg) x

Cﬂ) {[PCI(_k1k10+k9k2)x
- + —
Cy

k10Csks ks

)2 ks ko

+yk7]

C4 k52 k2 k3

Pk5C1k13Y}

Cakio ki0Ca? kak3

Csz

2Ct
dr +ks| exp ( o
1

k k —
G )-i- 152+ P 162°

CsTy
pCi

(56)

where Cis is an arbitrary integral constant, then

_kigV +kigW +Cis

64
ki (64)

The substitution of Eq. (64) into Eq. (58) leads to

pkig(Cis — kao)V + pkio(Cis — kao)W

+ k3P +Ci6 =0, (65)

which means

kioW
kig

kP +Cis
pkig(Cis —kao)

From Egs. (59), (64), and (66), we have

V=-

(66)

(kig +ki7)P+ Cirkig
ki9p(Cis5 — ko)

Substituting Eqgs. (64), (66), and (67) into Eq. (60), we obtain

W=— (67)

8pkio
Therefore, equation (61) can be written as
Tg(ki7 +kig) P+ To(kiy + kig + kig) (Cis — k3 ) Py
— I'Cy78k13 = 0. (69)
Then we obtain
C17C19k
P(y) = sin(6)C1g + cos(0) — 1% (70)

2
ki; + ki
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where y = 1000 m, t = 500 s. The evolution tells us that the waves
spread down. Figure 3 shows the variations of perturbation

Fg(k% + k%s) 'Y
To(ki; +kig +kio) Cis —kao

pressure and temperature perturbation in space and time.

.

Ig(k3, +k3)  kizx+kigy +kioz + koot 1) 47
TO(k%7 + k%s + k%9) Cis — ko .

Furthermore, we find

. .
0
. 0
U - ki7(Cigcos(6) +Cigsin(0))  Cis . B
p(Cis5 —ka0) ki7 -2
n Cig ki7k13C17
_ 4]
(Cis —kao)ki7p  (Cis —kao) (k3 +k3g)p’ o
k1g(Cr9cos(0) + Cigsin(6 C
y = 18 (Ciocos(6) + Crssin(6)) _ 16 Fig. 2. Evolution of vertical velocity with height at 7 = 0 (line) and
p (CIS - kZO) (CIS - kZO)k 18P t =500 s (dot). The other parameters are the same as those in Fig. 1.
2
+ k17C17
2 2 \n?
(C15 —kao) (ki; +kig)p
k2, +K2
W=—-—17 "8 _[C5cos(6)+Cigsin(8)]
kiop(Cis — kao) ’
2 2 V(12 2 2
7 \/TOF(k17 +kig) (K7 +kig + ki)
kiop (C15 —k20)+/g
x [cos(6)Cig — Cigsin(0)]. (72)
N
N
@ A A\
-
N AN\
o -y
_ NN\ 04
s—1 a Y A\
-3 \\\%34 i \ \ &~ 0 \ /
\ i \ N\ /
5000 "~ A ~02
4000 7 1000 —04 N\
Y 5000 N/
\v/ 7
N \ 3000 4000 Y1000
05000 3000 2000
X z
0 5000
= Fig. 3. Variations of (a) perturbation pressure and (b) temperature per-
1 ‘ /,\ turbation in space and time.
0 §\ ,/4 ?%%\
~ -1 o . .
5 N a 5. Summary and discussion
- 7/
\ . :
50_030 §§§§2§ The (3+1)-dimensional INHB Egs. (1)—(5) are of great
N7 . . . . . . .
4000 *§§§§§/ 1000 importance due to their applications in atmospheric dynamics.
& . . . T PN
y 2000 7 400 z We focus our attention on its symmetries, similarity reduc-
05000 tions, and exact solutions in this paper. Calculations show that
Fig. 1. Evolutions of wind velocities in (a) latitudinal and (b) longitu- the INHB system is invariant under some Galilean transfor-
dinal directions. The parameters are k17 = k13 = k19 = kyo = 1,Ci5 = . . . o .
Cio = Cy = Cis = Cio = 2.p — 1.2,Tp = 290.I" = 0.0002.¢ — 9.81. mations, scaling transformations, and space—time translations,

which is consistent with the real observation on atmosphere

Figure 1 describes the evolutions of the wind velocitiesin ~ gravity waves.
latitudinal and longitudinal directions. Not surprisingly, both The symmetry reduction equations are classified to three
u and v have trigonometric forms. Figure 2 poses the evolution  types according to different symmetry parameter constraints.
of the vertical velocity with height at different time. The solid = The solutions of the reduction equations are figured out. Si-
line shows the evolution with x = 1000 m, y = 1000 m, r = 0, multaneously, we obtain the non-traveling and the period wave
and the dot line is related to the evolution with x = 1000 m,  solutions for the original system by means of the symmetry
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method, and some evolution curves of physical quantities with
time are demonstrated.

The periodicity is one basic nature of wave phenomena.
Noticing the formulas of u, v and group invariants &, 1, and {,
we can conclude that the periodicity is fully displayed in the
(3+1)-dimensional INHB system. There exists the expression
exp(Cit/Cy4) in formula (38). When C;/C4 < 0, the velocities
in all directions, the temperature perturbation, and the pertur-
bation pressure will decay with time, which is consistent with
the real observation on atmosphere gravity waves.
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